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ABSTRACT

We develop the theory for nonresonant Raman scattering of strongly correlated electrons in time-resolved pump-
probe experiments. The electrons are initially pumped with an intense pulse of light and then a probe pulse
measures the Raman response function after an adjustable time delay. We describe how the width of the probe
pulse and the strength of the electron correlations affect the Raman cross section. The theory is developed
for the case of Biz symmetry, where incident and scattered light are polarized perpendicular to each other.
We illustrate the exact solution with the Falicov-Kimball model, which is solved via nonequilibrium dynamical
mean-field theory.

Keywords: Nonequilibrium Raman scattering, Nonequilibrium dynamical mean-field theory, Pump-probe spec-
troscopy, Strongly correlated electrons, Falicov-Kimball model

1. INTRODUCTION

Recently, there have been numerous pump-probe experiments, where an intense and ultrafast laser pump drives
an electronic system into a far from equilibrium state and then weaker probe pulses are applied to study the
system as it relaxes back to equilibrium.'™ Our interest is in developing theory for a wide range of different
pump-probe experiments performed on strongly correlated materials. Here, we focus on nonresonant electronic
Raman scattering. The Raman scattering cross section is an important probe of such materials because it provides
symmetry selective information about two-particle electronic excitations in the solid. While a theoretical descrip-
tion of the electronic Raman shift is well developed for strongly correlated materials in equilibrium,’ ® including
the nonresonant, mixed, and resonant processes, there is no theory for Raman scattering in nonequilibrium.
Recent pump-probe Raman scattering experiments on the phonons in graphite'® reveal a novel electron-phonon
relaxation pathway. That work encouraged us to develop the theory for pump-probe electronic Raman scattering.

We use the Falicov-Kimball model in our analysis because it is the simplest model of electron correlations'!

and it has an exact solution within dynamical mean-field theory (DMFT)!? (for a review see Ref. 13). The
many-body formalism for nonequilibrium DMFT is developed within the Kadanoff-Baym-Keldysh approach.' 1%
Details for how one solves nonequilibrium DMFT for the uniform phase of the Falicov-Kimball model have already
appeared.'® Here we generalize this theory to Raman scattering.
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2. FORMALISM

In nonequilibrium, the Hamiltonian explicitly depends on time. For concreteness, we examine the so-called
Falicov-Kimball model, which contains itinerant and localized electrons that mutually interact. The Hamiltonian
of this model is equal to:
H = {Unicnig — pmic + Egnigt = > _t(t)cle;, (1)
i ij
where n;,. = cjci and n;; = f; f; are the number operators of the itinerant (c¢) and localized (f) electrons,
respectively. The local term describes the Coulomb interaction between the localized and itinerant electrons on
the ith site, the chemical potential 1 of the c-electrons, and the site-energy Ey of the f-electrons. The nonlocal
kinetic-energy term of the Hamiltonian describes hopping of itinerant electrons between the nearest-neighbor
sites. The time-dependent hopping term describes the spatially uniform and time-varying electric pump via the
Peierls’ substitution. The vector potential enters into the hopping as follows:
RJ
—i [ drA(rt)
tij(t) = tije ™ : (2)

with R; the position vector for the ith lattice site. We ignore all magnetic field and relativistic effects in the pump
field, which violates Maxwell’s equation, but the violations should be small because the electric field dominates
the response. We work with a vector potential in the Hamiltonian gauge E(t) = —dA(t)/dt. To model a pump-
probe experiment, where the electromagnetic energy is delivered to material with a laser pulse, we choose the
pump field to be sinusoidally varying with a Gaussian envelope of the form

_G—tp)?

E(t) = Egcos (wy(t —tp))e 77 (3)

where Eg is the magnitude of the field at time ¢ = ¢,, (the maximum of the pump pulse), and w, and o, define the
frequency and width of the envelope of the pump pulse, respectively. We work in units where hi=c=e=a = 1.

In order to describe the time evolution of the system, we start the system in equilibrium at an initial temper-
ature T' = 1/, which is described by the density matrix exp(—fH(t — —o0)/Z, where Z = Trexp[—SH(t —
—00)] is the partition function. The system is evolved forward in time with the evolution operator (time-ordered
product) Ul(te,t1) = T; exp [—i f:f df?-[(f)] so that the state at time ¢, which was initially in an eigenstate |n) of
the Hamiltonian H(t — —o0), becomes

t

n(®) = U(t,~o)ln) = Trexp{ —i [ dit(@) pln). (4)

—00

The pump-probe experiment involves two pulses (the pump and the probe), so vector potential in Eq. (2) has
two terms A(t) = Apump(t) + Aprobe(t). The pump field A,ump(t) is large and is treated nonpertubatively,
while probe field Apione(t) is weak and its effect is expanded perturbatively. Raman scattering is a second order
process, so the nonresonant vertex includes two factors of the probe field. We analyze the problem by summing
the quantum states which include the Raman vertex acting at any time between the start and the end of the
experiment. The state evolves as follows:

Vo o
|77,(t - OO)> = 5 / dt U(oo’t)Aprobc(t)PyOcﬁ(t)Agrobe(t)U(tﬂ *OO)|7’L>, (5)
where U (ta,t1) is the evolution operator with just the pump field (the repeated indices o and S are summed

over). The factor 1/2 arises from the coupling strength, given by e?/(2h?c?) = 1/2 in our units. The stress
tensor operator y,5(t) is defined in the momentum representation by

de(k,t) &
ws) =S 20t and e(k,t) = — koo — A%, (1))
0 ﬁ( ) - dk‘adk‘g CrCx aln 6( ) @;COS( P p( )) (6)
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Figure 1. Kadanoff-Baym-Keldysh contour, which runs from time ¢min to time tmax and back and then along the imaginary

axis to tmin — 0.

Figure 2. Diagrammatic series for the nonresonant Raman scattering probability.

The standard second quantization representation of the probe field operator describes the creation and annihi-
lation of photons with frequency w and polarization e as follows:

} , 1 _t=te)?

t) = s(t)eq(e®tal + e ™), and s(t) = e b 7
(1) = s(t)ea ) 0= , (7)
where probe pulse envelope function s(¢) is a Gaussian of width o, which determines the resolution of the Raman
scattering—the larger o}, the higher the energy resolution and the lower the time resolution and vice versa. Below
we put ¢, = 0 and the time %, is the time delay of the probe pulse with respect to the pump pulse.

«
probe

Next, we develop formalism proposed by Nozieres and Abrahams'” to calculate the probability of Raman
scattering for the pumped system. The scattering amplitude is equal to the weighted sum of the mod square of
the final states in Eq. (5) weighted by the thermal factors and summed over all states. The total probability of
the Raman transition is defined by:

e—BEn
Ry =) ———(n(t = 00)[n(t — o0)). (8)

n

The probe functions that are in the probe vector potentials determine the time when the Raman scattering
occurs. In most experiments, we actually measure the probability as a function of the changed light frequency.
In this case, Nozieres and Abrahams'” showed that we need to compute the countour-ordered two-particle Green’s
function, which is built on two stress tensor operators

o~ BH(t——00)

RS (t,t') = —iTr Z

Tey()y(t) (9)
with times ¢ and ¢’ belonging to the Kadanoff-Baym-Keldysh contour'® !> in Fig. 1. We must place the times ¢
and t’ on the different branches of the contour with ¢ farther advanced than ¢'. This corresponds to definition
of the greater Green’s function RZ. (t,t') = —iTrexp(—fH(t — —o0))y(t)y(t')/Z. The diagrammatic series is
plotted in Fig. 2 and it consists of two terms: the bare and renormalized bubbles. The bubbles are constructed
from the greater G~ (t,t') = —iTrexp(—BH(t = —00))c(t)c(t')/Z and the lesser G<(¢,t') = iTrexp(—BH(t —
—00))c(t)ct (') Z single-particle Green’s functions, also defined on the contour in Fig. 1. Every apex in Fig. 2
brings a stress tensor factor, which contains the product of two polarization vectors. These are defined by
the symmetry of experiment and in this paper, we restrict ourselves to the B;, symmetry only. In this case,
the polarizations of incident and scattered light are equal to € = (1,1,1,...) and e/ = (—1,1,—1,...) and the
appropriate expression for stress tensor factor becomes

@08 (ko — A% (). (10)

pump

’}/Blg k t
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In DMFT an irreducible charge vertex is local and when we calculate the renormalized bubble, the summation
over momenta in Fig. 2 is applied to the product of two Green’s function and one factor of ¥p,, (k,t). Because
the result is the same in each spatial direction when the field is applied along the diagonal direction, the sum
vanishes due to the (—1)® factor, just like in equilibrium:®

D
\F Z Z:: * 08 (ko — Ay ()G (1,1) G (t, 1) = 0, (11)

note that this cancellation of vertex corrections does not arise due to a parity argument (which fails in nonequi-
librium), but from isotropy (which survives in nonequilibrium). Hence, we end up with a bare bubble which
includes the product of two Green’s functions and two stress tensor factors ¥p,, (k,?)yp,, (k,t"). To sum over
momenta k, we switch to an integration over energy with a Gaussian density of states p(e) = exp(—€2/t*2)/\/7,
which results in the following expression for the bare bubble:

*2
P55 o8 (ko — Ay (1)) €08 (Ko — Ay (1) (0, £)Gi (1)
k a=1
t*Q 3 B
= 5 ¢08 (Apump (t) = Apump(t')) [ de [ dep(e) p(€)Ge(t ) GEAT', 1), (12)
D
where € = é(k,t) = —t* Z sin (ko — Afymp(t))/ V/D. We have assumed a field applied in the diagonal direction

o=
so that A* = A is independent of the spatial direction. Finally, one needs to average the Raman scattering
probability over the photon states with appropriate envelope functions s(t) from Eq. (7) and then perform
the Fourier transform from the time representation to the frequency representation. We determine the final
expression for the nonresonant Raman scattering cross-section in the B, channel to be

t*2
RE, (2,10 /dt / dt's )2 cos (Apump (1) — Apump /de/dep OGZ(t,t)G(t 1),
(13)
where Q) is frequency shift during scattering. Since each probe field operator in Eq. (8) has an envelope function
s(t), it arises squared in the final formula above (the probe pulses are centered at ty). This suppresses the Raman
signal significantly compared to what is observed in equilibrium.

In addition to the cross-section, we can examine the Raman response function. In equilibrium, the Raman
cross-section is defined straightforwardly from the response function, which corresponds to the retarded Raman
Green’s function (which also defines the density of states). In nonequillibrium, the response function can be
defined either from the difference of the Stokes and anti-Stokes contributions to the Raman scattering cross-
section

?\f(Q’tO) = Rglg(Q’tO) - Rglg(*ﬂato)v (14)
which gives an antisymmetric response function by its definition, or directly from the retarded Green’s function

t*2

<05 (Apump(t) — Apump(t) [ de [ deple,)

1 _
R"(t,t) = 5 [R<(t,t') — R>(t,t') + R'(t,t') — R'(t,t")] =
1 _ _

X 5 [G:E(ta t/)G;E(t/7 t) - Gzé(ta t/)Ge<.,€(t/7 t) + GE,E(ta t/)Gi,E(t/’ t) - GE,E(ta t/)Gi,E(t/a t)] ) (15)

where indexes t and t correspond to time- and anti-time ordering on the Kadanoff-Baym-Keldysh contour, respec-
tively. Then, the corresponding response function (two-particle density of states) in the frequency representation
is equal to:

v (Q,t0) = ——Im—/dt/dt )i I Rr (1), (16)

We end up with a single-particle contour-ordered Green’s function, which we calculate within the DMFT ap-
proach. A complete derivation of the DMFT procedure in nonequilibrium has already appeared!® for the Falicov-
Kimball model. We discretize the time interval using three different discretizations At and the final result is
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Figure 3. (Color online.) Response functions x% (£2,t0) (solid line) vs xn (€2, t0) (dashed line) for U = 0.5 and T'= 0.1 at
different times ¢tp. The maximum of the pump pulse occurs at time top = 0. The left panel corresponds to a wider width of
the probe pulse 0, = 12, and right panel corresponds to a narrower width of the probe pulse o, = 7. These are the results
of the quadratic extrapolation with time discretizations of At = 0.066,0.05,0.033. Note that the two possible forms for
the response function agree.

found as the Lagrange extrapolation onto the continuous case with At — 0. Formally, one has to integrate
over the time interval from —oo to 400 in Egs. (13, 16), but due to our limited computation resources, we
restrict ourselves within a time interval (¢,¢") € [—20,20]. This is justified due to the finite extent of the probe
envelope functions. To check our results, we verify the spectral moment sum rules which continue to hold in
nonequilibrium.® 19

3. DISCUSSION

We perform our calculations for the spinless Falicov-Kimball model. This model describes the metal-Mott-
insulator transition which occurs at the critical Coulomb interaction U = /2. We investigate metallic and
Mott-insulator phases along with the critical Mott-insulator. In Figs. 3-5 we present results for the response
function xn(€2,t0) obtained from Eq. (14) and Eq. (16) at the initial temperature T' = 0.1 with different widths
of the probe pulse o, and at different time-delays ¢y of the probe pulse with respect to the pump pulse. In our
calculations, we choose the pump pulse of magnitude Ey = 30 with a frequency w, = 0.5 and a width o, =5 (to
satisfy the sum rules for the discretizations we can calculate, one needs to apply a large pump field'?).

In Fig. 3, we plot the response function x%’ (€2, o) obtained from Eq. (14) (solid line) and the response function
X~ (2, tg) from Eq. (16) (dashed line) for the metallic phase with U = 0.5. Different colors correspond to different
times ty with respect to the pump pulse, whose maximum occurs at tg = 0. Since all curves obtained from the
two different expressions coincide, we conclude that one can continue to calculate the Raman cross-section
(correlation function) from the response function (retarded Green’s function) for the nonresonant contribution
in the Bi, channel in nonequilibrium. The magnitude of the response function is significantly suppressed during
the pump pulse at times from ¢y = —4 to ¢y = 4 and its structure is changed from single-peak-like (e.g. around
Q = U for positive frequencies) to complicated oscillations. At later times, tg = 10, 20, when the pump is gone,
the structure of the response function recovers but the magnitude remains suppressed with respect to the initial
one. The width of the probe pulse impacts the response function significantly. The broader probe pulse, with
op = 12 (left panel in Fig. 3), results in a higher energy resolution with many-peaks seen during the pump pulse,
while it is much smoother in the case of a narrower probe width o, = 7 (right panel). At the same time, the
magnitude of the response function is twice as large for the narrow probe pulse than the broad one.

Similarly, in Fig. 4, we compare the response functions x% (€, %) and xn (£, %) for the near critical Mott-
insulator phase with U = 1.5 (when a gap appears in the equilibrium density of states). Two differences appear
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Figure 4. (Color online.) Response functions x%(£2,to) (solid line) vs xn (€2, ¢0) (dashed line) for U = 1.5 and 7' = 0.1
at different times to. The maximum of the pump pulse occurs at the time to = 0. The left panel corresponds to a wider
width of the probe pulse o, = 12, and the right panel corresponds to a narrower width of the probe pulse o, = 7. These
are the results of the quadratic extrapolation with time discretizations of At = 0.05,0.033,0.025.

in this case. First, the response function is heavily suppressed by the pump field and becomes almost flat during
times from tg = —4 to ty = 4. It does not recover even after the pump is gone. Second, the slope of the response
function at zero frequency changes its sign at time tg = 0 (the pump pulse reaches its maximum), and remains
even after the pump is gone. This behavior of the response function is specific for this near critical Mott-insulator
case.

Finally, in Fig. 5, we present our results for U = 2.0, when the system is in the Mott insulating state in
equilibrium, with a well developed pseudogap in the density of states of width of ~ U — 1.5. In contrast to
the previous case of the critical Mott-insulator, the response function demonstrates a complicated oscillating
structure for times when the pump field is near its maximum. This complicated structure is seen for both the
wide o, = 12 and narrow o, = 7 widths of the probe pulse. The slope of the response function at zero frequency
also changes its sign at time tg = 0, but in contrast to the previous case, it does not remain but changes back to
its initial slope at later times, when the pump is gone.

4. CONCLUSIONS

In this work, we described the general formalism for how to solve for the nonresonant Raman scattering in the By,
symmetry channel. For concreteness, we chose to examine the Falicov-Kimball model. We derived analytical
expressions for the nonresonant Raman scattering cross-section and the response function. We showed that
antisymmetric response functions obtained from two different approaches are equal, which allows us to declare
that the connection between the Raman cross-section and the response function holds both in equilibrium and in
nonequilibrium. We studied how the nonresonant Raman scattering response function depends on the parameters
of the model and of the pump and probe pulses.
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Figure 5. (Color online.) Response functions x% (£2,to) (solid line) vs xn (€2, ¢0) (dashed line) for U = 2.0 and 7' = 0.1
at different times to. Maximum of the pump pulse occurs at time to = 0. Left panel corresponds to wider width of the
probe pulse o, = 12, and right panel corresponds to narrower width of the probe pulse o, = 7. These are the results of
the quadratic extrapolation with time discretizations of At = 0.027,0.022,0.02.
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