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Intrinsic reduction of Josephson critical current in short ballistic SNS weak links
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We present fully self-consistent calculations of the thermodynamic properties of three-dimensional clean
SNS Josephson junctions, where S isamave short-coherence-length superconductor and N is a clean normal
metal. The junction is modeled on an infinite cubic lattice such that the transverse width of the S is the same
as that of the N, and its thickness is tuned from the short to long limit. Intrinsic effects, such as a reduced order
parameter near the SN boundary and finite gap to Fermi energy ratio, depress the critical Josephsdg current
even in short junctions. Our analysis is of relevance to experiments on SNS junctions which find much smaller
IRy products than expected from the standardn-self-consistent and quasiclassigaledictions. We also
find nonstandard current-phase relations, a counterintuitive spatial distribution of the self-consistently deter-
mined order parameter phase, and an unusual low-energy gap in the local density of states withiggtbe.
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Over the past decade, both experimental and theoretic4toherence length” of the junctioré,=7%vr/7A; i.e., the
interest in the superconductivity of inhomogeneous systemmaximum KO limit can be expected only fdr<¢,. The
have been rekindled, thereby leading to a reexamination ofelation betweenkgT and Eq, defines the high- KgT
even well-charted areas from the mesoscopic point of View.>Exy) versus low- kgT<Ey,) temperature limits, which is
For example, the Josephson effect in a Superconductorequivalently expressed in terms of the junction thickness as
normal-metal—superconducté®NS weak link was known L>é&n versusL<éy, respectively, withéy="iv/2mkeT
to be the result of the macroscopic condensate wave functiop€ing the normal-metal coherence length. Thesets the

leaking from the S into the N region. The induction of suchSCal€é over which two quasiparticles in the N, correlated by
superconducting correlations in the N, the so-called proximAndreev reflection, retain their relative phase cohereneg
) . . ._superconducting correlations imparted on the N region at
ity effect, has b.een given a new real—spacg 'm.erpretat'oﬂnite temperature decay exponentially wify, while at zero
through the relative phase coherence of quasiparticles, COMEsmperaturegy—= and the condensate wave function de-
lated by Andreev reflection at the SN interfachloreover, cays inversely in the distance from the interf&teThere-

the realization of the importance of tracking the phase coherfore, the simple exponential decay bf~exp(—L/&,) ap-
ence of single-particle wave functions in proximity-coupledpears only in the high-temperature limit, while in the
metals of mesoscopic size has also unearthed new phenompposite low-temperature limify ceases to be a relevant
ena, such as quantization of the critical current in ballistidength scale and the decay is slower than exponential. The
mesoscopic short SNS junctions at low enoughaforementioned experiments on clean SNS juncficare
temperaturé? In short clean junctions, a&—0, the critical ~ conducted on Nb/InAs/Nb junctions which are tuned to lie in

supercurrent .= eA/# carried by a single conducting chan- the regime whergs<L <&<é&y ({s=fivg/7A is the bulk
nel depends only on the superconducting energy/gas the superconductor coherence Ien)gtﬁhusZ the large dlfference .
smallest energy scalt<Er,=%u/L (in the long-junction betweenég and ¢, means that there is a substantial Fermi

- . no R velocity mismatch (typically an order of magnitudé),
limit 1.~ Eq, is set by the “ballistic” Thouless energ¥Er,  ynich must generate normal scattering at the SN interface in
<A, which is a single-quasiparticle property determined by,qgition to Andreev reflection. This, together with other pos-

the Fermi velocityF in the N interlayer of lengtiL). Thus,  sible sources of scattering at the SN boundary, like imperfect
both mesoscopic and “classical” clean point-contact SNSinterface? or charge accumulation layé?s(typical of
junctions, with ballistic transport>L (I is the mean free Nb/InAs contact, cannot be detected by only observing the
path, are predicted to exhibit the sarhdry= wA/e product  independence df. andRy on interelectrode separatigfor
at T=0. This has been known for quite some time as thentermediaté L). Nevertheless, this is frequently the crite-
Kulik-Omelyanchuk(KO) formula® whereRy, is the Sharvin  rion used in experimentgo ensure that the transport is bal-
point-contact resistancBy=h/2e’M of the ballisticN re- listic. Therefore, the ideal maximum value foy could be
gion containingM conducting channels. achieved only forég=¢, (szv?) and with a perfectly
Recent experimental activityon highly transparefitbal-  transparent interface, where the junction thickness satisfies
listic short SNS junctions, where both andRy are inde- L<&s. Even in this case it is possible that the current in
pendent of the junction length, reveals much lower values ohort junctions is smaller than expected due to a depressed
IRy than the KO formula(similarly, the critical current Vvalue of the order parameter on the SN boundary when the

steps found in an attenfpb observe discretizeid are much ~ ransverse widths of the S and N regions are the séme.
smaller than the predicteelA/%). However, a proper inter- uch junctions cannot be treated by simplified approdches
pretation of these results demands a clear understanding suming a step function fdr(z) because the order param-

the relationship between relevant energy and length scale§'€" vares within the S due to the self-consisteffcy.

o . o . Here we undertake an idealized study of differamtinsic
The criterion for the short-junction limii <Eq, introduces a properties of three-dimensional SNS junctions which can be
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14f 7 e o135 ~ where £>2¢5, but such calculations are technically more

1'2 ° 7 50 S involved at present.

“fe =™ % o The SNS Josephson junction is modeled by a Hubbard
Il S B IS ¥ 8 Hamiltonian
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/0 tij=t (the energy unjtis the hopping integral between

FIG. 1. Product of the critical currert and the normal-state nearest-neighbor siteisand j. The SNS structure is com-

resistanceRy, as a function of the SNS junction thicknelssBoth ~ Prised of stacked pl_am_b%whereui<0 is the attractive in-
the S and N are at half-filling in the bulk. The value lgRy is  teraction for sites within the superconducting plafieside
always below the product of the bulk critical current in the S leadsthe N regionU;=0). In the Hartree-Fock approximation
and the Sharvin point-contact resistant¥“Rg,=1.45/e. The  (HFA), this leads to a BCS mean-field superconductivity in
right axis measures the ratio of the Kulik-Omelyanchuk formulathe S leads, where fod;=—2 and half-filling we getA
I.Ry=mA/e for the clean superconducting point contatt£0) =0.19% (T,=0.11) and §S=ﬁv§/7rAz4a. The lattice
andl Ry of our junctions. The inset shows the decay of the orderHamiltonian(1) of the inhomogeneous SNS system is solved
parameter at the SN interface flor 0, which reaches an asymptotic by computing a Nambu-Gor’kov matrix Green function. The
value of about one-half of the bullk for L=2¢s [ICRy/A(z  off-diagonal block of this matrix is the anomalous average
=SN interface) is virtually constant fdr<2&g]. which quantifies the establishment of superconducting corre-
lations in either the S[A(z)=|U(2)|F(z), where
detrimental tol;, without invoking any sample-fabrication- F(z z  +=0%) is the pair-field amplitudor the N region.
dependent additional scattering at the SN interface. Two sucPor the local interaction treated in the HFA, computation of
\?vﬁfw?gﬁs baergorkr?eoswinn(wlz) gggnrte?grlrggeec?;ii ?Snsc‘?[:gﬁogggfg[% the Green function reduces to inverting an infinite block-
delineated below, depresses the order parameter near the?ﬁj'agonal Hamiltonian matrix in real space. 'I_'he Gr_een
boundary and therefore the current in short junctigiig;a  functions are thereby expressed through a matrix continued

finite ratio A/ u (wherep is the Fermi energy measured from fraction (technical details are given elsewhye The final

the bottom of the bandyenerates intrinsic normal scattering Solution is fully self-consistent in the order parameter
at the SN boundarywithout the presence of impurities or |A(z)|€'*®? inside the part of the junction comprised of the
barriers at the interfageFor example, both effects can be of N region and the first 30 planes inside the superconducting
relevance in Josephson junctions based on newly discoverggads on each side of the N interlayer. Our Hamiltonian for-
MgB, superconductor¥. Therefore, even a clean junction mulation of the problem and its solution by this Green func-
(with ballistic transport abov&.) might not be in the ballis-  tion technique are equivalent to solving a discretized version
tic limit'’ below the superconducting transition temperatureof the Bogoliubov—de GennES(BdG) equations formulated
T¢, unless the filling is tuned to the energy of the transmis+n terms of Green functior®, but in a fully self-consistent
sion resonances. Our principal result for the evolution ofmanner—by determining the off-diagonal pairing potential
IRy as a function ol is shown in Fig. 1. Thé Ry drops  A(z) in the BdG Hamiltoniaf? after each iteration until con-
by about an order of magnitudelat- ¢y, thus showing how vergence is achieved. The tight-binding description of the
the characteristic voltage can be reduced dramatically irlectronic states also allows us to include an arbitrary band
moderate length junctions, even in the low-temperature limitructure or more complicated pairing symmetries. The cal-
(to which our junctions belong The reduction of . in our  culation is performed af = 0.09T, where&y = 40a, which is
short junctions is determined by the depression of the ordes low-temperature limit for almost all of our junction thick-
parameter in the S, as demonstrated by the inset in Fig. Aesses.

whereA(z) at the SN interface decreases asymptotically to a This technique is different from the quasiclassical use of a
limiting value reached atL=2¢g with 1Ry/A(z  coarse-grained microscopic Gor'kov Green functiomr
=SN interface) being nearly a constant forx2¢5. Forthe  non-self-consistent solutions of the BAG equatiomdich
junctions thicker than &s, the decay of the critical current are applicable only for special geometries where the left and
|.~1/L scales aEy,, while at nonzero temperatures and right S leads can be characterized by constant phasesd

for long enough junctiond.> &y it changes into a simple ¢g, respectively. This neglects the phase gradient
exponential decay. Thus, in the general cds€ &y, | can  (d¢/dz)y, inside the S, thereby violating current conserva-
be independent df only for 2¢s<L < &,, as observed in the tion. Such an assumption is justified when the critical current
experiments. However, such thickness-indepentiecan be  of the junction is limited by, e.g., a point-contact geometry,
substantially belowMeA/%, as defined by the inevitable which requires a much smaller gradient thag&gHt the criti-
(vE+#v}) interface scattering and/or reduc&dwith its low-  cal current density in the bulk, while the Josephson current is
est value being set at=2¢&g by the “inverse proximity ef-  determined by the region withiés from the junctiorﬁ Since
fect” on the S side of a SN structure. We believe that ballisticwe choose th& andN layers of the same transverse width,
behavior could be found in our junctions at even lower Ic/I‘C’”"‘ can be close to 1 for thin junctions. In such cases,

212507-2



BRIEF REPORTS PHYSICAL REVIEW B 64 212507

current flow affects appreciably the superconducting order 1.0}
parametefi.e., F(z) both inside and outside thd] and a

self-consistent treatment becomes necestasyis the gen- 0.8}
eral case of finding the critical current of a bulk R

superconductdf?3. Since for a clean SNS junctioRya? J 06}
=[(2€?/h)(k&/4m)] 1~1.56ha%/2e? is just the Sharvin —
point-contact resistancg@.e., inverse of the conductance, at
half-filling, per unit areaa? of our junction with infinite 0.2
cross section the absolute limit of the characteristic voltage,
IPUkR=1.45A/e, is set by the bulk critical currenf“* of
the S lead$? as shown in Fig. 1. In three-dimensior(8D)
junctions 12¥*=1.0%nA/#ik: (per unit areaa?, at half-
filling) is slightly higher than the current density determined

by the Landau depairing veloCityuepai—A/fike , at Which g ot 1o right, L=1,2,4,6,8,10,14,20,30,40,660r L=30 they

superfluid flow breaks the phase coherence of COOpe§tart to overlap Note that the phase change across the juncfign

. 22 T .
pairs;” because of the possibility of gapless superconductivys he critical current,= I (.) varies monotonically with the junc-

ity at superfluid velocities slightly exceed_ﬁgvdepair- A= tion thickness, as shown in the inset, and is always far betow
though ourl (R, is always smaller than the ideal KO limit, it \hich is the prediction of non-self-consistent calculations in both

is still above the experimentally measured valtiesthe in-  the short(Ref. § (L<¢o) and long(Ref. 5 (L> &) junction limits
termediate junction thicknesses, which are about 100 timest T—0.

smaller than the KO limit. This suggests that additional scat- ) ) ]
tering confined to the interface region is indeed necessary t¢S Monotonically(i.e., almost linearly across the self-
account for such small valués3 consistently modeled part of the junction. However, the plot
Since self-consistent calculations require a phase gradief ¢(2), obtained after the linear background is subtracted
inside the Swhich we choose to be a boundary condition in from ¢(2), reveals a peculiar spatial distribution which de-
the bulk of the superconductorwe must carefully define Pends on the thickness of the junctiifig. 3). In the short-
how to parametrize the Josephson current. There are tw@d intermediate-junction limits§¢(z) gives a negative
possibilities: either a global phase change across the Rontribution to¢(z), which turns into a positive one upon
regiorf® or the phase offs&t which is related to the phase @pproachind.. For thick enough junctionge.g.,L=20a in
change by a nontrivial scale transformation. We use a globdfig- 3 @ small bump as the remnant of this behavior persists
phase change which in a discrete model like @grequires  at the SN boundary, but is completely washed out in the
a convention. The thickness of the junction is defined to be
the distance measured from the paint in the middle of the
last S plane on the lefat zf) and the first adjacent N plane
(at z’[':szr 1), to the middle pointzg between the last N
and first S plane on the right. Sine&(z) is defined within

10 20 30 40 50 60
L(a)

0.0 B
00 02 04 06 08 1.0 12 14 1.6
Phase change across the junction ¢

FIG. 2. Scaling of the current-phase relatibf)/I . with the
thickness of a clean SNS junction. Different curves correspond to,

0.02
0.01
Jo.00

-0.01

the planes, we seb(z, ) =[ #(z0) + ¢(2]') 1/2 to be the phase 60,
at z, and equivalently forp(zg). The phase change across 004
the barrier is then given by 0.02
0.00
d¢ 0.02
¢=L<— +0p(zr) — 6(21), ) 004
dz bulk -0.06
=) -30 20 -10 0 10 20 30
where §¢(z) is the “phase deviation” which develops self- Qo ST e o _ o
consistently on top of the imposed linear background varia- <3 0.0002 001
tion of the phase. The current versus phase change relation is A, 0.0000 0.00
plotted in Fig. 2. Non-self-consistent calculations predict that -00002 L=171"
| . occurs atp.= ar for bottf ScS and long SNS junctioriat oo, i A ; R
T=0).> However, the self-consistent analysis leads to a 30 20 -10 0 10 20 30
sharp deviation from these notioHfswhich is most con- Plane position along z-axis

spicuous in our SNS geometry with a single normal plane. In

theJong-junCtlon limit(e.g.,L =60a>£y) we find the usual 5¢(2) within the self-consistently modeled part of the clean SNS
¢.=m/2. The non-negligible\/ . also leads to a lowering of junction. The total phase change across the junctias the sum of

¢ [and a washing out of the discontinuities lii)) at T the pulk phase gradientL and the change iB$(z) along theN

=0], but comparison with non-self-consistent calculations,nterlayer, Eq.(2): ¢, at small supercurrent and, at the critical

which take such normal scattering into accotirghows that  junction current . At large enough junction thickness/panel(a)]

this is negligible compared to the impact of the self-the shape of¢(2) is just rescaled by the increase of the Josephson

consistency. current, while for smalleL the shape changes abruptly upon ap-
The macroscopic phase of the order paramei) var-  proachingl [panels(b) and(c)].

FIG. 3. Scaling of a spatial distribution of the phase deviation
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p(w,z) on the central plane of th&=10a junction, as
shown in Fig. 4. At zero Josephson current we find peaks in
the LDOS, which are of finite width, corresponding to An-
dreev bound statés(ABS's). Moreover, instead of a non-
zero LDOS all the way to the Fermi energy @t 0 (van-
ishing linearly asw—0), which stems from quasiparticles
traveling almost parallel to the SN boundary, a minigap
~A?/u is found which appears to be the consequence of
finite A/x induced scattering The quantized bound states
are the result of an electrofwith energy belowA) being
retroreflected into a hole at the SN interface, while a Cooper
air is injected into the superconductor and vice versa. The
ole is in turn transformed into an electron on the opposite
surface, so that in the semiclassical picture, a bound state
forms corresponding to a closed quasiparticle trajectogy,
an infinite loop of Andreev reflections electrerhole
—electram . .. ). Thetime-reversed ABS’s carry current in
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FIG. 4. Local density of states at the central plane of a clean 3
SNS junction(composed of ten normal plandssz10a) for differ-
ent supercurrent flowd:=0, I =1./4, andl=1./2. The peaks cor-
respond to Andreev bound staté&BS’s) confined within the N
region at energieE<A. For | #0, the degeneracy of right- and

left-moving electrons is lifted by a Doppler shift, giving rise to the h ite di . d th b d d
Josephson dc currepor at least part of i(Refs. 5 and 20. The the opposite direction, and the two bound states are degen-

minigap around the Fermi energy=0 in the N region appears to erate and decoupledf there is no interface scattering

be a result of a finite\/ w~0.03 generating normal scattering at the YWhen the phase gradient is set within the S leads, a phase
SN interfaces. change appears across the junctios., dc Josephson cur-

reny, and the degenerate ABS’s split due to the Doppler-
. o o shift. On the other hand, the minigap changes only slightly
long-junction limit. Thus,6¢(z) forms a “phase antidipole” ity increasing. The two Doppler-split peaks drift apart
(i.e., its spatial distribution has positive and negative part%onotonically until a bulk phase gradient corresponding to
opposite to that of the phase dipole, introduced in Ref, 20 | /2, when one of them reaches the BCS gap edge, while the
which is a self-consistent response to a supercurrent appliegtyer one approaches the minigap edge. The motion of the

-1.0 -0.5

in the bulk. From the scaling features of the spatial distribu-agg's for larger current runs into numerical problems that
tion of 5¢(z) we conclude that such counterintuitive phaseg,e gescribed in detail elsewhéfe.

pileup around the SN interface is generated by fidifgs
effects.
Finally, we examine the local density of stat@DOS)
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