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Abstract
Schrödinger developed an operator method for solving quantum mechanics.
While this technique is overshadowed by his more familiar differential
equation approach, it has found wide application as an illustration of super-
symmetric quantum mechanics. One reason for reticence in its usage for
conventional quantum instruction is that the approach for simple problems like
the particle-in-a-box is much more complicated than the differential equation
approach, making it appear to be less useful for pedagogy. We argue that the
approach is still quite attractive because it employs only algebraic methods,
and thereby has a much lower level of math background needed to use it. We
show how Schrödinger’s operator method can be streamlined for these
particle-in-a-box problems greatly reducing the complexity of the solution and
making it much more accessible. As an application, we illustrate how this
approach can be used to prove an important result, the existence of bound
states for one- and two-dimensional attractive potentials, using only algebraic
methods. The approach developed here can be employed in undergraduate
classes and possibly even high school classes because it employs only algebra
and requires essentially no calculus.
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1. Introduction

Most potentials that describe quantum systems are limited in their extent and are attractive
over some region of space. In spite of our ability to solve these problems either analytically or
numerically, we still do not fully understand simple general principles, such as how many
bound states does a potential have? For example, in one- and two-dimensions, it is well
known that any (piecewise continuous) attractive potential [V(x)�0] supports at least one
bound state. But potentials like the simple harmonic oscillator, or the Coulomb problem
support an infinite number of bound states. Is there a methodology that allows us to determine
how many bound states a potential can support? This is a hard problem, and some progress
has been made [1] by employing variational methods in concert with the node theorem. In this
work, we focus on the simpler problem of proving the well-known result that attractive
potentials in one- and two-dimensions always have at least one bound state. We employ
the Schrödinger operator method and thereby achieve this goal without using any calculus.
We believe this makes this important problem more accessible to teach and illustrates that in
spite of common beliefs that calculus is necessary for quantum mechanics, it is not.

Fifteen years after Schrödinger wrote his famous paper that introduced the Schrödinger
equation, he introduced an alternative method for performing quantum-mechanical calcula-
tions called the factorization method and based on the algebraic manipulation of operators
[2, 3], which was reviewed and extended in the 1950s [4]. While this methodology has not
been employed much in quantum mechanics texts, it first appeared in Harris and Loeb’s book
[5]. This was followed by an extended treatment in Green [6], Ohanian [7], Bohm [8] and
Binney and Skinner [9]. It has also appeared in more recent books [10–13]. The approach has
also been adopted for supersymmetric quantum mechanics [14–16]. In all of these treatments,
it is assumed that the student is equally agile in both algebra and calculus. Our emphasis here,
is to show that these methods can even be implemented without employing calculus. Indeed,
much of the quantum-mechanical curriculum can be developed in this fashion—one of us is
working on a book to do just that [17].

Schrödinger, and all of the above texts, solve only the particle in an infinite square-well
potential. Recent work has described how one can apply this method to solve the problem in a
finite square-well potential [18] or with delta-function potentials [19]. Note, however, that
these latter papers do not develop the theory along the lines of Schrödinger’s infinite chain of
auxiliary Hamiltonians, but rather solve these problems with one (or two) factorizations. This
is because the original Schrödinger method cannot be extended to either particles in finite
square-well boxes or to particles in delta-function potentials. We illustrate below how a
simple generalization of the Schrödinger methodology allows us to construct all of the bound-
state solutions from just one (or two separate) factorization(s) of the Hamiltonian! This greatly
simplifies the implementation of the method and makes it accessible to even high school
students. This methodology is similar to the differential equation-based approaches and can
be easily adopted with students as a means of introducing quantum mechanics to them. While
this new approach is hinted at in both references above [18, 19], it is not fully developed
there.
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The existence of at least one bound state for attractive one-dimensional and two-
dimensional systems has been known for a long time. We examined 70 quantum textbooks
and found that only six texts discussed this problem with enough detail that one can actually
derive the result, instead of merely stating it. Landau and Lifshitz [20] provide a masterful
argument about the existence of bound states in one and two dimensions, but it is a rather
technical discussion. Park [21] appears to be the first of the modern texts to include a problem
that employs Gaussian wavefunctions within a variational argument to show the existence of
at least one bound state in one dimension. This problem also appears in Gasiorowicz’s book
[22], Shankar’s book [23], and Commins’s book [24]. Zelevinsky [25] provides a rather
detailed account about particle in finite square wells, but does not detail the proofs in one and
two dimensions. Finally, Robinett’s book [26] is the only text we found that presents the
simple variational argument we employ here for the one-dimensional problem. This argument
is similar in spirit to the Gaussian wavefunction argument, but uses the fact that one can
explicitly show a bound state for a particle in a box and then employ a variational argument
for all other attractive potentials that can have any attractive finite square well potential drawn
within them. We illustrate below how this simple argument can be employed for both one and
two-dimensional systems.

Finally, we want to point out that operator-based methods, such as those that we use here,
are basis-independent methods, where one works with abstract vectors instead of representing
them in a particular basis. Although this is not conventional in quantum instruction, we feel
that this is an area where the mathematicians have it right, and using basis-independent
methods are preferable, because they allow one to focus on the general properties of the
theory, rather than the specifics of any given basis—many would agree that conventional
instruction is too coordinate-basis heavy, which can lead to misconceptions and problems
when one subsequently moves to basis-independent instruction.

Unfortunately, using operator methods for particle-in-a-box problems is more compli-
cated than using operator methods for other problems—the simple harmonic oscillator being
the simplest. Hence, we recommend one covers this material after introducing simpler pro-
blems that can be solved with operator methods. Many may feel that the two-dimensional
problem is also too difficult, because it involves Bessel functions. While we cover it thor-
oughly here, instructors need to choose whether or not to present it algebraically to their
students.

In the remainder of the article, we apply our simplified methodology to one-dimensional
boxes (particle in an infinite box and particle on a circle) in section 2, including a discussion
of how this approach confronts some of the subtle and oft neglected issues one has with these
solutions. Section 3 derives how to solve the particle in a finite one-dimensional box.
Section 4 develops the m=0 solutions for the particle on a circle and then generalizes those
solutions to all nonzero integer m. In section 5, we discuss the particle in a three-dimensional
box. Finally, we present the variational argument for the existence of bound states in section 6
and we conclude in section 7. Two appendices and four supplemental information sections
provide technical details that would have interrupted the flow of the main arguments. Note
that there is one thing we have omitted here—we have not discussed the conceptual ideas
associated with the particle in a box. It is well known that the wavefunctions fit half wave-
lengths in the box and this fitting criterion is needed to determine the quantized energy levels.
We also know how to explain that they do not quite fit for the finite square wells, but instead
need to decay exponentially at infinity, and so forth. All of these conceptual ideas can be used
here as well in instruction, because one ultimately obtains the wavefunctions; they are not
included to save space and to not repeat well established pedagogy available elsewhere.
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2. Particle in a one-dimensional box and on a circle

We start by showing how to employ the Schrödinger operator approach in a simpler fashion
to solve the particle in a box than available in current textbook treatments. Here, the potential
vanishes for  -L x L2 2 and is infinite elsewhere. We find the Hamiltonian  inside
the box is simply

 =ˆ ˆ ( )p

M2
, 1

2

where p̂ is the momentum operator and M is the mass of the particle (we use ‘hats’ to denote
operators throughout). The momentum and position operators satisfy the canonical
commutation relation =[ ˆ ˆ]x p, i . The standard operator approach from Schrödinger is to
note that we factorize the Hamiltonian into a product of raising ( ˆ†

A ) and lowering operators
(Â) plus a constant (E0):

 = +ˆ ˆ ˆ ( )†
A A E , 20

where we choose the factorization with the largest constant E0 if there is any ambiguity; the
strategy for how one finds a specific factorization is discussed in the supplemental
information in section S.1 and is available online at stacks.iop.org/EJP/40/045404/mmedia.
Then, Schrödinger has an automated procedure to create a series of auxiliary Hamiltonians
from which one finds the higher-energy eigenstates. We proceed somewhat differently. We
also factorize the Hamiltonian in the same fashion as Schrödinger does for the ground state. In
order to find the appropriate factorization for a particle in a box, we note that one can
show that the commutator µ[ ˆ ( ˆ)] ( ˆ)p kx kx, tan sec2 (see appendix A) and that -( ˆ)kxsec2

=( ˆ)kxtan 12 . Using these results, along with some simple algebra to fix the constants, leads
to a factorization of the potential energy in the form given in equation (2). One finds

= -ˆ [ ˆ ( ˆ)] ( )A
M

p k kx
1

2
i tan , 3k

where we employ a label k for the lowering operator. Now the operator is well defined as long
as k runs from 0 up to π/L, at which point the lowering operator will diverge at the points

where x=±L/2. We verify the factorization next. Evaluating the operator ˆ ˆ†
A Ak k , we find

 = - +ˆ ˆ { ˆ [ ˆ ( ˆ)] ( ˆ)} ( )†
A A

M
p k p kx k kx

1

2
i , tan tan . 4k k

2 2 2 2

Computing the commutator is usually done by choosing to work in the coordinate
representation, where the momentum operator is proportional to a derivative with respect to x.
It can also be evaluated algebraically (without resorting to any representation, or using
calculus), which is shown in appendix A; the motivation for this work is a wonderful early
paper by Dirac [27], which develops the algebra for the radial momentum operator similar to
how we do in the supplemental information section S.2. Plugging in the result from
equation (A.9) = -[ ˆ ( ˆ)] ( ˆ)p kx k kx, tan i sec2 , and recognizing that + =( ˆ) ( ˆ)kx kxtan 1 sec2 2 ,
yields


= -ˆ ˆ ˆ ( )†

A A
p

M

k

M2 2
. 5k k

2 2 2

This implies that the energy term E0 satisfies =E k M20
2 2 in order to produce the original

Hamiltonian in equation (2). Since we need to pick the largest k value before divergence of
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the operator (to yield the largest E0 value, according to the requirements of the factorization
method), we pick k= π/L. This tells us the ground state (y∣ ⟩gs ), which satisfies

y =p=ˆ ∣ ⟩ ( )A 0, 6k L gs

has energy E0. This follows because the lowest-energy state of the Hamiltonian, written as in
equation (2), has energy E0, because the operator ˆ ˆ†

A Ak k is a positive semi-definite operator,
which has a minimal expectation value of 0, when equation (6) is satisfied. One need not
worry that using the Dirac bra and ket notation is too advanced for students who might only
know high-school-level math, as it is only a notation for depicting vectors, which can easily
be taught and is preferred when one uses basis-independent practices.

We also comment that the factorization method is related to the strategy of mapping the
linear second-order Schrödinger equation onto the nonlinear first-order Ricatti equation.
Every solution of the Ricatti equation leads to a new factorization method solution for the
Schrödinger equation. Details for how this is done appear in the supplementary information.

Our next step is to find the wavefunction. Once again, a standard treatment would
multiply equation (6) by ⟨ ∣x and represent the momentum operator as a derivative to find a
first-order differential equation for the ground state wavefunction, which is easily solved.
Here, we proceed without calculus, and use the fact that the state ⟨ ∣x can be written as the
translation of the state =⟨ ∣x 0 via

= =⟨ ∣ ⟨ ∣ ( )
ˆ

x x 0 e , 7i xp

with x a number in the exponent. We use the Hadamard identity (see appendix A for a
derivation without calculus) to first show that

 =[ ˆ] ( )
ˆ ˆ

x xe , e 8i ixp xp

and then

  = = = = + = = =⟨ ∣ ˆ ⟨ ∣ ˆ ⟨ ∣( ˆ ) ⟨ ∣ ⟨ ∣ ( )
ˆ ˆ ˆ

x x x x x x x x x x x0 e 0 e 0 e , 9i i ixp xp xp

which follows because = =⟨ ∣ ˆx x0 0. This sequence of equalities verifies that = =⟨ ∣ ( ˆ )x xp0 exp i
⟨ ∣x because when we operate on this state with x̂ from the right, we obtain the number xmultiplying
the original state; i.e. it is an eigenvalue-eigenvector relation.

The wavefunction then is found from the following steps: first, we use the translation
operator to determine the state ⟨ ∣x

y y y= = =( ) ⟨ ∣ ⟩ ⟨ ∣ ∣ ⟩ ( )
ˆ

x x x 0 e ; 10gs gs gs
i xp

second, we expand the exponential in its power series (which also can be derived without
calculus, by using the binomial theorem and the property that = +e e ex y x y, but takes us too
far afield to show the details here)


åy y= =
=

¥
⎜ ⎟⎛
⎝

⎞
⎠( ) ⟨ ∣

!
( ˆ) ∣ ⟩ ( )x x

n

x
p0

1 i
; 11gs

n

n
n

gs
0

and third, we move the numbers out of the matrix element


åy y= =
=

¥
⎜ ⎟⎛
⎝

⎞
⎠( )

!
⟨ ∣( ˆ) ∣ ⟩ ( )x

n

x
x p

1 i
0 . 12gs

n

n
n

gs
0

For the fourth step, we need to evaluate the matrix elements. The even powers are easy,
because y∣ ⟩gs is an eigenstate under p̂2 with eigenvalue  p L2 2 2. Odd powers can use this
eigenvalue relation to remove all operators except for one power of p̂. We determine the
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action of p̂ on y∣ ⟩gs from equation (6), which yields

y y=ˆ∣ ⟩ ( ˆ)∣ ⟩ ( )p k kxi tan . 13gs gs

Since we evaluate this state against the =⟨ ∣x 0 bra, we find that it vanishes due to
= = = ´ =⟨ ∣ ( ˆ) ⟨ ∣ ( )x kx x k0 tan 0 tan 0 0. So we find the wavefunction becomes

åy
p

y
p

y= - = = =
=

¥
⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( )

( )!
⟨ ∣ ⟩ ⟨ ∣ ⟩ ( )x

n

x

L
x

x

L
x1

1

2
0 cos 0 . 14gs

n

n
n

gs gs
0

2

The matrix element y=⟨ ∣ ⟩x 0 gs is a number, which provides the normalization constant for the
wavefunction. This number can only be determined with calculus, but it’s precise value is not
needed for any of the discussions given in this work, and is often not needed for calculations
(since it cancels when evaluating expectation values).

We have completed the standard derivation of the ground state for the particle in a box
using no calculus. This step is identical to the methodology of Schrödinger. Going forward to
find the other eigenstates takes us away from the original Schrödinger methodology. Our
alternative approach is simple—we adjust k to other values that are consistent with the
conditions of the problem being solved—keeping in mind that we must choose the largest
constant E0 in the factorization of the Hamiltonian if there is any ambiguity. So, we increase k
from the ground-state solution found with k=π/L until the raising and lowering operators
diverge again at the boundary, namely when k=3π/L. We continue in this fashion and find
that the correct k values are

p
=

+( ) ( )k
n

L

2 1
, 15

with the associated wavefunctions

y
p

y=
+

=+ +⎜ ⎟⎛
⎝

⎞
⎠( ) ( ) ⟨ ∣ ⟩ ( )x

n x

L
xcos

2 1
0 , 16n n2 1 2 1

and energies

 p
=

+
+

( ) ( )E
n

ML

2 1

2
. 17n2 1

2 2 2

2

We can immediately verify that these are the even wavefunction solutions for the particle in a
box, where we now use the integer 2n+1 to label the different solutions. One might be
concerned about whether there are any problems associated with the fact that the raising and
lowering operators diverge at internal points inside the box, but it turns out that these
divergences occur precisely where the wavefunction vanishes, which requires us to evaluate
these (raising/lowering) operators acting on the wavefunctions with a proper limiting
procedure; doing so produces a finite value since the node of the wavefunction cancels the
divergence of the operator. This procedure makes the calculation of the wavefunctions in the
modified Schrödinger operator method follow a similar approach to the standard differential
equation approach, where the physical solutions to the differential equation are chosen, by
selecting only those that also solve the appropriate boundary condition at the edge of the box.

But these are not all of the solutions of the particle in a box. They are just the even
solutions. To find the odd solutions, we need to find another factorization of ̂. Fortunately,
this is easy to achieve after noting that µ[ ˆ ( ˆ)] ( ˆ)p kx kx, cotan cosec2 (equation (A.10)) and

- =( ˆ) ( ˆ)kx kkcosec cotan 12 2 and adjusting some constants as was done previously. We find
that the lowering operator needed for the odd solutions is then
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= +ˆ [ ˆ ( ˆ)] ( )B
M

p k kx
1

2
i cotan . 18k

A quick calculation next yields


= -ˆ ˆ ˆ ( )†

B B
p

M

k

M2 2
, 19k k

2 2 2

which tells us that  = +ˆ ˆ ˆ†
B B k M2k k

2 2 . What is our rule for choosing k? One
immediately sees that the operator diverges at x=0. It will also diverge at the edges of the
box when k=2nπ/L. This is the condition to maximize the constant term for each interval of
k where the operator next diverges. Obviously, the eigenstate f∣ ⟩n2 satisfies f =pˆ ∣ ⟩B 0n L n2 2
and has the corresponding energy  p= ( )E n ML2 2n2

2 2 2 2.
The wavefunction cannot be derived in the same fashion as we did for the even functions

above because = ¥( )cotan 0 , making a power-series expansion about x=0 problematic.
Instead, we show that there is a simple relationship between the wavefunction we want to find
f∣ ⟩n2 and an auxiliary wavefunction y∣ ⟩n2 , which satisfies y =ˆ ∣ ⟩A 0n n2 2 . Note that y∣ ⟩n2 does
not satisfy the proper boundary condition, but we have already derived that

y y
p

y= = =⎜ ⎟⎛
⎝

⎞
⎠( ) ⟨ ∣ ⟩ ⟨ ∣ ⟩ ( )x x

n x

L
xcos

2
0 , 20n n n2 2 2

since the derivation did not use the boundary condition. Next, we show that

f y=∣ ⟩ ( ˆ)∣ ⟩ ( )kxtan . 21n n2 2

This follows by establishing two facts. First, we verify that y =ˆ ( ˆ)∣ ⟩B kxtan 0k k via a direct
computation:





  



y y

y

y

y

= +

= + +

= - + +

=
- + +

=
⎡
⎣⎢

⎤
⎦⎥

ˆ ( ˆ)∣ ⟩ [ ˆ ( ˆ)] ( ˆ)∣ ⟩

[[ ˆ ( ˆ)] ( ˆ) ˆ ]∣ ⟩

[ ( ˆ) ( ˆ) ( ˆ) ]∣ ⟩

( ˆ) ( ˆ)
( ˆ)

∣ ⟩ ( )

B kx
M

p k kx kx

M
p kx kx p k

M
k kx kk k kx k

M
k

kx kx

kx

tan
1

2
i cotan tan

1

2
, tan tan i

1

2
i sec tan i tan i

1

2
i

1 sin cos

cos
0. 22

k k k

k

k

k

2

2 2

2

Hence, y( ˆ)∣ ⟩kxtan k satisfies the defining relation for f∣ ⟩k , given by f =ˆ ∣ ⟩B 0k k . This means
the two functions differ by at most a multiplicative constant. So, second, we choose the
constant to provide a normalized wavefunction. Hence, we have

f
p p

y
p

y= =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ⟨ ∣ ⟩ ⟨ ∣ ⟩ ( )x

n x

L

n x

L

n x

L
tan

2
cos

2
0 sin

2
0 , 23n n n2 2 2

which completes the derivation of the odd wavefunctions.
This derivation for the particle-in-a-box problem is much simpler than the Schrödinger

derivation, which requires an infinite chain of operator relationships and appears in many
textbooks (see, for example, [6] or [7]).

It turns out that one can use this same methodology to solve for the wavefunctions of a
particle restricted to move on a circle of circumference L. Here, instead of having the operator
diverge at the endpoints, we require the operator to be periodic, so that + =ˆ ( ˆ ) ˆ ( ˆ)A x L A xk k

(and similarly for B̂k). Note that we do not assume that the wavefunction must be continuous
and hence periodic, as is often done. Indeed, contrary to the statements in many textbooks,
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there is no fundamental principle that requires the wavefunction to be continuous. The proper
requirements are that the probability density be continuous and that the probability current be
continuous. Both can be satisfied for this problem with either periodic boundary conditions
for the wave function or with antiperiodic boundary conditions. This is seen automatically
with the operator method, because the condition for periodicity of the operator is that

+ =( ˆ ) ( ˆ)kx kL kxtan tan and similarly for the cotan. Both are satisfied by k=2nπ/L (peri-
odic boundary conditions) or k=(2n+1)π/L (antiperiodic boundary conditions). We
immediately see the periodic or antiperiodic boundary conditions arising from the forms for
the wavefunctions as being proportional to cos(kx) for Âk and ( )kxsin for B̂k. Of course, the
resolution of this issue is that only periodic solutions are consistent with orbital angular
momentum [6, 28]. Note that the energy takes the same form as before, with =E k M2k

2 2 ,
but with these different allowed choices for k (including now k=0 for the even solutions).
We will describe more completely why continuity of the raising and lowering operators is
required to conserve the probability current when we discuss the case with piecewise con-
tinuous potentials below.

We find it interesting that the operator method requires us to confront this issue about the
properties of the wavefunction and provides a nice introduction to these subtleties that are
often glossed over in textbooks. One could also discuss other subtle issues, such as the facts
that the momentum operator p̂ is Hermitian but not self-adjoint for the particle-in-a-box
problem and the position operator x̂ is Hermitian but not self-adjoint for the particle-on-a-
circle problem. We will not discuss these issues in detail, nor will we discuss related issues
about uncertainty relations and how they are modified for operators that are not self-adjoint.
But one could motivate these discussions in a classroom setting if desired to discuss such
issues. In most cases these Hermitian versus self-adjoint discussions are rather advanced and
technical and best left for more advanced courses [29].

3. Particle in a finite square-well one-dimensional box

We move on to describing the particle in a finite box. The potential now goes to zero far from
the origin, so we have that the Hamiltonian satisfies  = +ˆ ˆ ˆ ( ˆ)p m V x22 with


=

- <

⎧
⎨⎪
⎩⎪

ˆ ( ˆ)
∣ ∣

∣ ∣
( )V x

x

V x

0 for

for .
24

L

L
2

0 2

Here, the wavefunction is nonzero almost everywhere, so the consistency condition on the
raising and lowering operators is different. The solution has already been briefly described
[18]. We note here that one cannot proceed in the original Schrödinger fashion because
nothing changes inside the box, so the energy levels would come out the same as those for the
particle in an infinite box. These are not the correct energy levels. Instead, we proceed as we
discussed above: (i) we first create a factorization of the Hamiltonian that depends on a
parameter; (ii) we adjust the parameter to solve the consistency condition; and (iii) we use all
operators, factorizations and energies to determine the eigenfunctions and eigenvalues of the
problem.

Inside the box, the presence of a nonzero potential makes some small changes to the
problem: we still use the same Âk and B̂k operators for the even and odd solutions, respec-
tively, but the energy is shifted by V0 to yield the two equations
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 = +ˆ ˆ ˆ ( )†
A A E 25k k k

and

 = +ˆ ˆ ˆ ( )†
B B E 26k k k

with = -E k M V2k
2 2

0 in both cases. The bound states also satisfy Ek�0, which we also
assume holds, since we will solve only for the bound states here. Hence, inside the box, we
have = -ˆ [ ˆ ( ˆ)]A p k kx Mi tan 2k and = +ˆ [ ˆ ( ˆ)]B p k kx Mi cotan 2k .

Outside the box, we need to find a new factorization for the Hamiltonian. It turns out that
this factorization is rather simple—it employs the lowering operator given by =kĈ

k[ ˆ ]p Mi 2 . For either choice of the sign, we find

 k
= +k k ˆ ˆ ( )†

C C
p

M M2 2
, 27

2 2 2

because κ is a number and so it commutes with p̂. In order to have an eigenfunction, we must
have the constants in the allowed and forbidden regions to agree, so we require

 k= -E M2k
2 2 , with the same Ek value found inside the box.

Before finishing the problem, we need to determine what the wavefunction is outside the
box with this new factorization. As before, the state that has energy Ek satisfies y =kˆ ∣ ⟩C 0;k

we use the label ψk for the eigenstate, because we have one eigenstate of the Hamiltonian
even if there are three spatial regions where we need to determine its functional form. Hence,
outside the box, we find

y k y= ˆ∣ ⟩ ∣ ⟩ ( )p i , 28k k

with the top sign for the case with y =kˆ ∣ ⟩C 0k and the lower sign for y =k-̂ ∣ ⟩C 0k . To find the
wavefunction in the forbidden region, we take the overlap with = =⟨ ∣ ⟨ ∣ ( ˆ) )x x xp0 exp i .
Because the eigenstate y∣ ⟩k satisfies an eigenvector-like relation outside the box under the
operator p̂, we immediately find that

y y= µ k( ) ⟨ ∣ ⟩ ( )x x e . 29k k
x

In order for the wavefunction to be normalizable, we must choose the plus sign for the
operator when x<−L/2 and the minus sign when x>L/2; this then produces exponentially
decaying functions for large ∣ ∣x .

Finally, we require that the raising and lowering operators be continuous at x=−L/2 and at
x=L/2; we will see below that this continuity condition guarantees the standard condition
imposed via the Schrödinger equation approach, namely continuity of the logarithmic derivative of
the wavefunction at the boundary. It may seem odd that one would require such a continuity
condition for an operator that factorizes the Hamiltonian (which is discontinuous), but it is needed
because it determines the wavefunction. We will see this condition always produces the proper
results for quantum systems. It is related to the requirements of continuity of the probability density
and the probability current, as follows: First, the probability density in one dimension is y∣⟨ ∣ ⟩∣x 2.
For this to be continuous at a point x0 where the potential is discontinuous requires

y y= + -∣⟨ ∣ ⟩∣ ∣⟨ ∣ ⟩∣x xlim limx x x x
2 2

0 0
. This is satisfied if y a y= + -⟨ ∣ ⟩ ( ) ⟨ ∣ ⟩x xlim exp i limx x x x0 0

,
with a( )exp i a complex phase. Continuity of the probability current requires y y⟨ ∣ ⟩⟨ ∣ ˆ∣ ⟩x x p to be
continuous as we approach x=x0 from above or below. If we write = -ˆ [ ˆ ( ˆ)]A p kW x mi 2 ,
with ( ˆ)W x being the ‘superpotential,’ then we see that continuity of the current occurs only if

= - +( ) ( )W x W xlim limx x x x0 0
, which is identical to saying that the lowering operator Â is
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continuous at x0. This is because the fact that y∣ ⟩ is annihilated by Â means y yµˆ∣ ⟩ ( ˆ)∣ ⟩p W x . Of
course, when we evaluate the wavefunctions below, we immediately see that they do satisfy the
appropriate continuity conditions for both the probability and the probability current.

This continuity condition is the same at each point and produces

k
=⎜ ⎟⎛

⎝
⎞
⎠ ( )kL

k
tan

2
30

for the even solutions and

k
- =⎜ ⎟⎛

⎝
⎞
⎠ ( )kL

k
cotan

2
31

for the odd solutions. These equations are solved in the standard fashion. We first define an
angle f via


f= =

+( )
( )kL M V E L

2

2

2
32k0

and a parameter f0 by


f = ( )

MV L2

2
. 330

0

Then, the two transcendental equations become

f
f

f
= - ( )tan 1 340

2

2

and

f
f

f
- = - ( )cotan 1 . 350

2

2

Notice that the right hand side of both equations is the same. In figure 1, we plot the left and
right hand sides of both equations. Points where they intersect correspond to solutions of the
respective equations. In figure 2, we show the energy levels as a function of the dimensionless
parameter that represents the potential, f0. The key element for this work is that regardless of
the size of f0, there is always at least one solution to the first transcendental equation in
equation (34) because the tangent runs from 0 to¥ as f runs from 0 to π/2, implying it must
intersect the value on the right hand side somewhere. In addition, we note that the ‘stretching’
of the curves to the left occurs for shallow wells because the bound-state energy of these halo
states remains close to zero until the well depth becomes deep enough. This ‘stretching’ is
reduced for each new bound state that enters as the well depth deepens.

Summarizing, the Hamiltonian for the particle in a finite box can be written in one of two
factorizations. Even solutions have









k

k

=

+ < -

-

- >

⎧

⎨
⎪⎪

⎩
⎪⎪

ˆ

( ˆ )

[ ˆ ( ˆ)] ∣ ∣

( ˆ )

( )A

p x

p k kx x

p x

i for

i tan for

i for .

36k

M

L

M

L

M

L

1

2 2

1

2 2

1

2 2
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For every *f which solves equation (34), the wavefunction becomes

y

f

f

f

=

= < -

= <

= >

k

k-

⎧
⎨
⎪⎪

⎩
⎪⎪

( )

⟨ ∣ ⟩

( )⟨ ∣ ⟩ ∣ ∣

⟨ ∣ ⟩

( )x

x x

kx x x

x x

e 0 for

cos 0 for

e 0 for

37k
e

x
k

L

k
L

x
k

L

2

2

2

with *f=k L2 . The number f=⟨ ∣ ⟩x 0 k is the normalization constant (which we have not
determined) and the energy of the state is  -k m V22 2

0. Odd solutions have

Figure 1. Graphical solution for the continuity condition of the even and odd solutions
of the particle in a finite one-dimensional box. The blue lines are f( )tan , the red lines

are −cotan(f), and the black line is f f-0
2 2 /f0. The dashed lines indicate multiples

of π/2. The parameter f0=10 for this plot.

Figure 2. Energy eigenvalues for the particle in a one-dimensional finite square-well
potential as a function of the potential well depth. A new bound state appears every
time the parameter f0 increases past a half integer multiple of π. Blue curves are the
even solutions and red ones the odd, just like in figure 1.
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







k

k

=

+ < -

+

- >

⎧

⎨
⎪⎪

⎩
⎪⎪

ˆ

( ˆ )

[ ˆ ( ˆ)] ∣ ∣

( ˆ )

( )B

p x

p k kx x

p x

i for

i cotan for

i for .

38k

M

L

M

L

M

L

1

2 2

1

2 2

1

2 2

For each *f which solves equation (35), the wavefunction becomes

y

f

f

f

=

- = < -

= <

= >

k

k-

⎧
⎨
⎪⎪

⎩
⎪⎪

( )

⟨ ∣ ⟩

( )⟨ ∣ ⟩ ∣ ∣

⟨ ∣ ⟩

( )x

x x

kx x x

x x

e 0 for

sin 0 for

e 0 for

39k
o

x
k

L

k
L

x
k

L

2

2

2

with *f=k L2 . One can easily verify that the wavefunction and its derivative (or more
naturally, the logarithmic derivative) is continuous at the point where the potential is
discontinuous.

To some extent it is a personal taste which method is more complex—the conventional
differential equation approach or the factorization method. The approach we employ has
many parallels with the differential equation approach. The comparison of steps is as follows:
(1) expressing the Hamiltonian in a coordinate basis as a differential operator is equivalent to
factorizing the Hamiltonian; (2) solving the differential equation in each region of space is
equivalent to finding the ground state via the lowering operator annihilating the state in each
region of space; (3) requiring continuity of the wavefunction and of the derivative is
equivalent to requiring continuity of the lowering operator; and (4) the transcendental
equation and its solution are identical in both methods. Finally, the factorization method
requires some additional work to determine the wavefunction in coordinate space, because it
works with a representation-independent energy eigenfunction, which needs to be projected
onto the coordinate eigenfunctions to determine the position-space wavefunction.

4. Particle in a finite square-well two-dimensional circular box

Having finished the one-dimensional case, we now move on to the two-dimensional case
because we want to examine the existence of bound states in all three dimensions. Note that
the two-dimensional case is technically more challenging and may not be appropriate for all
students. Interestingly, the particle-in-a-finite-square-well problem is not separable for a
rectangular box, but it is for a circular box, which is what we consider now. The potential is

q = -
>{(ˆ ˆ) ( )V r

V r R
r R

, for
0 for .

400

Using the form for the kinetic energy in two-dimensions given in equation (S.25), the
Hamiltonian is


 q= + - - -ˆ ˆ ˆ

ˆ ˆ
( ˆ) ( )

p

M

L

Mr Mr
V R r

2 2 8
, 41r z

2 2

2

2

2 0

where the theta function is the Heaviside unit step function and we use a capital M for the
mass, so as not to confuse with the z-component of angular momentum below.

We will organize our states under the eigenvalue of the z-component of angular
momentum, whose eigenvalue is ÿm, with m an integer. (This is a standard procedure in
quantum mechanics, so we do not include the details here.) Our first step is to work on the
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solution for m=0, which has vanishing z-component of angular momentum. While one can
try to motivate how to construct the raising and lowering operators from identities of Bessel
functions, this is often viewed as a more advanced topic, so we feel it is better to simply state
what the raising and lowering operators are and verify that they work; such an approach is
common for initial exposure to these functions. We therefore claim that the operator




= - +
⎡
⎣⎢

⎤
⎦⎥ˆ ˆ ( ˆ)

( ˆ) ˆ
( )A

M
p k

J kr

J kr r

1

2
i i

2
42k r

1

0

is the lowering operator for the case where the eigenvalue under L̂z is zero. (Here the Jm
functions are Bessel functions of the first kind, discussed in the supplemental information
section S.3). To check, we need to evaluate the following:

  


= - + + -
⎪ ⎪

⎪ ⎪

⎧
⎨
⎩

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭

ˆ ˆ ˆ ˆ ( ˆ)
( ˆ)

ˆ
ˆ

( ˆ)
( ˆ) ˆ

( )†
A A

M
p k p

J kr

J kr
p

r
k

J kr

J kr r

1

2
i , i ,

1

2 2
. 43k k r r r

2 1

0

1

0

2

The evaluation of the commutator needs to be done in steps. We use the product rule to find

= +
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥ˆ ( ˆ)

( ˆ)
( ˆ) ˆ

( ˆ)
[ ˆ ( ˆ)]

( ˆ)
( )p

J kr

J kr
J kr p

J kr
p J kr

J kr
, ,

1
,

1
, 44r r r

1

0
1

0
1

0

where the second commutator is evaluated with equation (S.28). The first commutator is
evaluated as we have evaluated similar ones before using a ‘multiply by one’ trick:



= = +

= +

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

ˆ ( ˆ)
( ˆ)

( ˆ) ˆ
( ˆ)

[ ˆ ( ˆ)]
( ˆ)

( ˆ) ˆ
( ˆ)

( ˆ)
( ˆ)

( )

p
J kr

J kr
J kr p

J kr
p J kr

J kr

J kr p
J kr

kJ kr
J kr

0 , ,
1

,
1

0 ,
1

i
1

, 45

r r r

r

0

0
0

0
0

0

0
0

1
0

so that

= -
⎡
⎣⎢

⎤
⎦⎥ˆ

( ˆ)
( ˆ)

[ ( ˆ)]
( )p

J kr
k

J kr

J kr
,

1
i . 46r

0

1

0
2

We now have everything needed to simplify the result in equation (43):

 






 

 

= - +
-

-

+ -

= +
-

- -

= - -

⎪ ⎪
⎪ ⎪

⎪

⎪

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭

⎧
⎨
⎩

⎫
⎬
⎭

ˆ ˆ ˆ [ ( ˆ)]
[ ( ˆ)]

( ˆ) ( ˆ)
( ˆ) ˆ

( ˆ)
( ˆ) ˆ

ˆ
( ˆ) ( ˆ)

( ˆ) ˆ ˆ
( ˆ)
( ˆ)

ˆ
ˆ

( )

†

ˆ

A A
M

p k
J kr

J kr
k

J kr J kr

J kr r

k
J kr

J kr r

M
p k

J kr J kr

J kr r

k

r

J kr

J kr

p

M Mr

k

M

1

2 2 2

2

1

2 4

2 8 2
, 47

k k r

r
kr

r

2 2 2 1
2

0
2

2 2 2 0

0

2

2

1

0

2

2 2 2

1
1 0

0

2

2

2
1

0

2 2

2

2 2

where in the second equality, we employed the identity in equation (S.29) with m=1 to
replace J2 with J1 and J0, and in the last line, we simplified the result. If we define

= -E k M V2k
2 2

0, then we have  = +ˆ ˆ ˆ†
A A Ek k k for r̂ R, in the case where the L̂z

eigenvalue is zero.
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The derivation of the result for >r̂ R is similar, but we need to use the modified Bessel
functions of the second kind, Km, which exponentially decay for large argument. Their
properties are stated at the end of the supplemental information in section S.3. We define κ

via  k= -E M2k
2 2 (recall the energy is less than zero because it is a bound state). This is

similar to how we solved in the allowed and forbidden regions in one-dimension—changing
from oscillatory functions to exponentially decaying functions. Then the lowering operator in
this region becomes




k
k
k

= - +k
⎡
⎣⎢

⎤
⎦⎥ˆ ˆ ( ˆ)

( ˆ) ˆ
( )C

M
p

K r

K r r

1

2
i i

2
, 48r

1

0

where we replaced k by κ and J by K. Calculating the operator k kˆ ˆ†
C C proceeds just as we did

before and yields (with the identities in the supplemental information section S.3)

  k
= - +k kˆ ˆ ˆ

ˆ
( )†

C C
p

M Mr M2 8 2
. 49r

2 2

2

2 2

This implies that  = +k kˆ ˆ ˆ†
C C Ek for >r̂ R.

As before, we require the lowering operator to be continuous at =r̂ R, which yields







k
k
k

- + = - +
( )
( )

( )
( )

( )k
J kR

J kR R

K R

K R R
i i

2
i i

2
, 501

0

1

0

and simplifies to

k k
k

=
( )
( )

( )
( )

( )J kR

J kR k

K R

K R
. 511

0

1

0

The two sides of this equation are plotted in figure 3, so that the solution corresponds to the
points where the curves cross as is customary in the graphical method for solving
transcendental equations. We use kR=f and  f=MV R2 0 0, similar to how we treated

Figure 3. Graphical solution to the transcendental equation from equation (51) for the
solutions to the particle in a finite square-well potential in two dimensions. The blue
curves are the left hand side J1(f)/J0(f), while the black curve is the right hand side

f f f f f f f- - -( ) [ ( )]K K0
2 2

1 0
2 2

0 0
2 2 . Points of intersection are the solutions

of the equation. The dashed lines are the zeros of the Bessel function J0(f), where the
left hand side diverges.
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the one-dimensional case (note as well that k f f= -R 0
2 2 ). This equation always has at

least one solution. We illustrate this explicitly for the case where V0 is small. In this case, both
f and f0 are also small. We use the asymptotic behavior of the Bessel functions for small
argument to learn that f f f f f f f» » - » - -( ) ( ) ( ) ( )J J K1, 2, ln0 1 0 0

2 2
0
2 2 , and

f f f f- » -( ) )K 11 0
2 2

0
2 2 . Using these results, we find the transcendental equation

becomes

f f f

f f f f f
» -

-

- -( )
( )

2

1

ln
, 520

2 2

0
2 2

0
2 2

or, after simplifying

f f
f

- » -( ) ( )ln
2

. 530
2 2

2

Re-expressing in terms of the energy, we find

 

» - - ( )E
MR

e
2

, 54
2

2
MR V

2
2 0

which is an exponentially small result for small V0.
So, we have shown that if we find a k and κ that solve equation (51), then the state that

satisfies both




f- + =k

⎡
⎣⎢

⎤
⎦⎥ˆ ( ˆ)

( ˆ) ˆ
∣ ⟩ ( )p k

J kr

J kr r
i i

2
0, 55r k

1

0
,

for r�R, and




k
k
k

f- + =k

⎡
⎣⎢

⎤
⎦⎥ˆ ( ˆ)

( ˆ) ˆ
∣ ⟩ ( )p

K r

K r r
i i

2
0 56r k

1

0
,

for r>R is the eigenstate, with an energy given by   k= - + = -E V k M M2 20
2 2 2 2 .

In figure 4, we plot the corresponding (negative of the) energy levels as a function of f0
for the two-dimensional case. One can see that the initial shape of the curve for small f0 is
quite flat, due to the exponentially small bound-state energy in this regime. Once the bound-
state energy becomes sizable, the curves look quite similar to those of the one-dimensional
case. Of course, in one-dimension, the new bound states enter at multiples of π/2; for the
two-dimensional case, it is not as simple to predict precisely where the new bound-states enter
because they are related to zeros of Bessel functions which do not occur at multiples of any
single number.

We still need to derive the wavefunction. This requires us to take the overlap of f k∣ ⟩k,
with =⟨ ∣r m, 0 . Because the radial momentum operator is Hermitian, but not self-adjoint, one
needs to proceed carefully to determine the translation operator for the radial coordinate. In
the supplemental information section S.4, we show how to do this, resulting in equation
(S.41). Hence, we have




f q q f= = =k
q

k
+( )( ) ⟨ ∣ ∣ ⟩ ( )ˆ ˆ

ˆr r, 0, 0 e e . 57k
r p L

k,
i

,r r z
i

2
i

But, because this state has m=0, we immediately find that q f f=k k[ ˆ ]∣ ⟩ ∣ ⟩Lexp i z k k, , . Let
us next assume that we have r�R. Then we have
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


åf q q f= = = +k k
=

¥
⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( )

!
⟨ ∣ ˆ

ˆ
∣ ⟩ ( )r

n

r
r p

r
,

1 i
0, 0 i

2
. 58k

n

n

r

n

k,
0

,

One can immediately verify that all odd powers of n will vanish, because they are
proportional to a linear combination of ( ˆ)J krm terms in the numerator which all have ¹m 0;
when evaluated against =⟨ ∣r 0 they all vanish. The even powers are not zero because their
expansion includes terms with ( ˆ)J kr0 which gives one when evaluated against the =⟨ ∣r 0 state.
We need to determine the coefficient of the J0 term for arbitrary n to determine the
wavefunction. This is done by a construction similar to Pascal’s triangle.

To begin, we evaluate the powers in turn as follows: for n=1, we use equation (55) to
obtain


f f+ =k k⎜ ⎟⎛

⎝
⎞
⎠ˆ

ˆ
∣ ⟩ ( ˆ)

( ˆ)
∣ ⟩ ( )p

r
k

J kr

J kr
i
2

i . 59r k k,
1

0
,

As we mentioned above, when we evaluate this with the bra at the origin, it vanishes, as will all
odd powers. Next is n=2, here, to evaluate the second power, we must evaluate +ˆ ˆp ri 2r
against the state above. This is done by first evaluating the commutator p̂r with the fraction of
Bessel functions and then we have the operator acting against the fk, κ state. This yields
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Figure 4. Energy eigenvalues for the particle in a two-dimensional circular finite
square-well potential as a function of the potential well depth. A new bound state
appears every time the parameter f0 increases past a zero of the Bessel function where
J1(f0)=0; the first three zeros are approximately at 3.832, 7.016, and 10.173. Initially,
the bound state energy remains quite close to zero, and only emerges to larger values
where one can see the curves ‘take off’ in the figure. Blue curves plot the energies as a
function of f0.
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and we see that the only term that survives is the term involving the commutator of p̂r with the
numerator. This result holds for all n. As we take more and more commutators, we simply
continue to use the rule derived in equation (S.28) to evaluate them. This continues for all
terms except the J0 terms, since they are actually a constant when divided by J0 and yield zero
when we evaluate their commutator. When n is odd, the numerator is a linear combination of
odd index Bessel functions starting with n and ending with one and when it is even, it is a
linear combination of even powers starting with n and ending with zero. When we evaluate
against the bra at the origin, all terms vanish except for the coefficient of the J0 term. We
construct a Pascal-like triangle[30] below:

=
= -

= -

= -
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= - -
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= - -
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J kr
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For example, we worked out the case of n=2 which equals -[ ( ˆ) ( ˆ)] ( ˆ)J kr J kr J kr22 0 0 and
the triangle has a 1/2 in the second entry (m=2) and a −1/2 in the zeroth entry (m=0).
The rules for constructing the ‘triangle’ are as follows: The leftmost element of the row is
equal to one-half the leftmost element in the row above it. Every other element in the row
(except possibly the last one) is constructed by finding the two parents in the row above,
subtracting the left parent from the right and dividing the result by two. If the new row is an
odd row, we construct the rightmost entry by a different rule—it is equal to twice the right
parent minus the left parent, with the result divided by two. If the new row is an even row, the
rightmost entry is minus one half the rightmost entry of the row above (left parent). For
example, the n=6 row has its second entry given by (−5/16−1/16)/2=−6/32 and so
on. While the n=7 row has its rightmost entry given by [2×(−10/32)−15/32]/
2=−35/64. Note that the table satisfies the property that the sum of the absolute values of
the entries in each row is equal to one.

We can actually find an explicit formula for the elements in each row according to this
construction. For an odd row with n=2i+1, the nonzero m=2j+1 entry is

+
+ + -
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2

and for =n i2 , the nonzero m=2j entry is

+ -
-

-
-⎜ ⎟⎛

⎝
⎞
⎠

( )!
( )!( )!

( ) ( )i

i j i j
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2

2
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i
i j

2 1
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for ¹j 0 and the j=0 entry is

-⎜ ⎟⎛
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! !

( ) ( )i

i i

1

2

2
1 . 64

i
i

2

We can verify these results by induction, but do not go through those steps here. The
coefficient of the n=2i term in equation (58) becomes




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which is precisely what is needed to generate the J0(kr) Bessel function, so y µk ( ) ( )r J krk, 0

for r<R.
We need to go through a similar procedure for r>R to generate the rest of the m=0

wavefunction. The difference is that we evaluate the terms in the series starting from the
=⟨ ∣r R state. The result ends up being a Taylor series for the modified Bessel function about

the point r=R. Unfortunately, there is no simple way to derive this without invoking some
calculus (although for purists, it can be done by using properties of the Bessel functions, but
this approach becomes quite torturous). When we use the k and κ values that satisfy the
transcendental equation, we verify that the wavefunction (determined from the factorization
method) and its slope [or equivalently, the matrix element q f k⟨ ∣ ˆ ∣ ⟩r p, r k, ] are both continuous
at r=R. This then agrees with the standard Schrödinger equation approach.

We next sketch how to solve the problem when the z-component of angular momentum
is nonzero (we denote it by ÿm). As shown in the supplemental information section S.2, the
general case has a Hamiltonian given by
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We construct the solutions for nonzero m by following the standard Schrödinger prescription.
First, we define a lowering operator via


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Then, we find the following two identities:
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and

 


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Using these identities, we have that q= - -ˆ ˆ ˆ ( ˆ)†
A A V R r0 1 1 0 and = - -

ˆ ˆ ˆ ˆ† †
A A A Am m m m1 1. We

claim that if we take an eigenfunction f k∣ ⟩k, which satisfies equations (55) and (56) (but we do
not require it to solve the transcendental equation in equation (51)), then

f k- ˆ ˆ ˆ ˆ ∣ ⟩A A A Am m k1 2 1 , is an eigenstate. We show this result directly. First, we write

 q= - -ˆ ˆ ˆ ( ˆ)†
A A V R rm m m 0 and recognize that the potential, being one of two different

constant values, commutes with all Âm operators (except possibly at one point, and for now
we are working on verifying the wavefunction everywhere except at r=R). Then we first
verify that the state y f=k k- ∣ ⟩ ˆ ˆ ˆ ˆ ∣ ⟩A A A Am k m m k, , 1 2 1 , satisfies
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where we used the identities in equations (68) and (69) to move the daggered operator as far
as we could to the right. Next, we add the term with ( ˆ)V r back in, noting it commutes with the
Âm operators and find that

 
 y q y

k
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Hence, the state y k∣ ⟩m k, , is an energy eigenstate of the Hamiltonian ̂m. This procedure of
moving the daggered operator through the undaggered chain is called an intertwining relation.

We still need to find a transcendental equation to determine k. We do this by requiring
that the wavefunction and the matrix element of p̂r are both continuous at r=R. Continuity
of the matrix element of p̂r is required for probability current conservation; as we saw above,
we can choose the overall phase to be zero, and hence the wavefunction will also be con-
tinuous. While the procedure is completely straightforward for arbitrary m, we will illustrate
how to do it only for the easiest cases given by m=1 and 2. The general case follows by
induction.

The case m=1 says

y q q f= Ä =k k= ( ) ⟨ ∣ ˆ {∣ ⟩ ∣ ⟩} ( )r r A m, , 1 , 72m k k1, , 1 ,

where =∣ ⟩m 1 is the eigenstate of L̂z with eigenvalue ÿ. Substituting in for the operators and
states, we immediately find that for r�R we have
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
y q f q= + = =k k

q
= ⎜ ⎟⎛

⎝
⎞
⎠( ) ⟨ ∣ ˆ

ˆ
∣ ⟩ ⟨ ∣ ⟩ ( )r r

M
p

r
m,

1

2
i
2

e 0 1 . 73m k r k1, , ,
i

Then equation (57) yields


y q f q= = =k k

q
= ( ) ⟨ ∣ ( ˆ)

( ˆ)
∣ ⟩ ⟨ ∣ ⟩ ( )r r

k

M

J kr

J kr
m, i

2
e 0 1 . 74m k k1, ,

1

0
,

i

Using the fact that f µk⟨ ∣ ⟩ ( )r J krk, 0 , we immediately find that y q qµk= ( ) ( ) ( )r J kr, exp im k1, , 1 .
The case for m=2 also proceeds similarly. Note that
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Commuting the Â2 operator to the right to act on the state f k∣ ⟩k, gives us
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Next, we use the identity in equation (S.29) to replace ( ˆ) ( ˆ)J kr kr1 by J0 and J2. This results in


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Hence, we have

y q µk
q

= ( ) ( ) ( )r J kr, e 78m k2, , 2
2i

for r�R.
The general proof for arbitrary m follows straightforwardly by induction and is not given

in detail here.
We also need to work out the results for r>R. One can follow the strategy outlined

above with the J functions and find it also works for the K functions (there are a few sign
changes, but the end results are the same), and hence we have
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Continuity of the wavefunction at r=R tells us that Jm(kR)=Km(κR). Evaluating y⟨ ∣ ˆ ∣ ⟩r pr
and ensuring it is continuous at r=R requires
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This tells us we must also have kJm+1(kR)=κKm+1(κR). Dividing the two equations yields
the final result, which determines k and κ

k k
k

=+ +( )
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( )
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( )J kR

J kR k

K R

K R
. 81m

m

m

m

1 1

The equation is consistent with the previous transcendental equation we derived for m=0 in
equation (51).

Using this last transcendental equation, we now check to see under what circumstances
the system supports a bound state for nonzero m. We rewrite the equation in terms of
f and f0 as
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small x with m 1 to analyze the behavior for small V0. This tells us the solution exists if
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which says f = +( )m m4 12 . But f is small and m�1, so there is no solution for small
arguments. Hence, V0 must be large enough for a solution to exist. We do not investigate the
question of how large analytically.

5. Particle in a finite square-well three-dimensional spherical box

We now move onto the final problem that we tackle with the operator formalism, namely
finding the bound states for a particle in a finite three-dimensional box. The original solution
to this problem was worked out by Peierls in 1929, but used a different methodology [31]. We
use the operator method here and find it is quite similar to the particle in a one-dimensional
box and the higher m solutions we worked with in the two-dimensional case.

We begin with the Hamiltonian. While one can derive the kinetic energy without calculus
similar to what we did in two-dimensions, the techniques are closely related, so we do not
reproduce them here. We simply state the results that the Hamiltonian for a particle in a finite
square-well three-dimensional box is
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where = ´
  ˆ ˆ ˆL r p is the angular momentum operator. If we evaluate the Hamiltonian on

states of definite total angular momentum, then the eigenvalue of the square of the angular
momentum operator is  +( )l l 12 , so the Hamiltonian becomes
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We first solve the case with l=0. Note that the Hamiltonian (as a function of the radial
coordinate only) is simply that of a particle in a one-dimensional finite box, with one
exception—the radius is never less than zero. So there is a hard wall boundary at r=0,
where the wavefunction must vanish. If we look back at the derivation for the particle in a
box, the odd solutions automatically vanish at r=0, so those are the solutions here. We
quickly recap how the solutions work. The operators are the same, but the wavefunctions are
different because the radial coordinate, the radial momentum, and the translation operator for
the radial coordinate are different from the one-dimensional coordinate, momentum and
translation operators.
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The l=0 lowering operator for r�R is then
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Similarly, the lowering operator for r>R is
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We require the operators to be continuous at =r̂ R, which yields

k=( ) ( )k kRcotan . 90

Using f=kR and f = MV R20 0 , the transcendental equation becomes

f
f f

f
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( )cotan , 910

2 2

which has a solution only when f0�π/2, or  p ( )V MR80
2 2 2 . Hence, the three-

dimensional particle in a finite box requires a minimal attractive potential before it supports a
bound state.

We calculate the wavefunction in a similar fashion to what was done before. There is no
angular dependence, and for the radial dependence, we need to use the correct translation
operator (which can be derived in a manner similar to what we did for the two-dimensional
case). Hence
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We begin with r�R to evaluate the wavefunction. We determine how p̂r acts on the state
f =∣ ⟩l 0 by using the fact that f ==

ˆ∣ ⟩B 0l 0 to yield

f f= -= =ˆ ∣ ⟩ ( ˆ)∣ ⟩ ( )p k kri cotan . 94r l l0 0

Similar to the one-dimensional case, we can show that all odd powers vanish and all even
powers give
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The details are technical and are shown in appendix B. Substituting into equation (93), we
find for r�R
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Next, we move on to r>R. Here, the wavefunction satisfies f k f== =ˆ ∣ ⟩ ∣ ⟩p ir l l0 0 . In this
case, we need to modify equation (93) to perform the expansion about r=R:
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The result for the nth power of +( ˆ ˆ)p rir acting on the state is
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for r>R. The derivation is also rather technical and is given in appendix B. Using this result,
we conclude that
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where we simplified and regrouped terms in the second line, switched the order of the
summation in the third line, let  +n n m in the fourth line, and summed the series over n in
the fifth line. If we assume R<r<2R, then we can sum the remaining series to find
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Since the summed series is an analytic function, we can ‘analytically continue’ this result and
verify that it holds for all r>R.

Hence, we have established that
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The ratio of α/β is determined by the solution of the transcendental equation, which relates k
and κ. The overall constant is then determined by normalization, a step we omit here.

The results for higher l all have equal or higher energies than the l=0 state because the
contribution from the centrifugal barrier is positive semi-definite. Hence, we need not work
out their solutions, even though they follow in a similar fashion to how we found the nonzero
m eigenvalues and eigenfunctions for the two-dimensional case. The key point is that we have
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found a potential in three-dimensions that does not have a bound state unless the attractive
potential has a large enough magnitude.

6. Variational proof of the existence of at least one bound state in one and two
dimensions

Most of the pedagogical literature on using the variational approach to prove that attractive
potentials in one and two dimensions always have at least one bound state work from a
variational approach with a specific trial wavefunction [32–37]. Usually this wavefunction
has a simple peak with an adjustable width (although it can be more complicated for the two-
dimensional case). This approach is also employed in textbooks, as described in the intro-
duction. When trial wavefunctions are used, the variational principle requires one to evaluate
an integral that depends on some parameters and then optimizes with respect to those para-
meters. Here, as an application of the work done in the previous sections, we show that even
variational problems can be done without calculus—the solution is dramatically simpler than
what is presented in most textbooks!

The variational principle that we employ is straightforward and requires no calculus to
derive. We assume that the orthonormal eigenstates are written as ∣ ⟩n with =∣ ⟩ ∣ ⟩n E nn , with
En ordered such that E0�Ei�E2L. Then, we examine a normalized state y = å =

¥∣ ⟩ ∣ ⟩c nn n0

with å ==
¥ ∣ ∣c 1n n0

2 . We compute directly that

 å åy y = =
=

¥

=

¥
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n n
n

n
0

2

0

2
0 0

So, we learn that the expectation value of the Hamiltonian on any trial wavefunction produces
an energy greater than or equal to the ground-state energy. Turned around, the ground-state
energy is less than the expectation values of the Hamiltonian for any normalized trial
wavefunction y∣ ⟩.

Next, we use the existence of a ground state for the particle-in-a-box problems to then
prove that the ground state exists for arbitrary potentials which can have a box potential fit
inside of them, as illustrated schematically in figure 5. To be more precise, mathematically,
we will prove potentials V which satisfy the following criteria, all have at least one bound
state. The criterion in one dimension is that

 ( ) ( ) ( )V x V x V L x; , , 0, 103box 0 0

where Vbox(x; V0, L, x0) is the square-well potential of width L, depth V0 and centered at the
point x=x0. Note that the description above is using the potential expressed as a function of
the coordinate, not as an operator, so that the inequality is well-defined. In addition, we have
the freedom to adjust the depth, width, and center in order to have it fit inside the target
potential. We allow the target potential to be piecewise continuous, to have divergences, etc.
as long as it satisfies the criterion above. Similarly, for the two-dimensional potential, we
require

 ( ) ( ) ( )V x y V x y V R x y, , ; , , , 0. 104box 0 0 0

Here, ( )V x y V R x y, ; , , ,box 0 0 0 is a circular ‘square-well’ potential of depth V0, radius R, and
centered at (x0, y0). Note in particular that this requirement implies that the arbitrary potential
is always attractive. It is well known that this requirement is not needed for a bound state, and
a weaker criterion that the integral of the potential over all space is less than zero is all that is
needed [35]. But that proof requires working with adjustable variational wavefunctions and is
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beyond the methodology we present here, which is algebraic and uses no calculus. So we
work with the stricter requirement here.

Because the potential goes to zero as we approach infinity, a bound state requires E<0.
This is because when E<0, the eigenstate will exponentially decay in the forbidden regions,
as we have seen in the explicit solutions we worked out for the particle in finite square-well
potentials. Our strategy is to prove that the ground-state energy must be less than zero for
systems with arbitrary attractive potentials that satisfy the required criteria. This then implies
that those systems have at least one bound state.

The proof now follows very simply. For one dimension, we find a square-well potential
that fits into the potential we want to show has a bound state according to equation (103).
Then, we compute the expectation value of the Hamiltonian for the arbitrary potential with the
ground-state wavefunction of the box, which we denote as f∣ ⟩box . We find (using  =ˆ
+ˆ ( ˆ)T V x )




f f f f f f

f f f f

= +

+
= <

⟨ ∣ ˆ ∣ ⟩ ⟨ ∣ ˆ∣ ⟩ ⟨ ∣ ( ˆ)∣ ⟩
⟨ ∣ ˆ∣ ⟩ ⟨ ∣ ( ˆ )∣ ⟩

( ) ( )

T V x

T V x V L x

E V L

, , ,

, 0. 105gs

box box box box box box

box box box box 0 0 box

,box 0

The basic idea is that the kinetic energy expectation value is the same for both the target
Hamiltonian and the box Hamiltonian (when evaluated in the box ground state), and the
expectation value of the potential is lower due to the criterion above. So the expectation value
of the total energy is less than zero. Since all unbound states have an expectation value of the
energy that is larger than zero (because their energy can always be written as  k M22 2 for
some k), this proves the existence of at least one bound state.

The proof for the two-dimensional case is essentially the same, but we compare to the
particle in a circular ‘square-well.’ Of course, the proof does not hold for three dimensions
because we found a counter-example with the particle in a spherical box.

Figure 5. Schematic picture of the set-up for the variational proof. The arbitrary
attractive potential is depicted in red. It needs only to be nonpositive, to go to zero as

 ¥∣ ∣x and to be piecewise continuous. The finite square-well box is depicted in blue.
We choose an x0, L, and V0, so that the square-well potential ‘fits inside’ the target
potential, in the sense that Vbox(x)�V(x) pointwise. The square well vanishes outside
the box.
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To work on the more complex problem of asking how many bound states exist for a
given potential, one must use more complex approaches that count the nodes of the wave-
function [1] and are beyond the approach we have developed here which uses no calculus.

7. Conclusions

The goal of this work was to illustrate how one can solve particle-in-finite-square-well
problems using operator methods with no calculus. In addition, these methods show how to
solve these problems in a basis-independent fashion. We hope that using this in the classroom
will provide students with yet another eigenvalue problem that can be solved with operators;
in our experience, students prefer this technique to the differential equation approach. We
then applied those solutions to immediately prove that in one and two dimensions any fully
attractive potential always has at least one bound state. The methodology we employed
requires only high-school level math. It does require one to be able to work with power-series
expansions, but only in an algebraic fashion. We also were able to demonstrate that the
Schrödinger operator method can be streamlined for these problems. Schrödinger himself
called his procedure ‘shooting sparrows with artillery’ [3]. And his solution is indeed quite
complex. The version we developed here, and hinted at in [18] and [19], is much simpler and
is quite similar to the conventional differential equation approach.

Some may complain that the derivation of the wavefunction itself still involves ‘shooting
sparrows with artillery.’ While we do not completely disagree with that characterization,
using the same methods, we can derive the solutions in one, two, and three dimensions. The
two-dimensional case is often not covered in textbooks, because it involves Bessel functions,
which are viewed by many as a more advanced topic. Here, the procedure is unified, and the
derivations share similar complexity across the different dimensions.

In the end, we feel that illustrating how far one can go with quantum-mechanical rea-
soning without needing to invoke advanced mathematics, can aid in bringing quantum
phenomena to more people and help as well to show the important quantum principles
without being buried in complex mathematics; indeed, the fact that two co-authors were high
school students when this work was completed indicates that this might be possible. Of
course, if this restriction is relaxed, then one can derive the wavefunctions quite efficiently
using only first-order differential equations. We did not discuss how to do this here because it
already appears in many textbooks [6, 7, 9]. Since quantum classes at most universities,
including our own, are quite small, we do not have any data to present on the effectiveness of
this approach. We anticipate that by presenting this work here, we will motivate others to
examine this question in the future.

We hope that this work will also encourage others to discover additional areas in the
quantum curriculum that do not require calculus. This will then provide choice to students as
to how they would like to best learn the material. For example, we have already shown how
one can determine spherical harmonics with only algebraic methods [38]. Instead of thinking
of operator methods as an advanced topic, we encourage others to think of it as a great way to
introduce and explore quantum ideologies.
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Appendix A. Computing commutators without calculus

In this appendix, we show how to compute the commutators [ ˆ ( ˆ)]p kx, tan and [ ˆ ( ˆ)]p kx, cotan
without using calculus. It requires a few steps. First we use the Hadamard identity for the
similarity transformation of the momentum operator

= - - + +
--    ˆ ˆ [ ˆ ˆ] [ ˆ [ ˆ ˆ]] ( )

!
[ ˆ [ ˆ [ ˆ ˆ] ( )ˆ ˆp p k x p

k
x x p

k

n
x x x pe e i ,

2
, ,

i
, , , , , A.1kx kx

n

n
i i

2

where the nth term has an n-fold nested commutator. In this case, the expansion terminates
after two terms because the commutator of x̂ with p̂ is a number, which subsequently
commutes with everything. We thereby find

= +- ˆ ˆ ( )ˆ ˆp p ke e , A.2kx kxi i

or

=- -[ ˆ] ( )ˆ ˆp ke , e . A.3kx kxi i

Next, we use the Euler relation to write - = -( ˆ) ( ˆ) ( ˆ)kx kx kxexp i cos i sin and take the real
and imaginary parts of both sides of equation (A.3) to find

= -[ ( ˆ) ˆ] ( ˆ) ( )kx p k kxcos , i sin A.4

and

=[ ( ˆ) ˆ] ( ˆ) ( )kx p k kxsin , , i cos . A.5

Note that this derivation uses the fact that the commutator of a real function of x̂ with p̂ is
imaginary. Note further that these results agree with the standard commutation results we
would find by using = - ¶p̂ i x. The next step uses the product rule for a commutator and
the ‘multiply by one’ trick:
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and then re-arranges the result to show that
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Similarly, one can immediately verify

=
⎡
⎣⎢

⎤
⎦⎥( ˆ)

ˆ ( ˆ) ( ˆ) ( )
kx

p k kx kx
1
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The commutator for the tangent follows from equations (A.5) and (A.8) and the product rule
for the commutator via
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In the same fashion, we derive the commutator of the cotangent using equations (A.4) and
(A.7) and the product rule. It is
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Appendix B. Operator identities for the three-dimensional case

In this appendix, we show the details for how to work out powers of +( ˆ ˆ)p rir acting on
f =∣ ⟩l 0 . We start with the case of r�R. Our methodology is to proceed by an inductive proof.
We first work out the n=1 power:
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After determining a few more results explicitly, one can show that the general case is given by
the following two results:
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We first verify that when m=0, these two results reproduce those in equations (B.1) and
(B.2). Then we assume it holds for all n up to 2m and prove it holds for 2m+1. We compute

Eur. J. Phys. 40 (2019) 045404 J A Jacoby et al

28












å å

å

å

å

å

f

f

f

f

+ = +

´ - - -
+

= -
-

-

+

- -
+

+
- -
+

+ -
+

-
+

= -
+

-
+
+

+

=

=
-

=

-

- - =

+

=
- + -

- +

=

-

- - -

=

-

- - - + =

+

=
- + - =

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

ˆ
ˆ

∣ ⟩ ( ) ˆ
ˆ

( ) ( )!
( )! ( ˆ)

( ) ( )!
( )!

( ˆ)
( ˆ)

∣ ⟩

( ) ( ) ( )!( )
( )! ( ˆ)

( )!
( )!

( ˆ)
( ˆ)

( )!
( )! ( ˆ)

( ) ( )!
( )!

( ˆ)
( ˆ)

( )!( )
( )!

( ˆ)
( ˆ)

( ) ( )!
( )!

( ˆ)
( ˆ)

( )!
( )!

( ˆ)
( ˆ)

∣ ⟩

( ) ( ) ( )!
( )! ( ˆ)

( )!
( )!

( ˆ)
( ˆ)

∣ ⟩ ( )

p
r

k p
r

m

n kr

m

n

kr

kr

k
m m n

n kr

m

n

kr

kr

m

n kr

m

n

kr

kr

m m n

n

kr

kr

m

n

kr

kr

m

n

kr

kr

k
m

n kr

m

n

kr

kr

i i i

1
2

2

1
1

2

2 1

cotan

i 1
2 2 2

2

1 2

2

cotan

2

2

1

1
2

2 1

cosec 2 2 2 1

2 1

cotan

1
2

2 1

cotan 2

2 1

cotan

i 1
2 1

2

1 2 1

2 1

cotan
, B.5

r

m

l
m

r

n

m
n

m n
n

m
n

m n l

m

n

m
n

m n m n

m n

n

m
n

m n m n

n

m
n

m n m n l

m

n

m
n

m n m n l

2 1

0
2

0
2 2

0

1

2 2 1 0

2 1

0
2 2 1 2 2

2 2 1

0

1 2

2 2 1 2 2

0

1 2

2 2 1 2 2 1 0

2 1

0
2 2 1 2 2 0

where we used a number of identities including the following: - =( ) ( )x xcosec cotan 12 2 , we
extended the sum that ranged up to m−1 to m for the cotan(x) term, because the term with
n=m vanished, while we shifted the sum for the inverse power of r̂ by  +n n 1 and then
added on the term with n=0 because it vanished. The final result is the one we wanted to
show in equation (B.3).

Now, we assume the identity holds up to m+1 and prove the result for m+2:
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which again is what we needed to establish equation (B.4).
We now need to evaluate the overlap of these expressions with the bra =⟨ ∣r 0 . At first, it

looks like we will obtain a divergence, but we will find all negative powers of r̂ will vanish
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and we will be left with finite results. We start with the odd powers. We find it is easier to
evaluate the matrix element inserting the factor = ( ˆ) ( ˆ)kr kr1 sin sin , which yields
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We derived this result by simply expanding the sin and cos in their power series. The final
result vanishes because in every case where the exponent of the ( ˆ)kr term is negative or zero,
the term with a specific n value is canceled by a term with the same ¢n value. Hence, the
lowest-order contribution goes like ( ˆ)kr 2. But the limit as r→0 of ( )r krsin2 is zero. This
proves that all odd powers vanish.

For the even powers, we have
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Once again, all negative powers of ( ˆ)kr vanish due to the cancellations in the double
summations. The terms that are linear in ( ˆ)kr from the double sum have n=0 and
¢ = +n m 1 and then the last term cancels the sin terms in the numerator and denominator.
This then yields the final result.

The last derivation we need to do is to evaluate the matrix element of the powers when
r>R. Here, the wavefunction satisfies f k f== =ˆ ∣ ⟩ ∣ ⟩p ir l l0 0 . We define k( ˆ)f rn via
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so that k k= +( ˆ) ( ˆ)f r r1 11 . One can immediately verify that
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This recurrence relation can be solved by substituting in a degree-n polynomial for fn. We find
that
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One can directly verify that this form satisfies equation (B.10). This relation is then used in
the evaluation of the wavefunction for r>R above.
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