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We develop a quasi-systematic approach to continuous parameters in conformal and super-

conformal field theory. The formulation unifies continuous twists, ghosts, and mechanisms of
spontaneous breakdown in a general hierarchy of conformal deformations about a given
theory by its own currents. Highlights include continuously twisted Sugawara and coset
constructions, generalized ghosts, classes of N=1 and 2 superconformal field theories with
continuous central charge, vertex-operators for arbitrarily deformed lattices, operator-valued
conformal weights and/or central charges, and generalizations of continuous SO(p, q) families
of conformal field theories. €' 1988 Academic Press, Inc.
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Affine Lie algebra, or current algebra on S', was discovered independently in
mathematics [1] and physics [2]. The first representations [2,3] (level-one of
SU(N), SO(3, 1)) were constructed with world-sheet fermions [2, 4] to implement
the proposal of current-algebraic spin and internal symmetry on the string [2].

deformation of a Bose-Fermi system. D. Rotation of flat-deformed systems. E. Magnetic-
analogue picture and (dy)er. F. An orbifold-ghost system.
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Many other conformal [5], affine-conformal [2], and superconformal [4, 6, 7]
constructions were advanced in those days, including Sugawara’s construction [8],
Sugawara constructions on the string [2,9,10], and the coset constructions
[2,9,11]. The vertex-operator construction of fermions and level-one of SU(N)
from compactified spatial dimensions [12, 13] and the generalization to level-one
of simply laced g [14, 15] was among the last developments before communication
between mathematicians and physicists was established in the modern era [16-18].
A parallel development in physics was the gradual understanding of dual models as
strings and conformal field theory [S, 19, 12, 20-22], in which the constructions
above play the role of (chiral) conformal building-blocks for modular-invariant
{23] theories.

Continuous families of conformal and superconformal field theories have been a
topic of recent interest as a mechanism for spontancous breakdown on the string
[24, 25]. Two conformal constructions with continuous parameters

Lon@) =590 + Eéiﬁ/%sw .

@3y,  odf)=3 (1.1a)

1 1
Li(Dg)=5 (20 + DoidiQ =3 D3, e(Dg)=1-12DF  (LIb)

were known in the previous era: The fermionic SU(3) construction (1.1a) was given
in the original paper of Bardakci and Halpern [2] as a mechanism for the
continuous breaking of internal symmetry on the string, and in fact contains the
first continuously twisted affine Lie algebra (see Section 4.1). The bosonic U(1)
construction (1.1b) given by Fairlie in [26] was the prototype ghost [27, 28]
construction, since the central charge varies continuously. Both constructions are
linear in the currents of the theories defined at vanishing values of their respective
parameters.

The present work unifies and generalizes these prototypes in a quasi-systematic
approach to continuous parameters which we call conformal deformations. The for-
mulation employs the full machinery of affine, conformal, and superconformal
systems to construct a general hierarchy of deformations about a given conformal
or superconformal field theory by its own currents:

1. the flat-deformations, which unify continuous (inner-automorphic) twists
and generalized ghosts (Sections 2-7),

2. the linear-loaded deformations, which generalize the flat deformations and
include known mechanisms of spontaneous breakdown (Sections 2 and 8), and
3. the arbitrarily loaded deformations, which generalize the linear-loaded

deformations and lie generically just outside the boundary of present model-
building (Sections 2, 9, and 10).

Each level of this hierarchy contains interacting generalizations of (1.1a, b) as
prototypes of the categories
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(a) the c-fixed deformations
(b) the c-changing deformations

within the hierarchy, which would separately describe generalized twists and ghosts.
We mention in particular the analysis of Section 10 which interprets the ¢-changing
deformations as auxiliary compactified spacetime dimensions, effectively doubling
the original compactified dimensions of the string.

2. DEFORMATIONS

A continuous family of (chiral) conformal field theories is a representation of the
Virasoro [5] algebra

(LnLD1. L,LDY) = (m =) L D1+ 2 mim =135, 2)
whose elements are continuous functionals of a set of deformation parameters
{D_, ,} where peR is a mode number and 4 is an internal index. An alternate
viewpoint is that each representation of the algebra (2.1) defines a connected target-
space L,,[D] of (chiral) conformal field theories on a connected, possibly infinite-
dimensional, base-space of deformations D whose coordinates are {D_, ,}.

Our strategy for the construction of such families focuses on the infinitesimal
conformal deformations 6L, [D]1=3,0D_, ,J; ,[D] in terms of the bilocal
deformation currents

oL,[D]

A D =
Ja D] D,

(2.2)

which are the tangent vectors of the target-space. We assume also a (chiral) confor-
mal field theory L,,[0], ¢[0] at an origin {0] of D such that 4D is arbitrary at that
point. Then the linear condition

(L,.[0],7;,[01)—(L,[0], 75 ,[00)
dc[0]
aD_,

=(nr—n)Jﬁ+mAD]+i%5mﬁmnﬂm2—1) (2.3)

defines all possible deformation directions about that theory, and completion to
finite deformation may be studied.

As a first step, we search through all local deformation directions
Ji ,[01=J;, ,[0] which are derivatives JA[0) =r"T 4(h) of an (h, 0) conformal
tensor

(L[0]. T H(h))=(mh—1)—r)T 5, (h) (24)

m+r
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with r€ R at the origin. The complete list of solutions in this class is

T e plh=1) (2.5a)
Ja [01= {mT j(h),, (2.5b)

mT 4(h=—1)5 (2.5¢)

.0

and (9c/0D _, ,)[0] =0, which shows an infinite number of deformation directions
for each (1, 0) operator at the origin in (2.5a), and a deformation direction for any
integer-moded tensor in (2.5b). We have not systematized the general solution' to
(2.3), and we will not study all the solutions in (2.5), but our choice of deformation
currents at the origin will generate non-tensor and bilocal deformations away from
the origin, and eventually an example (see Section 7.2) of a continuous system in
which a deformation current is never a tensor.

The applications in this paper are primarily limited to simultaneous deformations
of type (2.5a) and (2.5b) with the currents [1,2] 7 4(h=1)=T4, me Z of affine g

(L,[0), T})= —nT,

mtn? (Tr/r‘t’ Tf):JABCT£+n+kg‘4Bm6m.—n’ (26)
where internal indices run over dim g, k is the central charge, and g, is the Killing
metric of g. The Sugawara construction of L,,[0] for arbitrary level of g is given in
Section 5. Then the finite deformation

Lm[d’ DO:I = Lm[O] + Z (d—p.A + MDO.Aép,n) T;:+p + Sm[d’ DO] (273)
14
1
£m[‘1’ D()] =§k [Z d—f;LAdr/:}{-p + 2’71D0Ad;1 - DO,ADg 5”1.0] (2.7b)
14
D: 0=d~m,.4D0.BJ“AB(' (2.7¢)
c(Dy)=c(0)—12kD, 4D§ (2.7d)

with pe Z and d2 =g*%d,,, 5, D§ =g"?D, g is completed on the constrained space of
deformations (2.7c). We call this construction the class of flar deformations,’ dis-
tinguishing also the c-fixed deformations d,, , and the c-changing deformations
D, 4, which would separately describe twists and generalized ghosts.

! Many other solutions to (2.3} exist, including J,,, ,=(L,,[0], 4,), Y4,. As an example, the defor-
mation direction J,,=mlL,,[0] is obtained with the choice 4,=46,,L,[0], but the finite completion
L,.(dy) =explimdy)L,[0] is unitary-equivalent to L,[0].

>The flat-deformation parameters can be taken as arbitrary functions d,, ,(T,), Do (T,) of any
mutually commuting set {73} of constants of the motion, which commute with all the operators of the
construction. The notation recalls that zero-modes of (0, 1) Cartan subalgebra currents are often
available in a full conformal field theory.
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The generally bilocal deformation currents 0L, [d, Dyl/od_, , and
éL,.[d, Dy]/0D, 4 in

oL,,[d, Dy] 0L, [d, D,]
6Lm de =) bd_ e D —_— .
(d, Do] g AT +0D, 4 D (2.8a)
(0d_, 4Dog+d_, 40Dy 5) f*-=0 (2.8b)

satisfy an analogous form of the linear condition (2.3) about the point [d, D, ], but
no path outside the space of deformations D in (2.7c) is obtained by following these
directions, since the finite deformation

7 ; 5 dL
L,[d+d Do+ Dy)=L,[d D,]1+Yd , 4 mld, Do
P ad*ﬂA
. 0L,[d D .
By, Ll Dol o 14 B, (2.9a)
0D, 4
(3“’~”D°~B + d—PvAéO,B + g-—p,Ale.B)fABC = (2.9b)

is a quadratic form in the coordinates of . Among these deformation currents,
only the currents T[d] about [d, 0]

L,[d+d Dy]=L,[d01+% (d_, 4+mDg 40,0)T%, [dl+¢,[d Dyl  (2.10a)
14

ULnld O] _ 14 | kg

ad P m+p m+p

T4, [d]= (2.10b)

are local, and, discussed in Section 3, these are not generally tensors of the defor-
mation away from the origin.

When the deformations are taken on the Cartan subalgebra (CSA) of g
(A>a=1, ., rank g) we may also allow the deformation parameters d, ,(T,),
D, (T,) to be arbitrary functions of the zero-modes T§ of the Cartan currents, a
procedure which we call loading the deformation parameters. The resulting
arbitrarily loaded deformations

L,[d(To), Do(To)1=L,[0]+ Y (d_, (To) +mDo o(T0)8,0) T}, ,

+ &, [d(To), Do(Ty)] (2.11a)
c(Do(To)) = ¢(0) — 12kDy ,(T,) D§(T ) (2.11b)
satisfy the constraint (2.7c) and may be rotated off the CSA (see Appendix B). We

remark here that these deformations generally involve operator-valued conformal
weights (see Section 9) as well as the operator central charge (2.11b) (see Sec-
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tion 10), and that known mechanisms of spontaneous breakdown (see Section 8)
are included in the c-fixed linear-loaded zero-mode deformations with only
dy=e+fTy#0.

3. FLAT DEFORMATIONS

The local formulation of the flat deformations in (2.7} is
L[d, Dy, 01=L[0, 8]+ (d(0)+ Dy 4ide) T*(8) + ¢[d, Do, 0] (3.1a)
e[d, Dy, 0] =1k(d ((8)d*(0) + 2D, 4id4d*(8) — Dy 4D{) (3.1b)
D: D§ 5(Toy)d®(0)=d" 5(T 45, 0)DE =0, (3.1¢c)

where O(z)=3,, 0,,z~", z=-exp(if) for any quantity O, and

D3 p(To)) = (Do.cTSy) s, d"5(Tagj, 0) = (dc(0) TS4) "5 (32)

with (T4,)?-= —if*®. In this section, we discuss explicitly only compact g, with
gAB: 5AB’ fABC =fABC’ dA =dA, and DO.A :Dé

We first seek the tensors of the deformation. Natural candidates are the local
deformation currents 7#{d, z] about [d, 0] in (2.10b), but these are not tensors,
since

(Lm[d’ DO]’ TA[ds Z] ) = zm(DAB[da 2, Tadj] + mhAB(DO’ Tadj))
x T2[d, z] + z"km* D¢ (3.3a)
D'P[d, z, T,1= 81220, — d*5( Ty4is 2)s h*3(D,, T.4)= 5AB—D(’)‘B(Tadj), (3.3bj
where D*# and h*® are a g-covariant derivative and a conformal weight-matrix,
respectively.

The covariant derivative in (3.3a) may be removed by introducing the orthogonal
twist-matrix €,

Q[d, 8, Tadj]E@*exp{—ij: dé d(Tadj,¢)}, (3.4)

which is an anti-8-ordered Wilson integral satisfying id,Q = Qd, and

QAB[ds Oa Tadj]Dg: D(/)‘f (353)
(Q[d’ 09 Tadj]’ h(D07 Tadj)) =0 (35b)

according to the constraint (3.1¢). The first relation and (3.3b) show that D, is a
simultaneous eigenvector of 2 and A, while the second relation, that 2 commutes

595/188/2-4
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with A, is proven from the first in Appendix B. The twist-matrix is used to define
boosted? current operators Ty,..[d] = Q2T{d] or

Tdould, 01=0"2[d, 6, T,;;1(T?(0) + kd®(8)) (3.6a)
s
— AB )
=202*[d, 0, Tug) 52551 G Lo[d, D,] (3.6b)

which verify

(L[4, Do, T, ([d z])= z™(5%820, + mh*8(D,,, T.4))
x TE .[d z]+z"km*> D} (3.7)

boos

with (3.3a) and (3.5). The twist- and weight-matrices will determine the modeings
and conformal-weights, respectively, of Ty.., but we call attention to the extra
c-changing Schwinger term in (3.7) which cannot be further absorbed in any local

Tboos('
According to (3.5b), we may introduce the [d, Dy]-dependent simultaneous

eigenbasis {U,,, (A)} of Q(27) and A,
‘QAB[d7 27[’ Tadj] UU/Z.](B) = ezniaUa/Z,j(A) (383)
B8 (Do, Togi) U,y (B)=hoyp (Do) U, 7 (4) (3.8b)

with ¢/Z=omodZ=o0—int(c) and j=1,..,d(6/Z), where d(c/Z) is the
degeneracy of the eigenvalue exp(2nig). The basis is unitary

dimg

Y Uka AU,y =0, _ oyz.09™ (3.9a)
A=1
Ho/Z)

Z Z U;Z._/(A)Ua/z,/(B)zéAB (3.9b)

O0<o<! j=1

and we take the convention U, _, ;. ,(4)=D§/|Dy| which labels the simultaneous
eigenvector D, as the first with ¢ =0. It follows that the Cartesian frame is unitary-
equivalent to a completely homogeneous frame in which the [d, D,]-dependent
twist-eigenstates

Tg{)%'s{[da DO’ 9] = Uo/Z.j(A)Tgoos![d’ 0] (3103)
T42Ld, Dy, 0+ 2n) = e~ Ty24(d, Do, 6] (3.100)

have modeing a/Z, the weight-matrix is diagonal

(Lm[d’ DO]v Tg{)%s{[di DO! Z] ) = zm(za: + mhﬂ/l.j( __DO)) Tg{)%s{[d’ DO’ Z]
+ 27km? | Dyl 8,7 40", (3.11)

T4 [d 0] =exp(i8Lo[d, Do) TA[d, 01exp(—ifLo[d, Do]) is the SLy-boost [2] of T#[4,0].
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and all operators except 7¢%7=" are tensors. It also follows from (3.8) that

boost

Vidj: 2=h,; (Do) +h _,yz2 (Do) (3.12)

so all conformal-weight shifts are paired as h,,,,=1%4,.

The existence of a completely homogeneous frame for each flat deformation
followed as a direct consequence of conformal invariance, which dictated the
constrained space of deformations I in (2.7c).

The next question is the algebra of {77 1. The continuous local
automorphism*

(Tho0sld 0], Tooou[d, 01y =2mi( f 1P T( o [d, 01+ 5Pk6)0(0—6')  (3.13a)
1 )
—0y=— im{6 — 6"}
5(0-0) =5 EZ e (3.13b)

is verified on the fundamental range |6|, |0'| <= with the conjugation identity of
Appendix B. Then, the Fourier analysis of the local automorphism in the com-
pletely homogenous frame (3.10a)

(Tcr/Z.j[d’ DO]m+a9 To'/Z,k[d’ DO]n+a’) = l‘f‘ﬁ‘/f%jaa)}/lz.lk T(o‘+a')/Z.l[d’ DO]m+n+n+a’

boost boost boost
+ k(m + G) 5m +a, —n—a‘5(a+o')/Z,OA{r};Z
(3.14a)
) = df .
Teald, Dol o= - e T d, Dy, 6] (3.14b)
fféﬁ’a‘;//zzlk =U,; (4) Ua'/z,k(B)fABCU(t+a')/z,/(C) (3.14¢)
A%, = U, AU, _,yz.4(4) (3.14d)

is a continuous global automorphism. The convention U}, ,=U _, ,  may be
adopted in the subspace with A(D,) =1, so that A{,";Z = 67* in this case.

The modes of the invariant twist-class 6/Z =0 [30] define the invariant affine
subalgebra g, of the global automorphism (3.14), while boosted operators with
non-zero ¢/Z transform as representations of g, with d(g/Z)-dimensional represen-
tation matrices

(T'(a/Z))= —if G 55%% (3.15)

for I=1, .., dim g,.
It is particularly easy to extend the discussion to other tensor representations at
the origin which do not have Schwinger terms with the deformation currents. In

* The existence of the local automorphism (3.13) was noted in [29] without an explicit form of Ty,oq.
The equivalent form T, (0) Td, = QO)TH(0) T — iké,)21(0) of (3.6) shows that the automorphism

group of (3.13) is the local gauge-group Q[d, 0]eG, whose generators 8,L40)=
2mid4(§245(0)6/3d%(6)) verily the classical current-algebra (3.13) with k¥ =0.
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this case, an (h, 0) tensor R’ transforming in any Hermitian representation (7); of
g satisfies

(L,[0], Ri(z))=z"(z0. + mh)R'(z), R{(z)= ¥ Riz», (3.16a)

peEZ+ 0y

(T4, R(z))=z"R/(z(T*),; = —2"(T*"), R/(2), (3.16b)

where T= —T*. Then, the appropriate unitary left-twist-matrix for representation
T commutes with the corresponding weight-matrix

Q[4, o, T]E@*exp{—ijg dé d(T,¢)}, d/(T, 0) = d*(0) T (3.17a)
0
(Q[d, 6, T1, h(Do, T) =0,  h¥(Dy, T)=hd"— DT (3.17b)

and the conformal transformation

(L,[d, Doly Rigoulds 21) = 27(820. + mhi( Do, T)) Riooy[d, 2] (3.183)
Rioou[d, 01=02"[d, 0, T1R'(6) (3.18b)

is verified with no extra Schwinger term.
The relations (3.17) and (3.18a) guarantee a completely homogeneous frame in

which the boosted operators are tensors. Introduce the [d, D,y]-dependent unitary
eigenbasis {V (i)} with degeneracy label r,

plZ,r
Q4 27, T1V 2., ()= €%V 5 (i) (3.19a)

Do, TVV ;3 {3) = b,z ADo)V 5. i), (3.19b)
sothat ¥, _ , (i)=V}, (i) is the right eigenbasis of 2(2n, T) and h(T). The result

(L,,[d, Do], Rgézo‘s;[d, Dolnio)= [(hp/Z,r(DO) —m—(n+ a)]Rgf,%s’,[d, Dolminto
(3.20a)

boost

Ro’/Z.r[d, DO’ 6] = 17(—p)/z,r(i)‘R{)oost[d’ 6]9 G=0pg—p (3‘20‘))

follows with modes defined on the fundamental range.
As an example, consider antiperiodic complex world-sheet (Weyl) fermions
[2,12]

Wi ¥, =0, _,, pgelZ+} (3:21)
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which satisfy (3.16) with R'=y’, R'=¢' in Hermitian representation 7, 7. The
boosted fermions

‘pg{)%s’t[d’ DO’ 0] = Vp/Z.r(i)l//Loost[d’ 9]’ _ggzétr[d’ DO’ 9] = I7(—p)/Z.r(i)'/;{)oost[d’ 9]
(3.22)

with 6 =3+ p, 0’ =3~ p have definite conformal-weight and verify the continuous
automorphism

(WEsould: Do, 01, Y5ilsild Doy 0'1) 4 =210, 1 1ry2,407°0(0 —0)  (3.23a)

boost boost
(V2oould Dolms o ¥5351d, Dolns o) s =010 4 yyz.00"0m s s n o (3.23b)

with 6, 8’ and the modes defined on the fundamental range.
When R, has Schwinger terms with the deformation currents (see Section 7),
Ry o Will both twist and shift in analogy with the currents (3.6a).

4. TWIST-PICTURES

4.1. Torus-Picture and the Fixed-State Phenomenon

The c-fixed CSA (torus) deformations L,,[d] for arbitrary level of g at the origin
are obtained by setting d4 = (d%, 0), a= CSA, and D,=0 in (2.7), but we focus on
the zero-mode deformatlon

Lm(&’o)sz[Oj+33T§‘,,+%k5’§6m‘0 (4.1.1a)
=e L, [d)e?, A=Y —3"_m T (4.1.1b)
m#0

since the higher modes d¢ <o are removable by unitary transformation. The twist-
matrix Q =exp(—ifd,- T aqj) 10 this case gives the homogeneous (1, 0) operators
and their modes

boosz(aos 9) ( ) + ka(a), boost(am 6) - Xa( ) T{;oost(aoa 6) = ei@z ~50Ea(9)
(4.1.2a)
boost(a ) - Tu +kaa m 0> Eioost(go)m—a.a(): Ef,z,, (412b)

in the weight-basis {y,} of the adjoint (see Appendix A), which is a special case of
the basis {U,, ;} with g,(d))= —a-d,.

An affine-conformal module [2, 30, 18] at the origin consists of a highest-weight
state |h, u) (satisfying L, .o=Tp_ o=E3"°=0, Ly=h, and Ti=u* with u a

highest weight of g) and the states formed by multiple appllcatlon of E3<0,
L,.0[0], and T} _, on |h, u>. A deformed module is defined in the same way by
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operation with (EZ%3%), and the negative-modes of T¢.__(d,) and L(d,) on a defor-
med highest-weight state which is an eigenstate of Ly(d,) and (T ost)o With
Lo odo) = (Ta . )rs0=(EZZ0),=0. The deformed module exhibits a fixed-state
phenomenon: Since the states of the undeformed module have definite values of 7%,
the same states remain eigenstates of Ly(d,) throughout the deformation, and the
deformed module is a continuous relabeling of the module at the origin.

The fixed-state phenomenon is observed for all the zero-mode deformations dy,
D§ #0 of the paper (see also Sections 6.3 and 10), since the deformation terms in
Lo(dy, Dy) commute with L,[0].

The characterization of any particular fixed state as a highest-weight state may
change at a point of degeneracy. For example, constructions with antiperiodic fer-
mions [2] have the ground-state {0 Y5y = |A, 4 =0) which is a highest-weight state
with E3 (0> =0 and E* | |0) gy #0. This state remains a highest-weight state so
long as | -do| < 1 for all a: When a-d, < —1 for a particular « the positive-moded
operator Eﬁoost(go)—l—a-ao=E°il does not annihilate |0)yy. The highest-weight

state at and beyond the degeneracy point is determined as foillows: Although not
highest weight for |« -dj| < 1, the states

(E%1)" 10> 51 = (Ejoon(do)o)” 100 pn,  n>1 (4.1.3)

are degenerate with |0>py at «-dy= —1. Any such family terminates after n— 1
applications of the raising operator

n—1
0=ll(E,)" Ih,#>||§=n<km—a.,u—

az) ICE=,)" " |h )2 (4.1.4)

when the module has a positive norm at the origin.> In the present case
n=1+2k/a? and it is verified that |0) s, is the highest-weight state at a-dy= —1
when o < 0; the state

(E* )% 10> g1 = (Ezoos(o) 1 —2.2,)% 10> (4.1.5)

is the highest-weight state at «-d,= —! when a>0, and becomes the new
highest-weight state for o -d, < —1, until the twisted modeing of another boosted
step-operator vanishes.

The algebra of the boosted currents (4.1.2b)

(Thoost(dodms Tooos(do)n) = kmd®s,, _, (4.1.6a)
(Tgoosl(EO)m’ E;oost(JO)n —a -30) = aaEgoos((ao)m +n—a-dy (416b)
(Ef)oost(a())m —a-dy> Egoost(ao)n —B- ao)
N(t, B) B2 (o) s n—as p)- 2 «+ B =root
= a’Tb0051(ao)m+n+k(m—a'80)5,"‘7", a+ﬁ=0 (416C)
0, otherwise

* The positive number n=1+2 |[E*,, |h, u>||2/a? =1+ 2(km —a - pu)/a? is an integer since 2k/a® and
2a - pfa* are integers.
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is a simple example of the continuous global automorphism (3.14). The form (4.1.6)
and the connection (4.1.2b) were obtained along different lines for the order-¥
inner-automorphisms Nx-dyeZ (Vo) by Goddard and Olive [18]. The explicit
form of the finite-order automorphisms is

2 rank g q /{
ch 1:74)
0o N z

i=1

. q.€Z, 4.1.7)
o)

where A, and o) are fundamental weights and simple roots, respectively, of g, and
at least one g, is relatively prime to N. The boosted step-operators Eboost with
a=3,n(a)x,, nf{ax)eZ, then fall into twist-class [30] p(a) (6,(dy)/Z)N =
[-2;q:n(2)] mod N between zero and N — 1.

We have also examined the unitary-equivalent higher-mode deformation L,,[d]
in (4.1.1b), for which 7% .[(d 6]=T%0)+kd(6) and an extra factor
expl2,, .o (1 —exp(—imf))u «-d,/m] appears in (4.1.2a) for E2 . .[d 0]. The local
automorphism (3.13) implies that the continuous global automorphism (4.1.6) is
unmodified as expected, since the modeing of the operators does not change.

Similarly, the twist-matrix (3.17a) for the arbitrary representation (3.16) at the
origin is exp(—i0d, - T). The (h, 0) twist-cigenstates are labelled by the weights of
the representation

RE o (do, 0) = 7,() Rigou(do, 0) = ™ PRH(D) (4.1.8)

in the weight-basis of Appendix A, which is a special case of the basis {V,_,, ,,}
with au(ao) =0o—i-dy.

As application, consider the currents T4(08) =y Ty [2] of the antiperiodic fer-
mions (3.21) at the origin, and re-express the boosted currents (4.1.2b) in terms of
the modes Y& . (d,),, reZ + au(ao), of the boosted fermions (4.1.8), which satisfy
(3.23). The form of the boosted step-operators is unchanged since no shift and no
re-normal-ordering with respect to the boosted modes is required. The result for the
boosted Cartan currents

Tgoosl Z ﬂ l//boosl(do)(//boosl(g())

+Y plpdy+int(—p-do+ D +16, 3.7.41,2] (4.1.9)
u
is obtained with the relation k6** = Tr TT* =2, u“u” in the form kd§g =X, - dyp*
and the re-normal-ordering prescription Wthh antisymmetrizes zero-modes. The
generally non-vanishing constant term in (4.1.9) is zero for integer and half-integer
modeing of the fermions. Similarly the relation

‘ dim 7T

Z VGRS +3“‘1&T“wf:+%kag (4.1.10a)

1 1
= é Z ~.Lﬁlbloost(aO)gﬁwt;;)ﬁs[(aO)::re + 5 Z [lu ’ a0 - ]nt <lu N a0 + E)] (4110b)

L(dy) =

Ml
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re-expresses the torus-deformation of the free-fermion construction [2] in terms of
the boosted fermion modes. The absence of a linear term in the conventional form
(4.1.10b) should be contrasted with the corresponding form of the twisted
Sugawara constructions in Section 5.1.

The original SU(3) deformation (1.1a) of Bardakci and Halpern [2] is a simple
example of a conformal construction with a continuously twisted affine Lie algebra.

The positive roots of SU(3) are the two simple roots a, = (1/ﬁ,$\/§/—2) and
their sum fB. The affine SU(3) at the origin breaks to g,=SU(2)® U(l) since
ELE (do)m=EXF, T3 (@o)m=T2 T& . (do),=T%+d%5,, and the boosted
step-operators of the simple roots EZt_(dy),..,, =48 ./3/2, twist in opposite
directions. Similarly, an application of (4.1.8) to the fermions in 3 gives Y _.(dy) =
exp[i8p(dy) 1y’ with p, = p,= —d/./6 and p,=d%./2/3. Deformation of a free
Bose-Fermi system (seec also Section 6.3) is analyzed as another example in
Appendix C.

4.2. Orbifold-Picture
An inner-automorphic orbifold-type twist [31, 32, 30, 33] is a view of a finite-
order torus-twist (4.1.1a), (4.1.7) from a frame in which not all the CSA currents
are integer-moded. These twists correspond to particular deformations of the form
d4=(de, d #0) in our formulation: The rotation identity (D.5) of Appendix D in
the form
Tt ou(do, 0) = (T o) ToiSre(dy, 0) + ), I (Tagg) 1 o) EZSS(do, 0)  (42.1)

boost

expresses the boosted currents of an arbitrary frame df = I'**(T, ;) d5 as a rotation
T'eG of the torus-twisted currents with d4=(d%,0). As an example (see also
Appendix F), a (complete) orbifold-involution occurs when it is possible to choose
dy = d, so that all the Cartan currents on the left of (4.2.1) are half-integer moded, ®

T¢ (o 0)= Y DT )2 _ i) EES(dy, 0) + x(i) Egyiios(dy, 0)),  (4.2.2)

x>0
pla)=1

which requires /™ “ — 0 and hence the off-Cartan form d = (0, d;). The deformation
also involves d+#0 when the involution is not complcte and homogeneous CSA
components 77 in twist-class p of T¢ (d,) are employed in general twisted vertex-
operator constructions [32, 33].

We have also considered c-fixed deformation by the CSA components 77 *° of an
inner- or outer-automorphism at the origin, but such deformations are unitary-
removable as in (4.1.1b).

COS

¢ Twisted-scalar fields were introduced in [34, 35].
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4.3. Magnetic-Analogue Picture

The right-twist-matrix Q2[d, 8, T] with T— T in (3.17a) for general flat c-fixed
deformations and Hermitian representation T of g solves the 6-dependent
Schrodinger equation

6,21 =HQ', H=-d*0)T* (4.3.1)

which corresponds to the evolution of a non-Abelian “spin” T in an arbitrary
magnetic field B*(6) = d*(8) with period 2n. The zero-modes dy — dd rotated onto
the CSA are generalized Larmor frequencies of the system, whlle the higher modes
provide rotating fields with integer angular frequencies. The evidence of Appendix E
indicates that these deformations are equivalent to those of the other pictures.

5. DEFORMATION OF THE SUGAWARA AND COSET CONSTRUCTIONS

5.1. Twisted Sugawara Constructions

We remark further on the continuous torus-twist of the Sugawara construction
[8,2,9,10, 18] for simple g,

1 rank g
d a
L, (dy) = 2k+an§z (‘é’ @ T +ZEm+,, ) +diTe 4+ k325m0
(5.1.1a)
x x 2kdimg
*A,B,:=0(n>0)4,B,+0(n<0)B,A4,, cdy)=c(0)==——=, (5L11b)
2%+ 0,

where Q, is the quadratic Casimir in the adjoint. A more conventional form of the
construction is obtained by re-expressing L, (d,) in terms of the boosted modes
with the inverse of (4.1.2b). The result is

rank g

L’"(JO)_ZkJrQW Y Y i Tiou0)m s Taostdo) X

neZ a=1

2k+Qw z Z boost m+n7a»aoEb'oqcl>sl(20)fn+a»30ire

neZ a

1

%ro,
xE;oosl(ao)m~z-Zo b_()ost(go)n+1~t70 x re
59(n+ot 3 >0)E%>oos\(3 m @- Z‘)Eb/of;s\(a )n+a-&o

+0(n+a a0 O)Eboost(a )n+a aoEboos((a())m*l'ao (512b)

(za d, int(a - dy) Qwaz Zlnt -dy)(int(a 210)+1))
(5.1.2¢)

[Qﬂ“ Za int(x - Zi)] T2 o (do)m + &(d) e Omo (5.1.2a)

8(‘70) e 2k Qw
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after using the boosted current algebra (4.1.6) to re-normal-order with respect to
the boosted modes. The generally non-vanishing term linear in 7%, (d,) collects
contributions from three sources: the original linear term, the kag shift terms of the
inversion (4.1.2b), and the re-normal-ordering.

The condition for the vanishing of the linear term in (5.1.2a)

Ez‘g:iza“int(a- ) (5.1.3)
Ql// x

is interesting since it selects a certain class of finite-order twists for which the
construction simplifies, as analyzed below.

A weak upper bound N<2Q,/y? on the allowed order N of such twists, with ¢
a short root of g, is obtained by comparison of (5.1.3) and (4.1.7), and solutions d,
of (5.1.3) fall into representations of the Weyl group of g because
Wa(dy) = dé — 20 - dy/a® is also a solution. Moreover, the p-solution

rank g

2 1
dolp)==p. p=3 2n=5 2 o |e-do(p)l <1 (5.1.4)
Ql,{/ i=1 21>0

and its Weyl-transforms are always available, since sign « - d, = sign « in this case
and Q, = (¥ +2p)-¥ with  the highest root of g.

Completeness of the root system Y, a“a®=Q, % in the form Qw&’g =3 o -dya®
recasts the condition (5.13) as

2p(a)\
EO (1— v >a_o, (5.1.5)

pla)>0

where p(a)=(0,(d,)/Z)N= — N[a-dy+int(—a-d,)] is the twist-class of the step-
operator EY .. It follows that the twisted Sugawara construction (5.1.2) is free of

linear terms for any involution.
Another form of (5.1.3) is

0= Nil (1_%> d(pZ/N)fg'/y.izl—p/N.i___ Nil (1_%) Tr(TJ<%)> (5.1.6)
i=1

p=1 p=1
p#N/2 p#*N/2

for all Jeg,, in terms of the twisted structure constants (3.14c) and traces of the
representation matrices (3.15). Absence of the linear term follows when T7(p/N) is
traceless for all p, which is satisfied when g, is semi-simple.

Kac and Peterson [36] have given a Sugawara construction for all finite-order
automorphisms, We have checked that the continuously twisted Sugawara con-
struction (5.1.1) or (5.1.2) agrees with their construction in the region of overlap,
namely for finite-order inner-automorphisms. In particular, the linear term obtained
by normal-ordering their construction is proportional to the form (5.1.6}—so no
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linear term will be required for outer-automorphisms [37], since g, is simple in
these cases.

5.2. Twisted Coset Constructions
The G/H coset construction [2, 9, 34, 11, 18] with cx=c, — ¢, is

K, [0]=L5[0]-L7[0],  (K,[0], T7)=0, (5.2.1)

where L#*[0] are the Sugawara constructions of g > h at the origin and 79 are the
currents of 4. When g and k are simple the remaining currents 77 in g/h satisfy

l-fal./
K,[0], T))= —nK"T’ , — (Te ., T+ T, T ) (5223)
( [] + 2k+Q$1§z +n+i ! +n+1{ !
(K,,[0], T))— (K,[0], T! )= (m—n)K"T,, , (5.2.2b)
with
1J 51] Q” 1as ok lal pJal 523
K~ = TN Q _Eug/hf £ (5.2.3)

Comparing (5.2.2b) with the linear condition (2.3) gives the allowed c-fixed
deformations’ of the coset construction

K,[d]=K,[01+ ) d", 2T,

m+n
(r)i=gih (ry

+1kY d,dD (52.4)

—n“man

where { £V} are the orthonormal null-eigenvectors of Q”. The form b,0"b, is
non-negative for all »,, so the deformation currents {¥ {7’} commute with the
currents of # and transform as (1, 0) tensors under L# and K. Equivalently, the set
of deformation currents is the centralizer of 4 in g/h. The same steps are followed
and the same conclusion is obtained for arbitrary G/H.

A similar conclusion is reached for noncompact coset constructions [9] begin-
ning with the Sugawara construction [2, 9, 38]

l dim g

Y OiTUT(2) s, Q88" s=1"pfac” (52.5)

£[0, z]=
L#[0, z] W05 2,

for non-compact simple g with ¢(0)= 2k dim g/(2k + Q). In this case, the defor-
mation currents £{*T’ with #,Q’,=0 include the centralizer of 4 in g/h ((1,0)
tensors of K), but may extend beyond the centralizer since b,Q’,b” can be negative.

7 c-changing deformation of a coset construction is not possible with the original currents of the
construction, since the quadratic terms of (5.2.2a) for nT!, cannot satisfy the linear condition (2.3).
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As an illustration, we discuss the original® coset constructions [9]
S0(4,2)>50(4,1)>50(3,1) (5.2.6)

in which the (spinor representation) level-one SO(4, 2) currents were expressed as
the (four-dimensional) spacetime-fermion [2,21] bilinears T(I)=yly =
(T, A, V,P) and their real fermion (defining representation) equivalents
T(I')~(b,, b,). The constructions (5.2.6) correspond to TAVP> TA > T. The (5, 6)
rotation P=iysy commutes with L*=T""T, /48 for h=SO(3, 1), so an allowed
deformation of K for SO(4, 2)/SO(3,1) is

1 2 ! 2 2 2

K,,,[d]-( 120T +40(V A*—P )>m+ Y d, . P,—2Y d, ,d, (527)
in the original notation. The search for further deformation currents is completed
with ordinary Diracology: Q’, is block-diagonal with two 4 x4 blocks (VV
and AA4) and a zero corresponding to P. The V¥V block is @4~
Tr{y%(0 4, (6", 7,))} ~6°; and similarly for the A4 block, so there are no defor-
mation currents outside the centralizer in this case. On the other hand, no further
search is necessary in any compact construction, so the example SO(m + n)/SO(m),
n =2, is deformable only with the currents of SO{(n).

We also remark that no deformations by the original currents of the construction
are possible when g is compact and simple and G/H is a symmetric space, since the
centralizer is an empty set. The same conclusion is verified for semi-simple g in the
case H® H/diag H, which includes the SU(2) construction of the (m, n) discrete
series [40].

It follows more generally that there is no local (1, 0) current in any construction
for which analysis of the Kac-determinant [41] shows discrete highest weights,
since c-fixed deformation by that current would generate a continuous highest-
weight spectrum without affecting the norm (see also Section 10).

ne? net

6. TwisTs AND GHOSTS
6.1. Torus-Ghosts

We consider the general flat zero-mode deformation L, (d,, D,) after rotation of
the c-fixed deformation onto the CSA. The resulting torus-ghosts

L,(do, Do) =L,[0]+ (34 + mD§) T4+ 1k(d3 - D3) 6,0  (6.1.1a)
di = (d3, 0), D3=(Ds, )3 Duxa(i)), co(Dg)=c(0)—12kD§  (6.1.1b)

x-dp=0

8The L,=L—L,, (L,, L,)=0 phenomenon was discovered in the “spin-orbit” construction of [2],
and coset constructions for discrete symmetry-breaking of g=SU(3) were noted implicitly in [2,
Sect. 3]. The first explicit coset constructions were the “spin-spin” interactions in Eq. (3.9) (SO(4,2)>
S0(4,1)) and Eq. (3.14) (SO(4, 1)>50(3, 1)) of [9]. Reference [34] suggests generalization of an
example (SO(4, 1)>S0(3, 1)) of coset factorization ¥,=V,® V', of tensors, which implies that
K-degeneracy is also interpretable as multiplicative renormalization. More general discussion of these
ideas is found in [39].
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for arbitrary level of g at the origin are obtained by solving the constraint (2.7¢) in
this picture.” Here {y,} is the weight-basis of the adjoint, {d4} is an arbitrary torus-
twist, and {Dg} is the generic c-changing deformation. The exceptional ¢-changing
deformations D*=D_, are interesting but difficult, since their completely
homogeneous frame is not the Cartan—Weyl frame.

The discussion of Section 4.1 is extended with minor modifications for the generic
c-changing deformations D¢ = (D¢, 0). The boosted currents (4.1.2) and their
algebra (4.1.6) are unmodified, while the relations

(Lm(go, ﬁo), Tﬁoos((ao)n) = —nTﬁoost(ao)mH + kmzﬁﬁém —n (612&)
(Lm(a s 50)9 Elo;oost(ao)nfac -Zo) = ((1 : DOm - (n —a- 30))E%oos;(ao)m+n)a -dy (612b)

show conformal-weights 1 + a - D, for the boosted step-operators—and that one of
the CSA currents is not a tensor, in accord with (3.11). Similarly, conformal-weight

h(y, Do) =h+yu- Dy (6.1.3)

is found for the boosted form (4.1.8) of the arbitrary representation (3.16) at the
origin. A proviso is that degeneracies such as (4.1.3) may be infinite when the norm
at the origin is not positive, as seen in the explicit bosonic ghost constructions of
Section 6.3. See also the further remark on norms in Section 10.

6.2. Orbifold-Ghosts

Any orbifold-twist 4, can similarly be promoted to an orbifold-ghost via the
c-changing deformations D, which satisfy /#8242 DS =0, and an example is given in
Appendix F. We remark in general that the CSA basis of an orbifold-ghost has
indefinite conformal-weight since the conformal-weights of T7 and TV 7 shift in
opposite directions according to (3.12).

6.3. |SL, >o-Preserving Deformations
Any highest-weight state at the origin which is also an SL,-invariant state
L,[0]1SLy>6=0, [|mI<1 (6.3.1)
is automatically a singlet
T4 |SL,>e=(T¢, L_,[0])|SL,>,=0. (6.3.2)
Define an |SL, ),-preserving deformation as one which maintains the SL,-character

of the fixed state |SL, ), throughout the deformation. In the case of the generic

® The form D = (D¢, 0), da=(d%, . p,-o0d%1x(i)) is the general solution of the constraint (2.7c) in
the picture where the c-changing deformation is on the CSA.
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c-changing deformation L, (d,, D,) in (6.1.1), the deformation with ds=Dg is
ISL, > ,-preserving since®

L,(Dq, Do)=L,[01+ (1 +m)Dy-T,,  c(Dy)=c(0)—12kD2 (6.3.3a)
L,(Dy, Do) |SL;,>,=0,  |m| <] (6.3.3b)

and the central charge may be considered as a function of the twist. Further classes
of |SL,)-preserving deformations are noted below, and a unified mechanism is
given in Section 10.

The ground-state of any free or Sugawara construction at the origin in terms of
antiperiodic representations is always an |SL,>,. We focus in this subsection on
constructions with complex antiperiodic Fermi or Bose quarks [2]

Vo= Y Wz @)= Y g (63.4a)
rez+172 rez+i/2
. o N +1, Fermi
Vil +oplyi=6%, ,, t= (6.3.4b)
’ —1, Bose
Y0 =¥ 10>py =0, r>0 (6.3.4c)

whose currents for Hermitian representation T [2],

Al N o[ J{ -\ — T A
T'(z)=Y'(2) T4y (), k—dimgTr(T ), (6.3.5)

are reducible in the Fermi case when T is antisymmetrfc.“
It follows that the constructions [2, 42, 28, 43, 38]

; dim T
Liee[0] =% Y. W0o¥’ = el Do) =T dim T—12kD3 (6.3.6a)
j=1
] dimg - 2kdimg _
Lg [0]=——-H “TATA % =—=—12kD} (6.3.6b
Sug[ ] 2k+ Qu, Agl x x —)CSug(DO) 2k+Q.p 0 ( )
1 rank g - -
Ltorus[o] =iz Z i Ta Ta i - Ctorus(DO) = rank g— 12kD(2) (636C)
a=1

in L(D,y, Dy) of (6.33a) are |SL,)q-preserving with |SL,>o=|0Dgy fixed
throughout the deformation. The deformations also share the boosted currents and
current algebra (4.1.2) and (4.1.6) with o (Dy)=1—h(a, Dy)= —a-D,, and all

10 Similarly, L,(dj = D¢) is the general flat zero-mode |SL, ) q-preserving deformation, which includes
|SL,»-preserving orbifold-ghosts and reproduces (6.3.3) after rotation onto the CSA.

!1 Bose-Fermi generalizations of the re-normal-ordered boosted currents (4.1.9) and free constructions
(4.1.10b) are obtained with an extra factor T multiplying the constant terms in these results, while the
discussion of the twisted Sugawara and coset constructions in Section 5 is unchanged for negative k.
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deficits'? ¢'(Dy)—¢(D,) are independent of D,. The SL,-state is no longer a
highest-weight state when |a - D,| exceeds one for any root « (see Section 4.1): Tt is
further verified for each Bose-module that the (E* )" degeneracy at a- Dy = —m is
infinite, since the indefinite norm at the origin does not terminate the family, and
the spectrum is generically bottomless beyond the first degeneracy point. Moreover,
the choice with L. [0] at the origin,

L(Dg, Do) = Lee[0]+ (1 +i05) Dy - T (6.3.72)
Vhoos(Dos 0) = L N Wi (Do 0) = €™ Py (/) 1h7(6) (6.3.7b)
Voo (Dos 0) = T D)W hoos (Do, 0) = €™ 207, () (8) (6.3.7c)

h(w, Doy=4+pu-Dy,  0,(Do)=4—u-Dy, (6.3.7d)

is the simplest non-Abelian generalization of the usual ghosts [28].

The case g= U(1) in (6.3.7) has deficit cSug(DO) cmc(ﬁ )— 1 — 1, and the SL.-
state is the ground-state of the deformation only for |Dy| <! (see Appendix C).
Those sectors of the usual ghosts [28] with |SL,>,=0)>gy are located at the
points*?

c=Ples (Do=3) b=Yt5u(Do=13) t=1 (reparam)
h(f)=h(b)=2, 6/7=0, c(Dy=3)=—26 (6.3.8)
and
P =Vtoo (Do=1), = wbmwo— 1), t=—1 (NS)
hp)=h(B)=3, 6/Z=1, c(Dy=1)=11. (6.3.9)

The complex Ramond (CR) sector of the superconformal ghosts is located at
1= —1, Dy=1in the d,= D, — 1 deformation

LB.H[O]+(B0 NT,, +mD,T,,+ (‘_Do)émo
=LSR[0]+ (1 +m)Dy(T,,— 15,,4) (6.3.10)

so that A(B)=3/2, 6/Z =0, ¢(D,=1)=11, and there is no SL,-state. World-sheet
supersymmetry of generalized ghost systems is discussed in the following section.
We finally remark on the vertex-operator constructions [12-14] of the currents

12 The deficit ¢5,,(0) — crree(0) was studied in [2] (level-one of U(3) with T in the fundamental, and
equivalence with free fermions), [9] (level-one of SO(3,1) with T in the (Dirac) spinor represen-
tation = level-one of SO(3, 1) with T in the defining representation for real fermions, and equivalence
with free fermions), and more recently in [44, 28, 28].

13 The Hermiticity convention [28] l//boosl(Dg)m+1/2+Do Wooost(B0) —m + 172+ Bors Whoost(Dodm s 12~ B, =
Wyoost{ Do) _(m+1/2- B,y 15 an option when Dy is integer or half-i 1nteger Then T!,=—-T7_,, which is
included in the usual affine algebra for Abelian g, and L’ (D0 Dy)=L_, (D, Dy) in this case.
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(6.3.5) in the Fermi and Bose cases, following the original method of [12, 45]. The
i=1,.,dim T Fermi [12, 13, 15] and Bose [28] quarks are

i—1 ;
(Fermi) yi=¢z"2:0-%5: =629 &= ] (=1)™ (63.11a)
j=1

(Bose) i=:e MCTTOS: = :(3,Q% +4) €O, (6.3.11b)

where Q1 and Qg are time-like and space-like, respectively, £, is the Klein transfor-
mation (cocycle) [46, 12-14], and the normal-ordering notation [18] includes
g-factors to the left of T-factors, which differs from the older notation [47]. The
vertex-operator construction of the currents (6.3.5) is then

(Fermi) T*=Y T#0,05+ ) Ticyz:e™ s (6.3.12a)
i i#j
(Bose) T*= —Y TH0,Q5+ Y, Tj (0,05 +h)et erres;, (63120)
i i#Ej

where a;=e,—e; are the roots of SU(dim T) and ¢, =, exp[int(i>j)]. These
constructions form Bose-Fermi pairs with level +2 |k|/y? for arbitrary represen-
tation T of g. The following cases of (6.3.12) are known: level 1 of SU(N) [12, 13]
with T in the fundamental, (two copies of) level 1 of SO(2N) [15] when T is in the
defining representation and level —1 of SU(2) [43] with T in the fundamental.
Moreover, the Fermi construction (6.3.12a) is presumably related to the construc-
tions in [48].

7. FLAT SUPERCONFORMAL DEFORMATIONS

7.1. N=1 (Non-linear) SUSY

Begin at the origin with the non-linear N =1 supersymmetric system [49-52]

=_i_a Af G- — 0 AP 7.1.1
L[0]=3:5%9,5":+2[0],  #[0] [%dimg p (7.1.1a)
i 1
G107 = ABC - QAGBGC: . _ - TAgA: (7.1.1b)
(o] 6\/I;f 3\/12
T =4 S%(Th)sc S c0)=}dimg, k=40,  (11lc)

for semi-simple g with structure constants f*2¢ and periodic or antiperiodic

fermions S*=3",_,,,. 57z " The algebra at the origin consists of an N =1 super-

conformal system

(Ln[01,L,001) = (n =) Ly 001+ S mim? = 1)5, ., (1122)
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(L..[0], G,[O])=<%m—r> G,..[0] (7.1.2b)

(G,[0], G,[07)., —2L,H[0]+C(°< —}1)6,,5 (7.0.2¢)

and an auxiliary algebra [50, 51]
(L.[0], T})= —nT,

m+nd

(L,[0], S#)=—(im+r)S;

m+r

{7.1.3a)

(6,003, T4)=VkmS4,,,  (G0LS?), = \}ET‘{“ (7.13b)

((T;i,SB) f"BCS,“,, (S, §B), =6185, (7.1.3¢)
=if TS, +kmot?s,, _, (7.1.3d)

which restricts the representations, as in (7.1.1). The auxiliary algebra also provides
all the currents in this case, since the N =1 algebra specifies none of its own.

Maintenance of supersymmetry throughout a deformation is generally a restric-
tion on allowed deformations of the conformal subalgebra. Our approach to this
problem begins with a general (trial) conformal deformation L[d, D,] which deter-
mines a tensor (trial) Gy, along the lines which led to (3.18b) for Ry, and
(3.6a) for Tyuo. In particular, the G-multiplet for an N>1 SUSY algebra in
representation T under the deformation currents will twist with the appropriate
Q[d, 0, T], and a shift, as in T, will be necessary to cancel the contribution of
any Schwinger term of the multiplet with the deformation currents. The
requirement that G, has conformal-weight 3 eliminates c-changing deformation
by currents which rotate G[0], since these automatlcally change the conformal-
weight. If the resulting (trial) Gy, fails to generate the rest of the automorphism,
the deformation must be further restricted until it does.

In the present case, G[0] is a singlet under g, so Gy, Will not twist or change
its conformal-weight under deformation by the currents of g. On the other hand, a
shift is necessary because (7.1.3b) involves a Schwinger term of the deformation
currents with G{0], whose intuitive origin is the factor 7% in [7.1.1b). The result

L,[d Dy]=L,[0]+ Y d*

nelZ

+mDATA +¢,[d, Dy] (7.1.4a)

—n m+n

Gooosi[d, Do) = 6—in ABC. gASBSC _ [k (d*S"+2iD3d,S1)  (7.1.4b)

ol Do) =3k ( T d, o+ LD~ DD, (7.1.4¢)
nez
¢(Do) = ¢(0) — 12kDA D (7.1.4d)

595/188/2-5
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verifies a c-changing N =1 superconformal automorphism without further restric-
tion on the space of deformations D in (2.7c).

The fermions S* twist (but do not shift) with the same Q[d, 6, T,4;] as their
superpartners T, so homogeneous operators for the entire system are easily found.
A number of distortions in the auxiliary algebra are caused by DJ #0, however, in
analogy with (3.11).

We illustrate in the case of zero-mode CSA deformations 33, 53#0, for which
the boosted operators are the currents in (4.1.2) and

boost(aﬂ’ 9) Sa(e) (7153)
52 oost(@os 0) = 1,(1)Shoosi(do, 0) = € S%(6) (7.1.5b)

with the weight-basis {y,} of Appendix A. Then the boosted auxiliary algebra

m(ao’ EO )’ Sgoost(a())r) = - (%m + r) S‘l;oosl(a )m+r (7163.)
( ) (L’"(ao’ ) boost(EO)rfa-ao):[(a‘b __) —(r—ot a )]
x S%oost(a )m+r~fx -dy (716b)
(Gb(’os'(ao’ ﬁO)” 30051(3 ) )— \/Z rnSboost(a )m+r (716C)
( ) (GbOOSl(JO’ DO)"’ boost(go m o- 3() \/- [m'_a a ‘2"& DO]
X Sboost(ao)m+rr1-z70 (716d)
1 ~

(*) (GbOOSt(g ) SgOOS‘(a )5)+ = \/E Tgoosl(do)r+s -2k ngér. —s

(7.1.6¢)
~ 1

(Groosi(do> Do)rs Stoos@o)s—5.2)+ = —ﬁ Eoos@)rss—n.2 (7.1.6f)

(Stoos (@) Eoost(@o)m — x.2) = (Tioos(o)ms Stoosi(@o)r — o)
= S0t do)m s 2.2 (7.1.6g)
(Eoos (@) 2.2 Shoon(do)r .2,)
N, B)SEL o) m s v (a4 - o+ f=root

= 1 % Stoost(do)m+ s x+p=0 (7.1.6h)
0, otherwise
(Stoos(do)rs Stoos(do)s) .« =04, _, (7.1.6i)
(Tto0st(@0)m> Stoosi(@0)r) = (Stoos(do)rs Stoos(@o)s—u-2,)+ =0 (7.1.6)
(S2o0st(d0), — - y> Shoosi(do)s —p-2) + = 0us p00r, s (7.1.6k)

is obtained, together with the {L, T} and {7, T'} boosted subalgebras in (6.1.2) and
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(4.1.6). Those relations which distort the auxiliary algebra (7.1.3) are denoted with
(%), but they are harmless since the basic N=1 SUSY is always preserved.
We also remark that a large number,

dim SO(dim g) — dim g = 1 dim g(dim g — 3), (7.1.7)

of “hidden” currents (including int(} dim g) — rank g hidden CSA currents), which
generally fail to commute with G{0] in (7.1.b}, may be constructed as bilinears in
S*. These are the currents of hidden higher-N SUSYs within the N = 1 model: The
original G[0] is a Cartesian component of the N> 2 G-multiplet and members of
the multipiet are the twist-cigenstates of the hidden currents. Put another way,
deforming the N =1 model with respect to such hidden currents will twist G[0] to
a G-multiplet, yielding deformed higher-N models as in the following section.

7.2. N=2 SUSY
We begin with an N =2 SUSY [7] at the origin,

c(0)

(L,[0), L,L01 = (m = m) L, 101+ S i 1), (12.12)
(Lo[0L, T,)=—nTpyrs  (L,[0]. GZ[0])=(im—r)G£[0] (72.1b)
(Tm’ Tn)zk(o)mém—ns (Tm’Gri[O])z iG%+,[O] (721C)
(G101, G [07), =2Lm[0]+<r—s)T,H+@(ﬂ—3) 5., (12.1d)

(G7[0),6/[0]), =(G, [0),G7[0]), =0,  c(0)=3k(0),  (7.2le)

where m,ne Z and r, se Z + 1, leaving the twisted-sector (outer-automorphism) for
separate discussion.

We also introduce an abstract auxiliary algebra at the origin, representations of
which are discussed below:

(T::'ux.a’ T;lux.b) — m}éaabém‘ -

(l//;:ux,a’ lp?ux.b)+ - 126“”5,_ _, (7223)

(La[0], T3~ = —nTaews + 1Am?s,,, _,, T

(Lm[o:], T::ux,a)= _n]_‘;anui.:_’_%):amZam,in ( i )
(Tis T:ux‘a):/ﬂ“am(smi—n’ 2

7.2.2¢

(T, Towa)= —Jom3,, (72.2)

(G, [01, Ty = — /2 myiex,
V2mi: (7.2.2d)

(G [0], Tome) = — /2 sy
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(G 0], Yo%), = /2 (T2% 4+ A3, _,),

(G7 [0, goome), = /2 (T + 24, _,)

(G [0], T2*) = (G [0], y** ), = (G, [0], T2) = (G [0], §*=), =O0.
(7.2.2)

(7.2.2¢)

The auxiliary fermions "%, y*"* at the origin are weight 1, transform like G, G*
under 7, and commute with the auxiliary currents T** T2"* Moreover, the
auxiliary currents are not tensors when 14 1°#0, and the parameter k£ can be
scaled to zero or one.

Following the method of Section 7.1, we begin with the general zero-mode'*
(trial) conformal deformation

L,(D)=L,,[0]+ (do+mDo) T, + (84 4 mDawx.a) Taun.a
+ Tawxe(dawns 4 mDase) + ¢(D)3,,. o (7.2.3a)
e(D) = %k(O)d(z)-i— do(d?)ux,a}‘u_ZadSux.a) +k‘,(drgux,adgux,a_Dgux.uDgux.a)
_ Y(Dawagay Japaway _ p (Dawxaje _ japaa) _ 1k(0) D, (7.2.3b)

(D)= c(0) — 12(Dgex424 + JDgex-a) — 24k D« Dgur-«

_ 7.2.
*24D0(DSUX'UAH—ZHDSUX'Q)- 12k(0)D0“ ( 3C)

by the N=2 current T and the auxiliary currents. The distorted weights
h, =31 D, of the resulting (trial) supercharges

aux a

Groos (D), d(,—G+[0]+\/_|/?““”<d“““+2( do) 2D

) (7.2.4a)

aux a

—2D,

Groost! D)y 4, =G [0]+f (d“”+2(r+do) >1// (7.2.4b)

reflect that G*[0], G~ [0] are singlets under the auxiliary currents but rotate
under T. The result at D, =0,

L(D)= L, [0] +do T, + (d3" + mDge) Taxa

+ Tavne(d3uma 4 mDa"<) + &(D)d .0 (7.2.52)

Tooon( D),y = T,, + 2T29%a Dauna_ ) Paux.a Tauxa 4 n(D)§, o (7.2.5b)
GioaD), - ay= G [07 + /2 Pooxa(daexe 4 2(r — do) D3™*) (7.2.5¢)
Groost(D), + =G [01+ /2 (d§+ 2(r + do) D)y on (7.2.5d)

4 Higher-mode deformations are removable with A=Y, cold_,, T, +dxaTaua | Tauagausa))y,
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e(D)=3k(0)d3 + do(daA¢ — 14d3ux-4)
+ k(davxadavxa — Davxapauxay  L(fausaga 4 Japaua) (7.2.5¢)
n(D) = k(0)d, — 2d0(IuD8ux,u _ Dgux‘aiu) + d'gux,ala _ Zadgux,a
+ ZE(Jgux.aDgux,a_ Dgux.adgux,a) (725]‘)
¢(D)=c(0)— 12(Davxeaje — Jepavxey _ 24k Daveapavea — 3k(D),  (7.2.5g)
verifies a c-changing N =2 automorphism without further restriction on the
deformation. The c-fixed representation-independent twist by 7 with only dy#0

was first given by Schwimmer and Seiberg [29].
The boosted auxiliary quantities

aux,a(D)r+d0 — l//a:ux,a’ Taux,u(D)m — T;:"ux.u + (kdgux,u + Aado)ém,o (726a)

boost boost
aas(D), o= giend TamaD) = Tana o (kdae — 14dg)d,, .  (7.2.6b)

generate a number of harmless distortions in the boosted auxiliary algebra. In
particular, the boosted auxiliary currents 72u%¢(T2ux-) are tensors of L,,(D) only at
the points 1= —2kDa»~« (1¢= —2kDa"x) while the boosted auxiliary fermions
remain tensors with # =1, since they commute with the auxiliary currents.
Similarly, ¢-fixed superconformal deformations by half-integer-moded currents 7,
T2, T2 [34,35] can be introduced in the twisted-sector with G, antiperiodic
and G, periodic, but these deformations are unitary removable as in Section 4.
The simplest representation of the full N=2 algebra (7.2.1), (7.2.2) is the original

construction 7]

M .
L[O] - Z ( : Taux,bTaux.b : _+_% ’)Ipaux.bggwaux,b?) (7273)

b=1

M M
G+[O] :\/i Z lpaux.bTaux.b’ G7[0] =\/§ Z Taux,bl/laux.b (727b)
b=1 b=1

M
T: Z :lpaux,bl//aux.b: (727C)

b=1
k(0)=M=%0), k=1, »=]t=0 (7.2.7d)

in terms of the auxiliary fermions and currents. This representation is the hidden
N=2 SUSY of the N=1 system (7.1.1) with g=SU(2)** and G"~'[0]=
(G*[0]+G~ [0])/\/5. In particular, the auxiliary constructs are

(TZbV 1 + isz), b: 1’ . M (728)

B —

1
l/Iaux.b — _ﬁ (S2b—l + iSZb), Taux.b=
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in terms of the Cartan fermions S and CSA currents 77 of that model, and the
N =2 current is a sum over all the hidden CSA currents. The central charge

c(D)=3k(D)=3(M — 8Daux-bpavx.t) (7.2.9)

is obtained for the corresponding deformation (7.2.5), (7.2.7).

Moreover, if we consider the point Da**, Da**#0, d,=d3"*=d3*=0 in the
representation (7.2.5), (7.2.7) above as a new origin in the space of deformations,
then T2, y** form a k=1 representation of the auxiliary algebra (7.2.2) with
/1“—2D““"” A¢=2Da"« Further deformations by the non-tensor currents 7",
T=* about this origin remain in the original space (7.2.5), (7.2.7) of tensor
deformations, as seen above in (2.9).

Another representation is a continuous generalization of the known N=2
superconformal ghost system [28]. Since our representation at the origin is not
familiar, we give the final result

L(D)=%:¢F§0¢F:+%:l/}“ ngj—%aeTB+d0TF

+ (232 4+ iD80,)(TF + T®) + &(d,, D3%) (7.2.10a)
Tooos(D) = TF —2D8"(TF + T®) 4+ n(dy, D2), G D) = /2 eP0fFy
(7.2.10b)

Groon(D) = — /2 i~ ®0(3fB)YF + /2 (A8 + 2iDa"0,)(e ~*ofByF)  (7.2.10¢)
e(D)=4d2+d, D —1Dax  p(D)=d,— 2d0Dg“" +dex (72.10d)

(D) =3(1 —4D3"*) = 3k(Dg™)’ (7.2.10¢)

in terms of antiperiodic'” complex Fermi and Bose quarks [2] ¢F® with

THB=y"PyFB- The representation of the auxiliary algebra (7.2.2) corresponding
to the construction (7.2.10) is

lpaux='pB‘pF’ Taux — TF+ TB ]2:0’ A=1 (7211)

so Y¥*** is not canonical and 7" is not a tensor at the origin,'® while *"* and 72"
decouple. The weights and modeings of the boosted quarks are

h(PEooa) =h(b)=1—h(yL, ) =4+ Da~ (7.2.12a)
(W hoos) = 0(0) =1 — (Y 0) =5 — (do + d5™) (7.2.12b)
AP boos) = H(B) =1 — h( wboos,)—D"“* (7.2.12¢)
T o) = 0(B) =1 = 0(Ypooy) = — A5 (7.2.12d)

!5 The equivalent form of (7.2.10) in terms of boosted quarks with arbitrary modeing is obtained with
W lllhuost and dO daux

18 In fact, T2 (dy) = T"‘“" +dyd,, 0 is never a tensor of L, (D) since A + 2kDa*= # 0 for any value of the
parameters in this deformation.
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and the known N =2 superconformal ghost system is located at the points
Dgwx =3 =d,+d3"* with d,=4(NS), 1(R).

It is amusing to pretend that the continuous N =2 superconformal construction
(7.2.10) is the physical ghost system in a chiral sector of a D-dimensional super-
string [4, 6, 53, 21, 17, 28]. The requirement d,+ d3"*= D3 maintains the
[SL,>,=|0)>py state of the reparametrization ghosts throughout the deformation,
and the further requirement Dd*=m+4, meZ, fixes integer-moding for these
ghosts.'” The resulting total central charge for matter plus ghosts in D dimensions
is 3(D/2—1—4m) so the Weyl anomaly cancels for those dimensions

D=8m+2 (7.2.13)

which allow a spacetime Majorana—Weyl fermion. The ghost weights
(L ) =h(b)=(D+6)/8, h(Y,...)=h(f)= (D +2)/8 follow with (7.2.12a, c) and
(7.2.13).

8. LINEAR-LOADED DEFORMATIONS AND SPONTANEOUS BREAKDOWN

8.1. c¢-Fixed Chiral Deformations

Begin at the origin with a Sugawara construction L,,[0] for level 2k/y? of g,
whose CSA currents T'¢ are defined on a base-lattice which is a sublattice with basis
vectors u(0) of the weight-lattice of g. The simplest non-flat deformation is the case
of c-fixed linear-loading'®

L, (do(To)) = L, [0]+dg(To) T4+ 3kd}(T)opo,  difTo)=e*+fT4  (8.11)

characterized by linear-dependence of the deformation d, on the currents T,. The
present section treats only this linear-loaded case, which includes spontaneous
breakdown [24, 25], while more general non-linear deformations are discussed in
Sections 9 and 10, and Appendix B.

The boosted CSA currents

Ttoosi(do(To))m = Ti(do(To)) = T + k(e® + [ T§)3,0 (8.12)

remain (1, 0) operators throughout the loaded deformation and T§(d,) defines a
level-dependent target-lattice which is a linear transformation of the base-lattice.
The boosting of the charged operators is representation-dependent, and the mode-
ing of these operators for arbitrary level of g at the origin is computed in Sec-
tion 10. Although further analysis can be given with the constructions in (6.3.11b),
(6.3.12b), and [54, 37, 48], we discuss here only level-one of simply laced g.

17 The additional requirement d3** = D3"* — 1 (which implies dy =4 with the previous requirements)
maintains the |SL,>o=[0>E, ® [0) 5 state of the NS sector, and the R sector is similarly constructed.
18 The deformation (8.1.1) is |SL, Yo-preserving when e =0.
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In this case, the Sugawara construction at the origin is equal to the construction
on the maximal torus of g [12, 15, 18] so the loaded deformation (8.1.1) takes the
simple form

m(dO TO Z Tm+n d() TO)) (dO(TO)) =L [0] !To—r To(do(To)) (813)

and the physics of the level-one deformation is entirely in the target-lattice. The
vertex-operator construction [[12-14] for non-zero weight u(0) of representation R
at the origin boosts according to*®

(L(do(To)), RESE(2)) = 2"(20 + §mu®(dy)) RER)(2) (8.1.4a)

boost boost\Z

Rﬁggs):( )—Cu(o)(To) Ubo(g]s)(( )s U‘éf)’fi’s’t(Z)=F2<0)(do, z) y(do)(z)ru(do)( z), (8.1.4b)

where ¢, is the Kiein transformation [46, 12-14] at the origin. The zero-mode
factor is

u(O)(dO’ z ) — el#(O) q(O)Zfap(O)(To(do)) (8.1.5&)
— p#ldo) - (q(dp) — ilnzTo(dp}) (8.1.5b)

with
u(do} = (1+1)u(0), a0 Toldo)) = — 5147 (dy) — p(dy) - To(dy) (8.1.6a)
q(do)=q(O)1+1) 7", (g%(do), Th(do(T0))) = i85, (8.1.6b)

and the higher-mode factors have the usual form I’ ”(do)—exp(iu(do) -QF

The base-lattice translation-factor in (8.1.5a) maintains the algebra of the Klein
transformation with the boosted vertex-operators throughout the deformation.
Moreover, the forms of the zero-mode factor in (8.1.5a), (8.1.5b) show that the
boosted vertex-operators translate from point to point on both the base-lattice and
the target-lattice, whose basis vectors are u(d,).

The continuous shift of conformal-weight h(u(dy))=1ip*(d,) in (8.1.4a)
corresponds to wavefunction renormalization in Thirring models [12], which is
called change of compactification radius in Thirring strings [ 55-57]. Addition of a
flat c-changing deformation {D&s 0!} does not modify the boosted vertex-operator
constructions (8.1.4b) but further shifts their conformal-weight to

h(p(dy), Do) = 31*(dy) + 1(do) - Dy (8.1.7)

We also remark that linear-loaded deformation generically involves non-local
distortion of the current algebra and other algebraic structure since u(d,) - u'(dy) is

19 The flat-deformation limit f— 0 of the boosted vertex-operators (8.1.4b) is the expected twist
exp(ifle - ) R#(6) by the lattice translation-vector dj = e,
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not generally an integer. Moreover, the modeing (8.1.6a) of the boosted tensors
typically varies across the target-lattice, so that

(LO(dO( TO))’ Rll;(o‘z)os)l, m + oy0K To(do))) == Rﬁggs)t.m + auo) To(do))[m + au(O)( TO(dO))] (8183)
= [ —m+o w;1(0)( TO(dO) )] R!l;gf?s't.m + o,0) To(dp))
(8.1.8b)
w(dp) _ ™9 i) (9 BT + oo Totdo]
Rboost,m + a0y To(do)) = J‘ . Z Rboost(g)e (8.1.8¢)

which complicates ordinary commutator and anticommutator structure on states.

8.2. Restriction by N=1 World-Sheet SUSY

Maintenance of N =1 world-sheet SUSY [4, 6], to prevent a flood of negative-
norm states in the theory, is a serious restriction on linear-loaded deformations, as
illustrated in the following simple model.

Begin by compactifying 10 —d=2M dimensions of a conventional (1, 0) super-
symmetry at the origin, and suppressing the d physical dimensions, since they play
no role in the analysis. The fermionized form of the internal contribution is the non-
linear SUSY of Section 7.1 with g=SU(2)*", but analysis of linear deformations
requires the bosonized form of the construction, with 3M bosonic fields
Q' I=1, .., 3M. The CSA currents T® and hidden CSA currents TF of the non-
linear representation

TRe=0,0%%  a=1,.,2M; TF’=3,0% b=1,., M (82.1)

are defined on B =bosonic and F =fermionic sublattices, respectively. Then the
supercharge at the origin

1 M
G[O0] =5 L &UTHOTRE TR )t he, (8.2.2a)

b=1

pl(0)=6,,  Lb=1,.,3M (8.2.2b)

is obtained with the vertex-operator construction of fermions [12, 13, 15]

b-—-1
Yh=¢, UM, €b=exp|:in2int(Tg")], b=1,..M (82.3)

I=1

whose real and imaginary parts are the Cartan fermions S“ of the non-linear
construction.

Our study of linearly loaded superconformal deformations follows the trial defor-
mation method of Section 7. The starting point is the most general linear-loaded
¢-fixed conformal deformation
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L (dy(To)) =L, [0]+ (ef + TS+ TG TR
+ (€% + e, TBO 4 fab TESYTE a4 o(4d(T))d,0 (8.2.42)
TEdo)=Th "+ (€3 + 5 TS +/5:T6")0mo (8.2.4b)
TEa(dy) = TF + (et + fe5, TBL 4 f25 TES)S, 4 (8.2.4c¢)

with respect to the complete set of CSA and hidden CSA currents. The explicit
weights and modeings of the boosted “fermions” ¥4 . (dy) = &, U tl® are

boost

b
{,(do)-——{(l tee)h 1T M (8.2.5a)

Lo, M+1<I<3M
o5(Toldo)) = —3pud(de) + {L(1 + fee) (L + frr) + /B for 1 TG

+ [+ fee) fep+ a1+ fae)1TE + (1 +/fer) er +ngeB}ba
(8.2.5b)

where T = transpose, and the modeing of the boosted antifermions is obtained with
the opposite sign of the bracket in (8.2.5b).

The (trial) boosted supercharge is constructed by boosting the components
of G[0] and allowing a shift. Full normal-ordering is required because (b not
summed )

(T'}i‘a(doh goost(do}) = f%ﬁ:e!mg boost(do) (826)

and the result
M
Gboost dO( TO = 7 Z {:l//goosl(d())(TB. 26~ l(do) — lTBb(dO)) .

— (f2 16— 20 (lag ) ll/goost(dO)} +he  (82.7)

transforms with weight 3 when pi(d,)=1.
Maintenance of the full N=1 SUSY proceeds thru a sequence of further
requirements on Gy in a neighborhood of the origin:
(1) Locality of (G,G),. The stronger condition u,(dy)-p,(dy)=p,(0)-
#4(0) =04, OF

(O +fee) " (M +fep)+ B for =1, (8.2.8)

is necessary for mutual locality of the boosted fermions, and hence locality of G
with itself.

(2) Homogeneity of G. T®(d,) in (8.2.7) remains integer-moded and any shift
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of the modeing (8.2.5b) is opposite for the fermionic and antifermionic components

of G, so we must require 6,(To(dy)) =0,(Ty)= —1+ TF?, or

(1 +fFF)TfFB +f£F(l +fBB) =(1 +fFF)TeF +ngeB =0. (8.29)

The usual local anticomutation relations for y,,04(0), Yoo ®’) are recovered at
this point.

(3) G closes to L. Direct computation of (G, G), by operator product
expansion exhibits several classes of spurious terms related to (8.2.6) whose
elimination requires

See=0 (8.2.10)

and then the algebra of all components Yo, (do)s Yvoost(do)s TB(d,) is normal. The
overall solution

1 + frr = orthogonal, Sre=er=0 (8.2.11)

follows with (8.2.8)-(8.2.10).

Our conclusion is that c-fixed continuously deformed N =1 world-sheet SUSY is
only possible on the target-lattice

T8(do)=(1+f5p)T§ +en (8.2.12a)
T5(do) = (1+ fre) TE = (orthogonal) - T'§. (8.2.12b)

The orthogonal transformation (8.2.12b) on the fermionic lattice does not affect the
eigenvalues of Ly(d,) and the linear transformation (8.2.12a) of the bosonic lattice
is of the Narain type [24], which is known not to spontaneously break spacetime
SUSY.

Although our argument required only (1,0} superconformal invariance, our
conclusion is consistent with that of [25]. After completion of this work we learned
that more general models have been discussed along these lines in [58].

8.3. Conformal Field Theory and SO (p, q)
Define a c-fixed linear-loaded conformal field theory for levels 2k/ys?, 2k/ji? of Lie
algebra g @ g at the origin by the doubling [59]
L,(dy(To, Tp)) = L,,[0]+d§(To, To) Té, + 3kd3(To, To)dpmo,  a=1,..p
(8.3.1a)
Em(JO(TOa TO)) = L—m[O] + dg(TOv TO)T:I;; + %kd_?)(TO’ TO)(Snx‘Oa a= 17 ey q
(8.3.1b)
dy(Ty, To)zea(To)+fab(To)Tg, JS(TO, To)=§d(To)+fa5(T0)Tg (8.3.1c)
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and the level-matching condition below. The boosted CSA currents

<Ti’n(do(To, To))) _ <Tfn +k(e!(To) +/*(To) T3)5m.o)

Tfn(ao(To, T,)) - Tfn+E(éé(To)+f65(To)Tg)5m’0 (8.3.2)

remain (1,0) and (0, 1) tensors, respectively, throughout the deformation, and
(To(dy), To(dy)) defines a (p+ g)-dimensional level-dependent target-lattice. The
level-matching condition

Lo(do( T(), 7_10)) = EO(JO(TOa To)) (8'33)

decomposes into the condition at the origin L,[0] = L,[0] and a restriction on the
deformations

T§{(do(To, To)) —x*Ti(do(To, To)) =T5—x°T5,  x=\/k/k. (834)

The restriction defines an SO (p, ¢) family of target-lattices

To(a’o)> (%)

YN =50(p,q)| - 8.3.5

(To(do) «{p.q) T, ( a)
I, 0

SO.(p,q)=K;'SO(p, 9)K,, Kx=(0” A > (8.3.5b)

where the group SO.(p, q) is isomorphic to SO(p, q) by the similarity trans-
formation K.. A consequence of (8.3.5) is that e%(0)=e“(0)=0, so this class of
deformations is automatically |SL, ) ,-preserving (see also Section 10).

The simplest example is the SO.(1,1) deformation for arbitrary levels of

g=g=SU(2),
{"(‘{0)> - ff’S}_‘ a  xsinh “><T°> (8.3.62)
To(dy) x “sinha cosha /\T,

elTo)y _(To\x g AT (1)1
(é( TZ)) B (T) g omn e (f( TE)) N <x2> g (cosha—1),  (836b)

which breaks the group to U(1)® U(1) and corresponds to continuous compac-
tification radius r(dy) = ﬁ exp(—a)/u(0) when k=k=1 [60].

For level-one of simply laced g and g the Sugawara construction equals the
construction on the maximal torus of g® g [12, 15, 18],

L,(do(To, Tp)) = L,,[0] | 7, rtaniro o>
Z‘_m(d_O( TO’ TO)) = Em[o] | To — Toldo(To, To))?

so the effective flat directions fill SO(p, q)/SO(p)® SO(q) in this case [24]. The
further requirement of full modular invariance [23] apparently restricts the base-

(8.3.7)



CONFORMAL DEFORMATION 291

lattice to even self-dual [24] and shifted odd self-dual [25] lattices. Finally, the
boosted vertex-operators of the level-one closed string [59]

UGz, 2) = Ugoti(2) U2 (8.33a)
ru(O)(d ) r u(O;(dO"‘)ru(do)( 2 u(do)( )rﬂldo]( )F;;(do)(z_) (8'3'8b)

2
;:(0)(d0’ )= 01~ 4(0)5(1/2)u(do} + uldg) - To(dol

Y — HIA(0)-§(0)5(1/2) @ do) + fitdo) - Toldk
ﬁ(O)(d07")_em g )_( A4(do) + aldo) - Toldo)

ﬂ(do)) _ ((1 +f(To)m(0)>
(ﬂ(dw (1+f(T)) (0) (8.3.8d)

map from point to point on the base- and target-lattices and transform as
(443(do), L*(dy)) as expected.

(8.3.8¢c)

9. ¢-FIXED NON-LINEAR DEFORMATIONS

9.1. Vertex-Operators for Arbitrarily Deformed Lattices

This section discusses the arbitrarily loaded c-fixed deformation
L, (dy(To))=L,[0]1+dy(To) T2 +$kd}(T})0,.0,  di(T,)= arbitrary (9.1.1)

reserving off-CSA rotation for Appendix B and c-changing generalization for
Section 10. The boosted CSA currents

T hoost(do(To))m =T, (do(To)) = T3, + kd§(T5) 0,0 (9.12)

are (1, 0) throughout the deformation and To(dy)= T+ kdy(T,) defines a level-
dependent arbitrarily deformed target-lattice as a map from the base-lattice with
basis vectors u(0).

The local basis on the target-lattice

pil To(do), u(0)) = Tol(dy) |T0-» To+id0) — To(d,) (9.1.3)

is the set of (one-step) translation vectors at the point 74(d,). It follows from (9.1.3)
that translations on the target-lattice form a group, since multi-step translations are
additive,

1(To(do). nd0) + p{0)) = p(Toldo), pA0) + pToldo) + ud To(dy), uA0)), u0)),
(9.14)

and one-step translations are invertible,

— 1l Toldp), 1i0)) = pd To(do) + ud Toldo), 10)), —p(0)), (9.1.5)
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which follows from (9.1.4) with u;(0) = —pu,(0). Moreover, the local basis reduces to
the constant basis (8.1.6a) when the deformation is linear.

The deformation terms in Ly(dy) and L_,(d,) of (9.1.1) are proportional to
dy(T,), while any highest-weight- and SL,-state |SL, ), at the origin has T3 =0 (see
Section 6.3). It follows that any deformation with

d,(0)=0 (9.1.6)

is |SL,)-preserving (see also Section 10).
The boosting of the charged operators (see Section 10) is representation-depen-
dent, and we discuss only level-one of simply laced g at the origin, for which

L,(d(To)) = Lu[0] | 7~ ry(anio0) (9.1.7)

follows with the steps [12, 15, 18] of (8.1.3). Then the boosted vertex-operators of
the arbitrarily deformed lattice

RS HON(z2) = €,0)(To) ULt ® N (z) (9.1.8a)
Uggg(tdm'mon(z):r?x(m(To(do)’Z)F&rouo)‘u(on(z)F:(Touo).u(on(z) (9.1.8b)
o Told), 2) = ™) 410z ~oua o) (9.1.8¢)

Uu(O](TO(dO)) = —%I‘Z( To(dy), n(0)) — u(To(dy), 4(0)) - To(dy)  (9.1.8d)

are constructed in terms of the local basis (9.1.3).
The relations

To(do) REGGH™ ON (2) = REGEH@-#ONz) [ To(do) + t(To(do), 1(0))]
(9.1.9a)
T RITO 010D 7) — RITOdo) WO 2)(Ty + p1(0)) (9.1.9b)

show that the boosted vertex-operators simultaneously generate the local basis on
the target-lattice and the constant basis on the base-lattice, although there is no
simple way to express the zero-mode factor (9.1.8c) entirely in terms of quantities
on the target-lattice. Moreover, since the conformal-weight 4~ u?/2 of a vertex-
operator is a distance to the next lattice point, it is not surprising that the operators
transform as Jocal tensors

(L, (do(To)), RET0 L1 (2)) = RETo-HON(2)(J, 2 + mhg)z™  (9.1.10a)
= 2"(20, + mhy ) RETo@-#ON(z)  (9.1,10b)

boost

hg =33 (To(do), (0)), by =L (To(d,), — u(0)) (9.1.10c)

with lattice- and direction-dependent conformal-weight.
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9.2. Conformal Field Theory and Local SO (p, q)

The ¢-fixed non-linear loaded conformal field theory for level 2k/y?, 2k/? of Lie
algebra g ® g at the origin is

L, (do(Ty. To)) = L,,[0] +di(T,, To)T% + 1kd3(Ty, T5)6,,.0, a=1,..p

(9.2.1a)
Zm(a()(T(h TO)):ZM[O] +c73( To’ To)Tfn‘f‘%k(i(z)( TO’ To)ém,o’ a=1,.., q
(9.2.1b)
T2 (do(To, To)) = T¢ + kd(To, To)dm o,
(do(Ty, To). o(To, T6)0m.0 (9.2.1c)

Tfn(‘ZO(Tb’ TO)) = Tfn + Ed—g(To» T())ém,os
where T(do(Ty, To)), T(do(To, T,)) are (1, 0), (0, 1) operators throughout the defor-
mation, and the local basis for the target-lattice (To(do(To» To))s To(do(Tos Tp))) is

(.“( To(d,), /‘(0))> - (To(do) | To— To +u(0) — To(do))
ﬁ(TO(JO)a ﬁ(O)) To(d-o) Ifga To+ £(0) — To(do) '

The level-matching condition Lo(do(Ty, To)) = Lo(do(Ty, T)) leads again to the
restriction (8.3.4), which now defines a continuous local SO (p, q) family of target-
lattices

(To(do)
To(do)

(9.2.2)

T
> =local SO.(p, q)- (T°>, local SO, (p, q)= K ;' local SO(p, ¢)K,
0

(9.2.3)

for arbitrary levels of g@® g. The matrices of local SO(p, q) are formed by taking
arbitrary base-lattice dependence for the parameters of SO(p, ¢), as in the local
SO (1, 1) example

(dO(TO, To)) 1 ( xT, sinh a(T,, To)— To[1 —cosh a(T,, Ty)]
JO(TOa TO) k

= _ h - 9.2.
xT, sinh a(Ty, Ty) — x*To[ 1 — cosh a( Ty, To)]> (9-24)

which corresponds to a — a(7,, T,) in (8.3.6a).

The non-linear transformation (9.2.3) implies that dy(0, 0) = dy(0, 0) = 0 when the
parameters of local SO .(p, q) are well-behaved, so this class of deformations is
automatically |SL, ) -preserving (see Section 10).

For level-one of simply laced g and & at the origin the equivalence (8.3.7) is main-
tained, and the flat directions fill local SO(p, g)/local{SO(p) ® SO(q)} in this case.
The boosted vertex-operators Ut~ which generate the local basis (9.2.2) are
obtained by the substitution

V(do)) N (#( To(dy), u(O))) o
(ﬁ(d'o) W To(dy), 1(0)) (9.2.5)
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in  (8.3.8a)-(8.3.8c) and transform as local tensors with (hg, hg)=
(LUX(To(do), 1(0)), 33%(Toldy), 0)), as expected.

According to (8.3.4), the non-Gaussian lattice partition functions of the level-one
non-linear deformations remain invariant under the modular subgroup 7 -1 + 1, so
long as the theory at the origin was invariant, but use of these constructions as
conformal building-blocks for fully modular-invariant strings is problematic.

10. GENERAL LOADED DEFORMATIONS

The arbitrarily loaded deformation® L,,[d(T,), Do(To)] in (2.11) is unitary-
equivalent to the zero-mode deformation

L,.(do(Ty), Do(Ty)) = L,,[0] + (d5(To) + mDg(To)) T,
+3k(d§(To) — D(T6)) 00 (10.1a)
(Do(To)) = ¢(0) = 12kDG(T,) D3(To) (10.1b)

with A(Ty)=3,,.0d° ,(To) T4 /m as in Section 4.1, and the boosted CSA currents

T;(do(To)) = T}, + kd§(T4) 0,0 (10.2a)
(L,(do(To), Do(T))s TAdo(T))) = —nT?,, (do(To)) + km*DYT)9,, .,  (10.2b)

are not tensors in the direction of Dy(T,), as expected. The effect of the operator
central charge on boosted charged operators is discussed below.

The fixed-state phenomenon of Section 4.1 is generic: The states of each module
at the origin are fixed eigenstates of T4 and Ly(dy(T,), Do(T,)) throughout the
deformation, so the states of the deformed module are a continuous relabeling of
the states at the origin. For application below we compute explicitly

|h, p>: h(dy, Do, p)=h+p-do(p)+ 3k[d5(p)— Di(p)] (10.3a)
E* |h, p> h(dy, Dg, pyo,m)=m+h+(p+a)-do(p+a)
+3k[d3(p+a)— Di(p+a)], (10.3c)
where |h, p) is a highest-weight-state at the origin with 7% =p“ and m> 1.

The fixed-state phenomenon also implies that a positive norm || |2 at the origin
is available throughout the ¢c-changing deformation. As an illustration, consider the

2 See also Appendix B.
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fermionic constructions of generalized ghosts in Section 6.3, whose i, ¥ norm?' at
the origin is positive. In this norm, for example,

IL —(do, Do) Ih, polIG= <h, pl LY, (do, Do)L _,(dy, Do) |h, p> 20 (10.4)

while the sign of {h, p| L, (dy, Do)L _,(dy, D) |h, p> depends on ¢(D,) [41].
The general deformation (10.1a) is |SL, ),-preserving when

do(0) = D(0) (10.5)

which unifies the c-changing and c-fixed mechanisms (6.3.3) and (9.1.6).

The level-matching condition Ly(dy(To, To), Do(To, To)) = Lo(do( Ty, T),
50(7 0, To)) of the corresponding conformal field theory restricts the deformations
according to

[T3(do)/k + Di(To, To)k1— [T3(do)/k + DTy, To)k1=T5/k—T5/k (10.6)

which generalizes the SO.(p, q) condition (8.3.4) and interprets the c-changing
deformations D, D, as auxiliary compactified spacetime dimensions, doubling the
original (T, To).

The particular solution®? of (10.6)

To(d,) T,
DT . 0
DolTo- To) \_ 1ocat 50, tp+q.a4m-| © )

TO(JO) TO
D(T,, TO) 0

(10.7).

employs the matrices of local SO, ((p+¢,q+p)=K 'local SO(p+4,q+p)K. In
this case, the continuous family of target-lattices fills the coset-space

local SO, ((p+ g, g + p)/local SO .(q, p) (10.8)

2 It also follows that the b, ¢ norm with L' (D)=L _,.(D) of footnote 13 is not positive at the origin
(c=1) since the norm is not positive for most c <1 [41].

22 Other solutions to (10.6) exist which are not automatically |SL, > -preserving, e.g., local SO.(p, q)
on (To, Ty) and DX Ty, To)=xD¥Ty, Ty). The |SL,)q-preserving restriction of this solution is
contained in (10.7).

595/188/2-6
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and the solution is automatically |SL, >,-preserving since

dy(0,0) = Dy(0, 0)=dy(0, 0) = Dy(0,0)=0 (10.9)

follows from (10.7) when the parameters of the deformation are well-behaved.
We finally remark on the construction of the boosted charged operators in the
general case. The moding ¢,/Z in the relations

[LO(dO( TO)a DO( TO))5 E%oost(d09 DO)m+al(To(d0), Do))
= _Eioost(dO’ DO)m+aa(To(d0LDo)(m + Ua(TO(d())a DO)) (10103)

T df .
Egoost(dO’ DO)m+a1( Tol(do). Do) = JL E; E%oost(do’ DO? 9)€rﬂ(m+a,(T0(d0|_Do)) (IOIOb)

1/1 1
6 (Tolde), Do) =7 (5a2 b Ty 3 A (Toldy), 2) — al Tofdo), ) To(do>)

+%k[D§(To+a)—D§(TO)] (10.10c)

is computed from the energy gap in (10.3a), (10.3c) where a(Ty(d,), @) is the local
basis (9.1.3) with u(0)=o. The result (10.10c) agrees mod Z with the modeing of
the local-tensor vertex-operators (9.1.8) when k=1 and D,=0.

On the other hand, it follows from (A.3b) that a boosted representation R
satisfies (T4, RE,...) # 0 for generic continuous deformation, and hence

boost

(c(Do(To))s Riost) # 0 (10.11)

when the central charge is an operator. Then examination of the Jacobi identity
among the operators {L,,(dy, Do), L,(dy, Dy), RE.. } shows that R cannot be a
tensor or even a local tensor in this case.

For example, construct general c-changing vertex-operators R{(To4%-+ON(D, z)
for level-one of simply laced g at the origin by replacing a,,/(To(dp)) in
(9.1.8a)—(9.1.8c) with

Uﬂ(m( To(dy), Do) = _%ﬂZ(To(do), #(0)) — u(Toldy), 1(0)) - To(do)
+3[D§(To + u(0)) — DE(TH)] (10.12)

which agrees mod Z with (10.10c) when u(0)=ua, T, is on the root-lattice, and
k = 1. These vertex-operators transform as

(Loldo(To), Do To)), REZAHOADs, 7)) = 20 RITIHODy, 2) - (10.13)

boost boost

and generate the local basis (9.1.3) of the target-lattice, but the operators are not
tensors in general since
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(L,,(do(To), Do(To)), RAGEL Dy, 2))

boost

= R”(TOMO) HON(D,, 2){ [5 z+ m( (To(do), #(0)) + u(To(dy), 1(0)) - Do(T5))

boost

+ 3H(D3(To + 1(0)) = D§(Tp))] 2" + mT,, - (Do(To + u(0)) — Do(To))}  (10.14)
is verified for m#0. The c¢-changing vertex-operators reduce to the local-tensor

vertex-operators (9.1.8) when D,=flat, and local-tensor transformation with
conformal-weight

hy = 3% Toldo), 1(0)) + u( To(d), 1(0)) - Dy (10.15)

1s recovered in (10.13) and (10.14).

APPENDIX A: WEIGHT BASES OF g

Consider an arbitrary Hermitian representation {7;} of g and its conjugate

representation T7= —T/". The weights u¢, a=1,..,rank g, and weight-basis
vectors y,, satisfy

Tox )= —n 00 T, J) = w70) (A.la)

L) TG = — ' 2,.)), 2D Te=py ) (A.1b)

where 7,(/) = x* (i), and

qu Dy () =0, ,, Zx AN T = (A2)

The left-eigenvectors transform a corresponding representation R’ of g from a
Cartesian-basis (3.16b) to a weight-basis

D=LLR(),  R(z)=} RY(2)x () (A3a)

1

(Ty,, RH(z))=p“z"R¥(z). (A.3b)

Real representations satisfy T ’; T} and j,=y,. The particular weight-basis
{xa(0), i#CSA} of the adjoint with (TadJ)B( —if*%¢ and « a root of g provides
the transformation

=L, T,=Y Enx () (A4)

from a Cartesian basis to a Cartan-Weyl basis
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(T2, T) = kmd*s,, _,, (T4, EX)=o"E% (A.5a)
N(a, B)EZRE, a+ f=root
(B2, Efy={a- T, ,+kmd, ,, a+ =0 (A.5b)
0, otherwise.
In this case, the further relations among the eigenvectors
=N, B)2arp(k),  a+B=y
A.
Z ()T )y () = {0, otherwise (A-6a)
Y Dt (Nt (k)N(a, B) = —(Tiyy)y (A.6b)
a+f=7
Z X—a(l)Xoc( (T:dj) (A6C)
are obtained by comparing (A.5) and (2.6) with g =0 45.
APPENDIX B: APPLICATIONS OF A CONJUGATION IDENTITY
The conjugation identity for I'(T) € G in representation 7 of g
I=NT)TAI(T)=I"*(T,q) T2 (B.1)

holds when (T4, T%) = if #5¢T<.

As a first application, take I'(T)=Q[d, 6, T], the general twist-matrix of
Section 3, and 7/ =T It follows that Q commutes with the weight-matrix
h(D,, T) in (3.17b),

QD (Dqo, TYAT)=h— DFQ**(T,q) T* = h(Do, T) (B.2)

since D¢ is an eigenvector of Q, according to (3.5a).

As a second example, we discuss the off-CSA rotation of the arbitrarily loaded
deformation L, [d(T¢), Do(T5)] in (2.11). A double application of (B.1) with
T*=T4, T*=T2 gives

L, [d(T3), Do(T§)1=T"Ty) L,,[d(T3), Do(TE)II(To) (B.3a)

=L,[0]+) d° (TH)TE , ,+mD{(T§)T5
+ £, [d(To), Do(T)] (B.3b)

6., [d(To), Do(To)] = lk{zdﬂ (T4)dB, (T2)+ 2md®(TA) DE(T?)

— DR(TH)DE(TE)6 ot (B30)
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df(Tg )= dﬁ(FaA(Tadj)Tg)rbB(Tadj), Dé’(Ta‘) = Dg(raA(Tadj)Tg)rbB(Tadj)
(B.3d)
¢(Do(T3)) = ¢(0) — 12kDE(TA) DE(T). (B3e)

The deformations (B.3d) satisfy the constraint (2.7¢) and the construction (B.3b)
includes arbitrarily loaded general orbifold-ghosts (see also Section 6.2 and
Appendix F).

The conjugation identity (B.1) is also employed in obtaining the local
automorphism (3.13), and in Appendix D.

APPENDIX C: ¢-FIXeD DEFORMATION OF A BOSE—FERMI SYSTEM

The simplest deformation begins with a single complex antiperiodic Fermi (1= 1)
or Bose (1= —1) quark [2] at the origin

i

L[()]:EMBH‘%‘WBHT (C.1a)

Yaulz)= Z (b,?}fl/zz“("“L1/2)+d;E_JFHl/2Zn+1/2)’
" (C.1b)

V()= Y (BIBH ,2n+ 124 g | -1

n=0

(b2 B33 2) + = 1A 10y 3 2) o = By b 12 10>sa=d}Y ;1005 =0
(C.1¢)

in which the quark and antiquark are U(1) representations R=y, R=1 with
T= —T=1 of the level t current T(z) = Y pyu(z)¥Ypulz)"
The explicit form of Ly(d;) in the c-fixed deformation

L(do, 8) = L[0, 6] +d, T(6) +%d§, (C.2a)
= 1 1
Latd)= 3 | (n 5+ o) 01200 o (43— o) @y | + 3.
n=0
(C.2b)

shows that all the states at the origin {(bTBH)M(d"BH)¥ |0 gy are fixed, as dis-
cussed in the text. The modes of the boosted operators (4.1.8) are a continuous
relabeling of the original modes

RgozosTl(dO’ Z) = lpbnost(do’ Z) = ZﬁdolpBH(Z)

o
— 1/2 + dq - 1/2—dy
=Y Buyrprgz TV LA, ) (C.3a)
n=0
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:os (dO’ “ wboost(do’ Z) = vn{()l/;liH(z)

acr
12+ d L —(n+1/2—do)
Z n+1/’+r10 *tdy 12 aF ) (C.3b)
— pBH +BH — BH + — JtBH
anr1/2+a’0“bn+1/2’ bI+1,/2+do bn+1/2’ dn+l/27do—d,,+1/2a d,,+1/2,d0—dn+1/2
(C.3c)

so the states of each deformed module are a continuous relabeling of the module at
the origin. Since T oo(dy, z)=T(z)+1d, does not twist, the identity of each
highest-weight-state is maintained throughout the deformation. The ground-state in
the Fermi case

n dZ;B+Hl/2 10)pn = H dlﬂ/z,do 10> 81> m+j<dy<m+3 (Cda)
n=90 n=90

10> 8u, |dol <3 (C.4b)
H bn+l/2 0> pu= l_[ bl+1/2+d0 [0 gt —(m+4)>dy>—(m+3) (C4e)

is passed from one highest-weight state to another at the degeneracy points
dy=17+3, which are two-fold degenerate complex Ramond [4] vacua. The
highest-weight states in the Bose case

GIEY 10> gy, h=M(dy+3);  (dF)™ 10> pu, h=—M(d,—3) (CS5)

are bottomless for |dg| > 3.
Another form of the deformation (C.2) is obtained with (C.3) in terms of the
boosted quarks

L(dO) = :—;_ :lpboost(do)gewboost(do) :rc + 6m(do) (C6a)

T i 1\ 7T?
a(do)m=§ [d, —int (d0+§)] (C.6b)

o

1
Lo(dy) = Z [("'*' +d0>bn+1/2+dobn+l/2+do

1 T 1
+T(”+§—do> dY 12— afn +l/24do:|+§dg’ |d0|<§ (C.6¢c)

o

1
= 2 (n+2+d0>bn+1/2+dob"+1/2+do

n= —int{dp+ 1/2)
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1
-1 Y (”+§+d0> bus i+ abhi s do

O0<n< —int(dy+ 1/2)

= 1
+1 ) (” +§_d0> dr i agnr 12— apt Ereldp), dy<0 (C.6d)

n=0

Tboost(dO) = .:l!;boosl(dO)l//boosl(dO) re + T[dO + lnt( _dO + %) - %5110,1 + 1/2],(C.6€)

where the re-normal-ordering of the boosted operator terms (anti)symmetrizes with
respect to (Fermi) Bose zero-modes. The relations (C.6a), (C.6b), (C.6d), (C.6¢e)
show that the system has unit period in d,, and (C.6¢c) was given for the fermions
in [56].

APPENDIX D: RotaTiON OF FLAT-DEFORMED SYSTEMS

We discuss Cartesian frame-rotation for the general flat deformation
L,.[[d Dy; T] in (2.7) of a Sugawara construction for arbitrary level of g at the
origin. The conjugation identity of Appendix B is freely used. Define rotated
currents and deformations

T =I(To)TA " Y(Ty) = TET*(T,4) (D.1a)

di()=dE T (T,y), DI =DEIP(T,q) (D.1b)

for I'(T,) e G. Then equality of the deformed Virasoro operators in the two frames
L,[d, Dy; T)=L,[d(I'), Do(I'); T(I')] (D.2)

follows since I'(T,4) is orthogonal and the Sugawara construction is invariant

under SO(dim g). As an application, Egs. (D.1b) and (D.2) may be used with the

appropriate " to rotate any particular deformation mode, say d¢, onto the CSA.
The boosted currents (3.6a) of L,,[d, Dy; T] and L, [d(I"), Dy(I'); T(I")] are

Titould, 01= 247, 6, T,;;1(T*(0) + kd?(8)) (D.3a)

Towou L1 d(D), 01=QP[d(I'), 0, T, )(T?(I'; 0) + kd®(I;6)),  (D.3b)
respectively, while the conjugation identity

d(I50) Togj=T " (Taq)d(8) - T o I(Tag;) (D.4)

and the definition (3.4) relate the twist-matrices in the two frames according to
Q[d(I")] =1 "'Q[d]I. Then the relation between the boosted currents of the two
frames

Tgoosl[r; d(r)a 6] = TbBoost[d9 9] FBA(Tadj) (DS)

follows with (D.3). The rotation identity (D.5) is applied in Section 4.2.
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APPENDIX E: MAGNETIC-ANALOGUE PICTURE AND (dy).q

The simplest magnetic-analogue twist is Gottfried’s [61] soluble model for
g=SU(2) with d*=(d? d', d*)=(w,, B, cos 0, — B, sin 0)/\/5 in which we have
computed

o d)=oo—p(l+4)J/2,  A=(1—w,) + B (E.1)

for the moding ¢/Z of the homogeneous boosted operators (3.10), (3.20b)
corresponding to weight u of Hermitian representation T. The Cartesian frame is
homogeneous on resonance (wo=1) with B;=1, and the SU(2)-orbifold
automorphism (F.4) is verified for the boosted currents in this case.

A homogeneous frame is obtained in the general case by rotating Q(2x) onto the
CSA and using the weight-basis of Appendix A. The generic moding is

o, [dl=00—p-(do)en[d] (E.2)

in terms of an equivalent effective CSA zero-mode deformation (d,).s, which is
difficult to obtain in closed form.
For small deformations, the result

—-—mm

m#0 m#0

i B B aB De e
(@)er=dg—5 /" L md " t3 f T Y — as,dod

4 feBCFCDE Z L d® _dPdE_ + O(d*Y) (E.3)

mn m-—n
m>0,n>0
m¥#n

is obtained from ©2(2r), and the same result is obtained by comparison of the effec-
tive highest-weight shift A((dy)er) = h[0] + (do)err - p + 3k(d,)2; With a computation
of the actual highest-weight shift by the method of Dalgarno and Lewis [62]. The
coincidence leaves little doubt that general c-fixed flat deformations are equivalent™
to the other pictures, but we have not found a comprehensive proof.

We also remark that the moding o,[d] involves the holonomy of the space of
deformations, since each particular deformation d*(6) defines a closed path C in the
space, as § moves through a period The holonomy of magnetic systems is often
studied in the adiabatic approximation, when |d,| < N with N the largest mode-
number of the deformation. Then

l, d
(E4)

1 2z
a,.[d]=ao—ﬂ(j0 dHE,,(G)+n[C]), 7[C1= §d(d‘)<u,d|zad,,

2 The Dalgarno-Lewis operator A, =3, .0d*, T4/m is the first term A=A, + ---of a unitary
equivalence-transformation exp A (from the general case to (dy).y) which we have constructed explicitly
thru O(d?).
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is obtained, where E,(0)=p-w(f) is the instantaneous eigenvalue of H

corresponding to the instantaneous eigenstate |y, d) and y,[C] is Berry’s phase
[63], currently known only for g = SU(2).

APPENDIX F: AN ORBIFOLD-GHOST SYSTEM

The simplest orbifold-ghost system is an involution of SU(2),

PR 1 ~ 1 R
L =L,[0 Dy )T, +<k(=—D2)6 F.1
o, B m[1+(2ﬁ+m ) Th5k(5-53)dne ()

dd = (d3, d}, ,0)24/2,  Dg=(0, B,,0) (F.1b)

o(Dy) = 3k<———4D2) (F.Ic)

with L, [0] the Sugawara construction for arbitrary level of SU(2) at the origin.
The orbifold currents may be considered with (F.1) and (3.6a) as a boost from the
origin, or with (4.2.1) as a view of the torus—ghost

=(1,0,0)2/2, + Dg=(D,,0,0) (F2)

from the orbifold frame. The explicit form of the rotation (4.2.1) is

0 —1 0
T
I( adj)-exp(—i*Tfldj): 1 0 0 (F.3a)
22 0 0 1
T oos(dodm s 112 0 —14/2 —1//2 TEoms(d,),
Tloosldo)m J=[1 0 0 Egd2 () mere | (F.3b)

lejoos[(ao)m+ 1/2 0 —i/ﬁ 1/\/5 \ Ebo?;/s? mrus(ao)mﬂ/z
and the resulting orbifold automorphism

(Tboosl( )m+o4’ Tgoost(do)n+og)
2 SABCT Oost(do)m +n+oc4+0p + k(m + UA )5AB5m+ G4, —H—0ap (F4)

with ¢, =0, 0, =0, =1 is Cartesian in this case.

The charged currents of the torus-ghost have weights A( + \/5, Dy)=1+./2D,
and T, is not a tensor. It follows in particular that the antiperiodic Cartan
current [34, 357 T3, . (do) = — (Egoyi (o) + Egy2°(d,))/\/2 of the orbifold-

boost

ghost has indefinite conformal-weight, as noted in the text.
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The equivalent form of the deformation
Lo(do, Do) =4 (T 3eeu(do)) % m+ mDo T ooul o) + 34— D3)omo  (F.5)

follows for level-one because the difference of (F.5) and (F.la) is a Virasoro
operator with ¢ =0 [18]. With the further assumption of antiperiodic free fermions
and deformation currents T":er”n///ﬁ at the origin, Egs. (4.1.8), (4.1.9), and
(F.3b) express the orbifold currents

3 Al
goosx(do) = (£A23 (3A2582) lorus ( torus

&
dost dy); F.6
b \/— lp boost( o re 2 ﬁ ( )

in terms of the i-integral-moded fermions {27 (d,) of the torus-ghost.

boost
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