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Abstract

Exactly solvable models of clectron comrelations in solid state physics are
presented. These models include the spizless Falicov-Kimball model, the t-r' =/
model, and the Hubbard model. The spinless Falicov-Kimball model is analyzed in
one-dimension. Perturbation theory and numerical techniques are employed to deter-
mine the phase diagram at zero temperature. A fractal structure is found where the
ground-state changes (discontinuously) at each rational electron filling. The r—1'—J
model (strongly interacting limit of a Hubbard model) is studied on eight-site small
clusters in the simple-cubic, body-centered-cubic, face-centered-cubic, and square lat-
tices. Symmetry is used to simplify the problem and determine the exact many-body
wavefunctions. Ground states are found that exhibit magnetic order or heavy-
fermionic character. Attempts to extrapolate to the thermodynamic limit are also
made, The Hubbard model is examined on an eight-site square-lattice cluster in the
presence of and in the absence of a "magnetic ficld" that couples only to orbital

motion. A new magnetic phase is discovered for the ordinary Hubbard model at haif-



filling. In the "magnetic field" case, it is found that the srongly frustrated Heisenberg
model may be swdied from adiabatic continuation of a tight-binding model (from weak
to strong coupling) at one point The full symmetries of the Hamiltonian are utilized
to make the exact diagonalization feasible. Finally, the presence of "hidden" extra
symmetry for finite size clusters with periodic boundary conditions is analyzed for a
variety of clusters. Moderately sized systems allow nonrigid transformations that map
a lattice onto itself preserving its neighbor structure; similar operations are not present
in smaller or larger systems. The additional symmetry requires particular representa-
dons of the space group to stick together explaining many puzzling degeneracies found

in exact diagonalization studies.
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Chapter I: Introduction

L1 Overview of the Many-Body Problem

The many-body problem constitutes the quantum-mechanical problem of a system
with a large number of mutually interacting particles. Its solutions are rich in structure
and complex, having applications to many areas in physics and chemistry. The
essence of the many-body problem involves the study of correlated motions of parti-
cles; i.e., the response of the other particles in the system to the motion of a given
particle.

There are many examples of physical phenomena that originate from the corre-
lated motion of electrons. The simplest example is of Van der Waals forces berween
neutral atoms. When two atoms are brought close together, the electronic charge cloud
of cne atom interacts with the charge cloud of the other so that the electrons avoid
each other. This correlated motion of the electrons produces fluctuating dipole
moments on each atom that attract each other with a potential that depends on the
inverse sixth power of the distance between the atoms. Another example is an exciton
in a semiconductor. An exciton is formed by the correlated motion of an electron in 2
conduction band and a hole in the valence band that allow the particles to bind
together into a complex. A third example is that of a (Mon-Anderson) insulator. Con-
sider a crystal composed of ions that have one conduction electron per site and a
strong electron-electron interaction that forbids more than one electron on any ion at
any time. Band theory (which neglects the electron-electron interaction) predicts that
the material is a metal with a half-filled conduction band. When electron currelations
are taken into account, the material is a perfect insulator, since the electrons are
"frozen" at each lattice site.

Approximation methods must be used, in general, to try to understand the many-

body problem. The simplest approximation is to assume the particles are independent



of one another (although they may interact with a common external potential), the
independent-particle (or single-particle) picture. Residual particle-particle interactions
may then be added in a self-consistent manner. The independent-particle model
neglects correlations between particles, but can be explicitly solved. The problem of
treating particle correlations on the same footing as the external interactions is a

difficult one that has occupied physicists for more than 50 years.

An analogy to the difference in difficulty between the single-particle apprcach
and the full many-body problem can be made with two childhood puzzles: the square
alphabet puzzle and Rubik’s cube. The object of the square alphabet puzzle is to
arrange 24 interlocked plastic tiles, each with a letter of the alphabet on it, into alpha-
betic order on a 5 x 5 square. The Rubik’s cube puzzle has a 53 x 3 x 3 cube, with
each elementary square face colored in one of six colors, that must be rearranged so
that each side of the full cube is one color. There are two methods to use in solving
the problem. The first method is analogous to the independent-particle picture. The
puzzle is disasserabled, the pieces are sorted, and the puzzle is reassembled in solved
form. In this solution, cach picce of the puzzle is treated independently and the only
difficulty is figuring out how to take the puzzle apart and put it back together again.
The second method is analogous to the full many-body problem. One figures out how
to move individual pieces of the puzzle from one spot to another, taking into account
the “correlated” motion of all the other picces, in such a fashion as to completely solve
the puzzle. Although both methods yield the same final result, the first method is
viewed as a cheat and the second as an elegant solution {even though it is much more
difficult). The many-body problem is not as cut and dry as this example suggests —
the independent-particle solution usually does not agree with the full many-body solu-
tion (due to correlation effects) and the determination of the full many-body solution

can be prohibitively more difficult than the indepencznt-particle solution.



1.2 Models of Electron Correlation

One of the most popular models for strong electron correlations in solid state
physics is the Hubbard model! and its approximations. Originally introduced in the
carly 1960’s, the Hubbard model consists of two interactions: a tight-binding (hopping)
term that models the kinetic energy in a solid and a short-range (oa-sitz) Coulcnb
interactior term that models the screered electror-electron repulsion in a metal. ‘The

single-band Hubbard Hamiltonian is

Hyop = = Z lijo b ¢ig +U Z LIRS S (1.1)

ijio i
where ]y [c;o] creates [annihilates] a localized (Wannier) electron, with z-component
of spin o, at site i, mg= c,-’; Cig is the corresponding number operator, f;¢ is the
tight-binding (hopping) maui.x, and U is the on-site Coulomb interaction.

The Hubbard model (and its multi-band generalization) was introduced @0
describe electronic systerns in narrow-band materials such as transition metals. It has
a deceptively simple Hamiltonian constructzd from two noncommuting terms that can
be explicitly diagonalized scparately (in momentum space for the hopping term) but
defy genera! solution when combined together. ‘The model has been solved exactly in
one-dimension using the Bethe ansatz by Lieb and Wu.2 However, the wavefunctions
are so complex that, even after twenty years of research, their properties have not beea
completely determined3 The Hubbard model is diagonalized exactly for an eight-site
system in Chapter IV,

There is an interesting map of the many-body Hubbard Hamiltonian (1.1) onto an
effective tight-binding model that is noninteracting® (see below for an example). The
“lattice” points denote each of the linearly independent basis states of the many-body
Hilbert space. The "lattice connectivity” is determined by how each stats is mapped
into one another by the Hubbard Hamiltonian. The result is an effective tight-binding

model (including on-site terms) thai can be trivially diagonalized in theory. In



practice, the probiem becomes intractable for a large system since the effective lattice
does not have simple periodic symmetry. Ia other words, the mapping to an effective
lattice model indicates that the Hubbard Hamiltonian matrix is a large
[exp(10%) x exp(10%)] and sparse (only many-body states with N=1, N, or N +1
doubly occupied sites are coupled to a state with N doubly occupied sit2s) matrix but
it cannot be reduced to a very small matrix by symmetry alone (as is done in the pho-
non problem with the dynamical mauil‘k‘and Bloch’s theorem).

There are two approximations to the Hubbard Hamiltonian that are commonly
studied: the spinless Falicov-Kimball model® and the -/ model.® Both approxima-
tons arise from different limiting forms of (1.1).

The spinless Falicov-Kimball model® results when the Hubbard Hamiltonian is
generalized to have spin-dependent hopping (1;;1##;) and the limit of infinitely mas-
sive spiu-down electrons is taken (1;y — 0). The spin-up electrons are independent of
one another and have an on-site interaction with the spin-down electrons that are
frozen in a particular configuration on the lattice. If a classical variable W; is defined
to be one [zero] if the ith site is occupied [unoccupied] by a spin-down electron, then
the spinless Falicov-Kimball model is described by the following Hamiltonian

Hpx=-3 ticle; +UY mW;, 1.2)

ij i

where the (up) spin subscript has been dropped for convenience. The many-body phy-
sics enters by a minimization process where the ground-state configuration {W;} is
determined as the configuration (with fixed static-particle number) that minimizes the
total energy of the itinerant particles. This model has many different physical interpre-
tations. It was originally introduced® to describe metal-insulator transitions in rare-
earth and transition-metal compounds. The itinerant particles correspond to conduction
electrons and the static particles to the localized (d- or f-) electrons. It has subse-

quently been used to describe electron-induced crystallization’ where the static



particles are now interpreted as ions. The one-dimensional version of the spinless
Falicov-Kimball model is studied in Chapter IL

The t=J model® is the strong-coupling limit (U — o} of the Hubbard model.
The full Hilbert space of the Hubbard model is truncated to a Hilbert space that does
not include any of the many-body states that have more than one electron por site. In
other words, the electrons satisfy a “super” Pauli principle that forbids two electrons
with the same spin or opposite spin from occupying the same localized orbital. Resi-
dual ’mteractions arise from Anderson’s superexchange® and correspond to a nearest-
neighbor Heisenberg antiferromagnet. The t~J Hamiltonian is derived from a cancni-
cal transformation®® of (1.1) that projects out doubly occupied states. The result is (to

second order)

Ht—] = - Z tij (1_"1'—0) ci’; cju (l—nj_g) + Z Jij S,‘ . S" , (1.3)

i.j;o ij 7
when three-site interactions are neglected. The r-J model is examined for a variety of
geometries in Chapter Il

In order to make contact with macroscopic (real) systems, the many-body prob-
lem must be solved in the thermodynamic limit (number of particles — o). This is
not possible in general, so approximation schemes must be undertaken. The approxi-
mation schemes (see below) fall into two broad categories — the perturbation
approach!® and the small-cluster approach.!! The perturbation approach takes the ther-
modynamic limit of an independent-particle system and then treats the interactions
(usually in an approxirﬂatc fashion). This first approach depends on the applicability
of adiabatic continuation: as the interactions are slowly turned on, the ground state
evolves from an independent-particle ground state to the many-body ground state ir a
smooth fashion without passing through any phase boundaries. The small-cluster
approach starts with a finite system and solves (exactly or approximately) for the

many-body solution. These solutions are then extrapolated for larger and larger
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systems to reach the thermodynamic limit. This second approach is subject to many
uncontrollable finite-size effects that make the extrapolation pracess very difficult.

The difference between these two approaches lies in the different order that limits
are taken. The perturbation approach works with a large aumber of particles then
turns on the particle-particle interaction, whereas the small-cluster approach first turns
on the particle-particle interactions and then lets the system grow. In an ideal situa-
tion, both approaches would be e» licitly solvable and the two solutions would agree
(indicating that the order of taking limits is not important). However, whether or not
this holds in general is unknown, since neither means of solution can be carried out,
for most systems, to suitable limits.

Electrons in metals form an example to the perturbation approach.!® In the
independent-particle (one-electron) picture, the electrons fill every one-electron level of
the metallic band structure that lie below the Fermi energy. The Fermi surface is the
(multiply) connected surface that separates, in k-space, occupied and unoccupied
states. The electron filling is a step function in one-electron-energy space (see Fig.
1.1). When interactions between the electrons are slowly turned on, the electron filling
is modified, with some previously occupied states being emptied and some previously
empty states being filled. If perturbation theory is valid;!2 i.e., the many-body ground
state is adiabatically connected to the one-clectron ground state, then the distribution is
changed (see Fig. 1.1) but a discontinuity in k-space still exists that defines the Fermi
surface. The volume enclosed by the Fermi surface, before and after the interactions
are turned on, is unchanged. Elementary excitations (quasi-electrons, quasi-hol=s) are
well-defined near the Fermi surface. These excitations are dressed elecwons and holes
that correspond to a bare (real) particle clothed by its screening cloud. The quasiparti-
cles have very small residual interactions between one another and are well-defined
because they have long lifetimes. The analysis of this quasiparticle system is called

Fermi liquid theory and was originally proposed by Landau.!3



The two-site Hubbard model (Hydrogen molecule) is the simplest example of the
small-cluster approach. It was solved independently by Harris and Lange® and Falicov
and Harris.!* It corresponds to the Hubbard Hamiltonian (1.1) with i and j running
over 1 and 2 only and #;95 = t;;5=¢. The one and three electron problems are ident-
ical to the independent-particle solution so only the half-filled case of two electrons is
considered. The Hamiltonian is spin-rotationally symmetric so the many-body eigen-
states can be classified according to their total spin (§ = 0 or 1). Without loss of gen-
erality, the problem can be rustricted to S; = 0. There are four many-body eigen-
states:

N>=cfrefyto>=TL 0 ;

12>=checfi10>=0 TL ;

13>=cfrefyto>=T |

14>=chrefilo>=1 T . 1.4
The effective tight-binding model* is illustrated schemarically in Fig. 1.2.

The spin symmetry has not been taken into account yet. Neither has the spatial
symmewy P that perrnutes sites 1 and 2. Wavefunctions can be classified as being
even or odd under the operation P. Changing basis functions to those that have

definite spin and spatial symmetry produces

Ia>=—12-(ll>+l2>), even, $=0 ,

5

Ib>=-—é(l1>-l2>), odd, 5=0 ,

Ic>=—j—i-(l3>+l4>), even, §=0

—L — =
ld>= 1 (13>-14>), odd, S=1 . (1.5

Note that the assignment of spin to the states Ic > and id > is not incorrect. It arises



from the convention of labeling many-body states. In particular, if the spin-lowering
operator is applied to the § =1, S; =1 cigenstate
S_cfredr 10> = (efyerr + cfican) cfredr 10>
=13>—14>=21d> , 1.6)
then the § =1, Sz =0 eigenstate results, as claimed. The only states that can be mixed

by the Hamilionian are la > and l¢ > (1& > and |d > are eigenstates with eigenvalues

U and O respectively). The reduced Hamiltonian block is

- -2
[_g‘ Fo ] an
for the [a>, |c> subspace with eigenvalues
Et=—i—VU2+161 . (1.8)

The ground state has energy £_, zero spin, and is even under P. Note that by taking

full advantage of the symmeiry, the problem was reduced to a trivial one.

1.3 Methods of Solution

There are many different techniques that have been applied to find exact or
approximate solutions to the many-body problem. A comprehensive (but not exhaus-
tive) list is given below of the different methods that have been applied to Fermi sys-
tems in solid-state physics. The techniques have been grouped into categories that
denote the types of methods that are used. These designations are somewhat arbitrary

and are not exclusive, as some techniques fall into more than one category.
(i) Direct perturbative methods

Perturbation theory can take on many different forms but all methods are based
on the assumption that interactions are "small” in comparison to the unperturbed sys-

tem. Direct perrurbation theory!® (Rayleigh-Schidinger perturbation theory) has
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notorious difficulties when applied to the many-body problem!® with calculated results
diverging to ail orders (this arises in part because the perturbation series tends to be an
asymptotic series rather than a Taylor series). Wigner-Brillonin perturbation theoryl®
produces energies that are solutons of algebraic equations but it generally yields
results that are less accurate than the Rayleigh-Schriddinger series.

One promising method produces eigenvalue expansions in the form of continued
fractions (a special case of Padé approximations) and is called the projection method.!?
It is based on similar techniques used in statistical mechanics called the memory-
function formalism.!® High-order cxpansions are difficult because they involve compli-
cated cumulant averages of operators, but low-order results produce quite accurate
energies.

(ii) Diagrammatic methods

Diagrammatic methods use powerful techniques of partially summing infinite
series of diagrams (comresponding to infinite-order summations of perturbation series)
to eliminate spurious divergences of direct perturbation theory. Diagrammatic expan-
sions are based strongly on the concept of adiabatic (analytic) continuation from a
noninteracting systern to a strongly interacting system (i.e., the perturbation series can
be summed and analytically continued if handled "properly"). Dyson’s equation’® is
the principle means used to extract information from the diagrammatic expansion. To
illustrate consider the geometric series F (x)

Fix) = i x" = 1+xF@) . (1.9)
n=0
The seccad equality is the simplest form of a Dyson equation that can be solved
F(x) = 1/(1-x). The power series only converges for Ix | < 1, but the Dyson equa-
tion produces the correct analytic continuation of the power series for all x = 1.
Diagrammatic methods have been quite successful in a low-density Fermi sys-

tem!® (the ladder approximation) and in the high-density Fermi system?? (the random-
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phase approximation). These methods can be pushed further by self-consistently
renormalizing the diagrams!® to calculate the residual interactions between dressed par-
ticles.
(iii) Uncontrolled methods

Uncontrolled methods are all based on approximations that have no internal test
for how important a role the neglected terms make to the solution. The variatonal
method is one of the most popular uncontrolled approximations. In the variational
approach the many-body ground state is approximated by a trial state which produces
an upper bound to the ground-state energy. Unfortunately, the variational method is
more of an art than a science, since the end results are only as good as the input trial

states.

The simplest variational approximation is the Hartree-Fock approximation?!

whose trial state is a Slater determinant of independent-particle wavefunctions. This
variational calculation can be viewed as a mean-field theory in the following sense:
each particle interacts (self-consistently) with the gverage field of the other particles
and particle-particle correlations are neglected. The Bardeen-Cooper-Schrieffer
theory?? of superconductivity is another variational method that is a mean-field theory.
It agrees extremely well with experimental results for conventional superconductors.
Other variational approaches include projective methods (such as the Gutzwiller®
approach) that create trial variational states by continuously interpolating between
wavefunctions that satisfy the Pauli principle and wavefunctions that satisfy the super
Pauli principle. Laughlin’s theory for the fractional quantum Hall effect?* illustrates
the “artistic” side to the variational method: the trial state is a blind guess that pro-
duces remarkable agreement with experiment.

Slave-boson and slave-fermion theories?* are mean-field theories that have been a
popular approach to the stongly coupled limit of the Hubbard model. Auxiliary

bosonic or fermionic fields are introduced to enforce the constraint of no double
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occupation of sites (as required by the 7—J model) but all particle-particle correlations
are neglected.

Density functional theory?® (and the more recemt quantum Momte Carlo
methods?’) have proven themselves as powerful approximations for calculating proper-
ties of real materials. The local-density-approximation®® to density-functional theory is
an uncontrolled approximation that replaces a functional of the electron density by a
JSunction of the electron density, yet it is the statc-of-the-art method for band structure
calculations that produces remarkable results when combined with the so-called GW
approximation” for the quasiparticle excitations.

Other uncontrolled approximations introduce large dimensionalities (in real or
internal space) and expand solutions around the infinite-dimensional result. The large-
N method?® for spin systems replaces SU(2) spin operators by SU (W) operators in the
limit N — e and calculates corrections to order 1/N. The large-D method?! for
strongly coupled particles on a lattice replaces a three-dimensional lattice by a D-
dimensional lattice in the limit D — e and calculates corrections to order 1/D. Both
of these methods produce promising results but it is unclear if the expansions are valid
for small (physical) dimensions.

(iv) Phenomenological methods

Fermi liquid theory'® is the best example of a phenomenological theory that
assumes quasiparticles exist and bave weak residual interactions. Physical phenomsna
can then be predicted for a wide variety of experiments once a few phenomenological
parameters are determined. Phenomenological methods can have nice predictive
powers for specific experiments, but they lack direction for insight into microscopic

mechanisms, or power of calculation of the parameters that define them.
(v) Direct methods

Direct methods are based on direct manipuladon of the many-body Hamiltonian.

The equation-of-motion technique!®? calculates the time-evolution of operators from



12

the canonical equations of motion
ih—0, = [!"7 0, I . 1.10;
it op »“op ( . )

These equations frequently link tngether an infinite number of operators in a chain of
coupled differential equations. The standard solution-technique is to decouple the
infinite chain after a finite length and explicitly solve the reduced problem.

Another direct method is that of Monte Carlo simulations.’2 Moderately sized
svsterrs are set up with random initial conditions and allowed to evolve in time (under
the action of the Hamiltonian) to their ground state. Finite-size effects enter in an
uncontrolled fashion and simulations are also hampered by slow evolutions 0 the
ground state.

(vi) Exact solution methods

Exact solutions are the most powerful technique (since no approximations a.ré
made) but they rarely occur in the thermodynamic limit. The most common problems
that are exactly solvable are one-dimensional or quasi-one-dimensional systems. A
Bethe lattice (Cayley tree) is an example of a quasi-qne-dimensional system: it is a
tree where each node has z branches extending out of it. It resembles higher-
dimensional structures since the coordination number of each lattice site is larger than
two, but there are no closed loops and the surface-to-volume ratio does not vanish in
the limit of an infinite lattice. Exact solutions require the use of the Bethe ansaz®>
or the renormalized-perturbation-expansion®® for Green’s function. The latter method
is used in Chapter II. ’

Another class of many-body Hamiltonians that can be exactly solved is the class
whose Hamiltonian has at most terms that are quadratic in the creation and annihilation
operators. Canonical transformations can always be found that diagonalize the Hamil-

tonian in this case.
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Exact solutions are also possible by direct diagonalization of the many-body prob-
lem on small systems — the so-called small-cluster technique.!! This method suffers
from uncontrolled finite-size effects and cannot be extrapolated to the thermodynamic
limit in any obvious way. The small-cluster technique is used in Chapiers II and IV.
The appendix includes a detailed description of the algorithms used to incorporate the
full symmetry group of the Hamiltonian in its exact diagonalization.

1.4 Summary

Analysis of the symmetries and invariances of the many-body Hamiltonian is a
very poweriul weapon in the many-body physicists arsenal. The consequences of the
symmetry group of the Hamiltonian are rigorous, exact results that do not depend on
any approximation scheme. Symmetry is also used to reduce a large (intractable)
problem to a smaller (manageable) one. This contribution utilizes the full symmetry of
the Hamiltonian as a guiding principle to determine the exacr solution of model
many-body problems.

The mathematical models are abstracted from physical systems and simplified in
order to make it feasible to find their exact solution. The hope is that the essence of
the underlying physical mechanisms (that determine the strongly interacting
phenomena in real materials) are captured by these simplified models. In this sense,
the microscopic physics can be qualitatively understood by studying the many-body
solutions of the abstract models.

Why do most solids crystallize in a periodic structure and what role do particle-
particle correlations play in determining these periodic structures? This is one of the
most fundamental questions of solid state physics that remains unanswered. There are
many other related questions in the context of the alloy problem; e.g., why do certain
combinations of elements form ordered solid solutions, others form solutions that are

disordered, and still others not form solutions at all? It is very difficult to incorporate
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the quantum-mechanical problem of solubility with the thermodynamic problem of ord-
ering and include many-body interactions into one self-consistent theory.

Chapter II of this contribution makes inroads into these questions of lattice forma-
tion and stable alloy phase formation for a very simple model® — the one-
diraensional version of the Falicov-Kimball model for spinless electrons (1.2). This
model describes a one-dimensional crystal or, equivalently, a one-dimensional binary
alloy. Many-body interactions play a crucial role, determining periodic lattice-
structures or segregated alloy phases, as a functon of electron concentraton and
electron-ion interaction strength. The renommalized-perturbation-expansion is used to
find the exact ground-state energies in the thermodynamic limit. Phase diagrams are
calculated for specific examples. The numerical results are extrapolated to gqualita-
tively determine the complete solution.

Chapter I discusses the strongly interacting limit of the Hubbard model (the r—J
model) on eight-site small clusters with cubic {and square] geometries.”® The s—J
model (1.3) is used to describe materials that sustain long-range magnetic order or
heavy-fermionic behavior. Transition metals (Fe, Co, Ni) form itinerant ferromag-
nets; i.e., the magnetism arises from mobile electrons and their correlations with one
another. Transition-metal oxides and hatides (NMiQ, Nil;) tend to be antiferromagnetic
(Mott-Anderson) insulators. Lanthanide or actinide compounds (CeCug, UPt3, UBe,3)
display physical properties of a system with a huge electronic effective mass (large
density-of-states at the Fermi level). These so-called heavy-fermion materials have
gigantic coefficients to the lincar term in the specific heat, large magnetic susceptibili-
des, (poor) metallic conductivity, and may become superconducting. The r-J model
includes many-body solutions that exhibit (qualitatively) the same physical phenomena.
The small-cluster approach is used to exactly diagonalize the -/ model for a variety
of different systems and determine how important a role geometry z.:d electron corre-

lation plays in determining these properties.
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In Chapter IV, some aspects of the resonating-valence-bond model of high-
temperature superconductivity are studied for (generalized) Hubbard models in ficti-
cious magnetic fields®? (that couple only to orbital motion). The premise of these
theories is that the half-filled band Mott-insulating state does not sustain long-range
order but is "liquid-like" with short-range antiferromagnetic correlations. The super-
conducting state arises when the system is doped to inclnde charge carriers. The Hub-
bard Hamiltonian is exactly diagonalized for an eight-site square-lattice cluster (that
approximates the CuQ, planes in the new superconductors) and the applicability of
adiabatic continuation from weak-coupling to strong-coupling is analyzed. It is found
that a strongly frustrated Heisenberg antiferromagnet can be studied as the Gutzwiller-
projected limit of a tight-binding model at only one point in the phase diagram (in a
suitable magnpetic field). It is unknown whether ¢r not this phenomenon survives in
the thermodynamic limit. A novel mechanism for producing (macroscopic) magnetic

moments in a half-filled band is also discovered for a strongly frustrated system.

The final chapter describes hidden symmetries of finite clusters with periodic
boundary conditions.®® The transition from a self-contained (isolated) cluster to an
infinite lattice passes through an intermediate region where the system has extra sym-
mety. These extra symmetry operations correspond to nonrigid transformations that
map the lattice onto itself. The presence of this additional symmetry produces sticking
together of many-body energy levels (that have different spatial symmeiries) thereby
explaining many puzzling degeneracies fourd in exact-diagonalization studies. The
presence of a large symmetry group allows some moderately sized many-body Hamil-
tonia to be analytically diagonalized.
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15 Appendix: Algorithms for Exact-Diagonalization Studies

The incorporation of symmetry and the calculation of reduced Hamiltonian blocks
for the Hubbard mode! (and its generalizations) is a straightforward process that
rapidly becomes tedious. Computer algorithms are utilized to perform this algebraic
task exactly to prevent errors and to make calculations on larger systems feasible. A
set of powerful FORTRAN codes have been written to calculate the Hamiltonian in
(symmetrized) block-diagonal form for the single-band Hubbard model or the t=/
model on arbitrary lattices (with a size of up to 16 sites). Some of the ccdes are based
upon the work® of Ariel Reich.

The matrix-element theorem*® (generalized Unsbld thcorem) guarantees that a
Hamiltonian is in block-diagonal form (with no mixing between blocks that have
different symmetry) when it is expanded in a coordinate basis consisting of functions
that have definite symmetry. Two types of symmetry are taken into account: spatial
symmetry and spin symmetry. Basis functions with definite symmetry transform as the
(1,1) matrix elements of an immeducible representation of the cluster-permutation group
(see Chapter V) and form spin-multiplets (with mg = §). Projection operators are used
on a "seed” state to produce the functions with definite symmetry.

The spin symmetry is constructed in a brute-force fashion. A bootstrap process is
employed, wherein total-spin eigenvectors for N+1 electrons are built from the eigen-
states for N clectrons, according to the following rules (a state denoted by IS,mg>

has tctal spin § and total z-component of spin mg):

11 _
IS+—2,S+2>—IS,S>®IT> s

1 1 1 25

—, §t> = —— |8,8-1 tT> = 1S, ,
P§—3 8= > o S-1>® 1 T> mSS>®Il>
|S—;,S——;—>e¢ [S_15,5>1@1T>-2515,5>8 14> , (L)

where §_ is the total-spin lowering operator
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S_18,mg> = BiN(S+mg)(S-ms+1) 1 §, mg~1> , (1.12)

and the last line (unnormalized state) shows that all of the coefficients can be stored as

integers and be normalized later. The recursion starts with the spin-up stare
11 T
_— = >,

| 25> ]

This method of gencrating total-spin eigenstates in a localized basis is cumber-
some for a large number of particles. The memeory space required for 1€ particles is
prohibitively large. A better method has been recently suggested®! by R. Saito (but
has not be=n incorporated yet into the routines): the tctal-spin eigenstates can he
stored in a dimer notation with each dimer covresponding to a spin-singlet or a spin-
triplet pair. The dimers are arranged in the form of noncrossed bond diagrams accord-
ing to the Young tableau (permutation-symmetry icpresentations) corresponding to a
total-spin eigenstate (the Young tableaux contain one or two rows with the total spin
equal to half the number of columns m the first row minus half the number of columns
in the second row). This procedure is a much more compact method for generating
and storing wtal-spin eigenstates.

The spatial projection operators are also easily gencratec. They are constructed
from the (1,1) matrix elements of each irreducible represcntation of the cluster-
permutation group in the standard fashion.”2 Computer codes are available to deter-
mine the different irreducible representation matrices from the group elements and the
character table.

Projection operators are used (0 construct symmetrized basis states with definite
total spin, maximal z-ccmponent of spin (ms = S), and with definite spatial symmetry.
The Hamiltonian subblocks for each symmetry subspace are then constructed. The
block-diagonal Hamiltonian is checked for completeness and hermiticity. The alge-
braic operations are performed exactly using integer arithmetic throughout (including

multiple-precision integer arithmetic® when required). It is found that the
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symmetrized Hamiltonian blocks remain quite sparse in general.

The Hamiltonian blocks are diagonalized by the so-called QL algorithm® for
block sizes smaller than 100 x 100 and by the Lanczos methods for larger block
sizes. All of the eigenvectors and eigenvalues can be determined, if desired. Correla-
tion functions (operator ground-state averages) can also be calculated. A correlation-
function matrix is generated for the symmetrized subspace that includes the ground
state. The expectation value is determined by double-contracting the ground-state
eigenvector with the correlation-function matrix.

Further details may be found in the documentation that accompanies the computer

codes (available from the author upon request).
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L7 Figures for Chapter I

Figure 1.1. Electron filling as a function of one-electron energy for a noninteracting
(2) and an interacting (b) electron gas. The horizontal axis records the energy of the
one-clectron orbital (in arbitrary units) and the vertical axis records the occupation, of
the respective orbital. The noninteracting case (a) is a step function with all states
occupied whose energy lies below the Fermi level and all states empty whose energy
lies above the Fermi level. The interacting case (b) has a modified distribution with
some previously occupied states becoming unoccupied and some previously empty

states becoming filled. A discontinuity, however, remains to define the Fermi level.
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Figure 1,2, Effective tight-binding picture for the two-site Hubbard model. The '"lat-
tice sites" correspond to the four many-body states in Eq. (1.4). The “latice-
connectivity" is represented by solid lines comesponding to a hopping integral (~t).
The effective tight-binding model also has on-site interactions of size Q0 [U] for the

many-body states (3> and 14> [I11> and 12>].
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Chapter II: The Ore-Dimensiona! Spinless Falicov-Kimball Model

IL1 Introduction

It is generally accepted that many properties of heavy-fermion systems and
intermediate-valence compounds as well as the phenomena of metal-insulator transi-
tions, itinerant magnetism, metallic crystallization, alloy formation, etc. result from the
properties of strongly comrelated electrons. There are, however, very few exact results
available for correlated electronic systems and approximate methods are sometimes
contradictory. In 1969, the Falicov—Kimball model' was introduced as a model for
wnetal-insulator transitions. It remains one of the simplest interacting fermion systems
in which electron correlation effects may be studied exactly. Several rigorous results
have already been obtained for the one-band spinless version of the Falicov-Kimball
model: Brandt and Schmidt? calculated upper and lower bounds for the ground-state-
energy in two dimensions; Kennedy and Lieb® proved theorems on long-range order
for arbitrary dimensions; Brandt and Mielsch* obtained an exact solution in infinite
dimensions; and Jedrzejewski ef. al’s performed numerical studies in two dimensions.
In this contribution we present additional rigorous results and restricted phase diagrams

for the one-dimensional spinless Falicov-Kimball model at T= 0.

The Hamiltonian for the one-dimensional spinless Falicov-Kimball model defined

on a lattice of N sites with periodic béundary conditions (PBC) is

N N

H=-1t E (cjrf:j+1 + cjﬁ_lcj) +U ,;1 cjfcj w; . @.n
where cjf [cj] arc fermionic creation [annihilation] operators for a spinless® electron at
site j, W; is a classical variable that is 1 [0] if an ion occupies [does not occupy] the
jth site of the lattice, ¢ is the hopping integral between nearest neighbors, and U is
the ion-electron on-site interaction. The first term in (2.1) is the kinetic energy of the

itinerant electrons and the second term is the interaction between electrons and ions.
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The total elecron number N, = Z,N=1 cj'cj and the total ion number N; = Z};l w;
are both conserved guantities.

. The Hamiltonian (2.1) for the Falicov-Kimball model has various physical
interpretations. It was originally introduced to examine the mutual interaction of con-
duction electrons (our electrons) with localized d- or f-electrons (our ions) in
transition-metal or rare-carth compounds.! It has recently been proposed as a model
for crystalline formation? — if the icn configuration {(W;} of the ground-state is
periodic, then this model provides a mechanism for electron-induced crystailine order.
It also describes a one-dimensional binary alloy problem with the following map:
occupied site = ion of type A; empty site — ion of type B; and U— U,— Ujp the
difference in electron-ion site energy between ions of type A and type B. Note that
the Hamiltonian (2.1) is also identical to the one-dimensional tight-binding Schridinger
equatdon with an on-site potential that can assume two different values (0 and U).
The tight-binding Schrbdinger equation has been studied for random {W;} by
mathematicians and physicists7 and has been investigated recently for aperiodic deter-
ministic sequences.8 '

Since the electrons do not interact among themselves, the energy levels of (2.1)
are determined by the eigenvalues of & and the ground-state energy of a particular ion
configuration I = {W;} is found by filling in the lowest N, one-clectron levels. We
let ET(X, N,) denote the ground-state energy fon: N, electrons in the ion configuration
I' with X = U/t (the hopping integral ¢ determines the energy scale; all energies are
measured in units of £). Many-body effects enter into the problem by considering the
ground state for N; ions

E(X,N,,N;) = min{ET(X,N,) | N,-=£ W;} , @2)
j=1
determined by comparing the [NUN;!(N~N;}!] ion configurations with fixed ion

numnber. The minimization procedure in (2.2) determines the equivalence class of tie
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ground-state ion configuration as a function of the interaction strength, the number of
electrons and the number of ions.

The Hamiltonian exhibits two kinds of particle-hole symmetries> — an ion
occupied-empty site symmetry and an electron-hole symmetry. In the first case, the
conjugate ion configuration I'* is defined by interchanging occupied and unoccupied
sites in the configuraton I' (this corresponds to W,-' = 1-W;). The ground states for
these two configurations are related

ET(X,N,)=ETX,N,)+X N, , 23)
for all X and N,. In the second case, the unitary transformaton cj— (—l)jcj and
c jf——> -1y cf is used to relate electron eigenvalues with interaction X to correspond-

ing hole eigenvalues with interaction (—=X) yielding the result
ET(X,N,)=ET(=X,N-N,)+ X N; . 24)
These two symmetries are employed to reduce the necessary parameter space in the
calculation of the T= 0 (ground-state) phase diagrams.
In the thermodynamic limit the number of lattice sites becomes infinite (N — o)
but the electron p, = N,/N and the ion p; = N;/N concentrations remain finite. The

ground-state energy per lattice site is determined from nT(E) the density of states
(DOS)
Er
ET,p)=[_ nTE)E dE . @25)
where Eg is the Fermi level and
Er

P, = j_“ nT(E) dE 2.6
for each ion configuration I, The DOS is calculated from Green’s function by

1

Im lim G (E+ig) , (2.7a)
=0

n(E)=-— ;
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N
GE) =+ E G;(E) , @)

where the local Green's function is ‘ defined by the mawix element
G;(E) = <j 1I(E-H)1j>. A renormalized perturbation expansion® is used to deter-
mine the local Green’s function exactly. The resul

1
G;(E)= . 2.8
A W, = AXE) - AF(E) @9

is expressed in terms of continued fractions

AKE) = 29)

1

E-X Wy - -

E-XWygp-—o———
ji2 E-XWyg— -

where the local self-energy is A; (E) = A}'(E) + A7 (E).

The continued fractions in (2.9) are evaluated straightforwardly for any periodic
configuration I since the variables W; are then periodic and the fraction may be made
finite. For example, the period-two case is analyzed by

AFE) = ! . 2.10)

1
E-XW-—————+
E -X Wo—A$E)

which yields N
B3E) =3 (E -XW,
+ [(E-XW o) (E-XW )2 — {E-XW¢) (E-XW Y% 1 (E-XW))) @11

and, for the DOS

1 |E-XWyl + | E-XW I
nE)=-—R

e (212
W JA(EXWE-XW DEX (WytW DE+X2W oW 4]
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In addition to the one-phase periodic configurations, one physically relevant two-
phase configuration (called the segregated phase) is considered. The segregated phase
is an incoherent mixture of the empty and full lattices with weights (I~p;) and p;
respectively. The segregated phase has the physical interpretation of the case where
the ions clump together and do not form a periodic arrangement (crystallization model)
or of the case where the ions of type A and the ions of type B are immiscible and
separate (alloy model). The DOS is trivial for the segregated phase since it is a
weighted linear combination

n*8 E) = (1-p;) n™ E) + p; n/YI(E) (2.13)
of the DOS for the empty and full lattices.

The segregated phase is also important since it is expected to be the ground state
in the limit X |— eo, In this limit the potential barrier is so large that the electrons
are trapped between ion occupied-empty site boundaries. The dominant contribution to -
the ground-state energy is the kinetic energy of the electrons which is minimized by
making the box as large as possible. This favors the segregated phase to be the
ground state. However, at the point where the electrons completely fill the box
(p, =1-p; for X—> + o and p, =p; for X— — o) the Pauli exclusion principle
requires the additional electrons to be placed above a large potential barrier. At this
point a periodic arrangement of the ions may actually lower the ground-state energy.
These physical ideas are summarized in what is called the segregation principle: In the
limit 1X |— oo the segregated phase is the ground state for all values of the electron
concentration except the specific values p, = 1-p; for X— + s, and p, = p; for
X — — oo, The segregation principle is found to be true in all calculated cases and is
expected to hold for all values of p, and p;.

In the following section perturbation theory is used to analyze the structure of the
ground-state phase diagram near X= 0. In Sections II.3 and I1.4 the cases with ionic

densities of p; = 1/2 and p; = 1/3 respectively are examined, and complete phase
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diagrams for the segregated phase and all ionic configurations with periods less than

10 compatible with those p; are given. Conclusions are presented in the final section.

I1.2 Perturbative Analysis

In the limit X <« 1 a perturbative analysis of the Hamiltonian (2.1) can be per-
formed to determine the structure of the phase diagrams for small interaction strength.
Only periodic sauctures are considered to avoid the technical difficulties associated
with aperiodic configurations. Suppose the configuration I'(7) has period r; that is,

Wj+, = Wj for all j. The Fourder coefficient W (2nn/r) is defined

1 N - 2nm) 1 2 -i 2nnj
WQ2nnir)= -IV 2 e r Wj = '; Z e r Wj 2.149)
j=1 =

for n =0,1, ---,r-1. Swoaightforward Rayleigh-Schridinger perturbation theory
through second-order, with the second term in (2.1) as the perturbation, yields the

expression

ETONX, p,) =~ % sinzp, +Xp,p;

2 r-l 2 lsinnnir - sinnp, |
+ X5 IWarnin]Z 02 e lr0®y) (215
8n (o sinmn/r | sinmn/r + sinnp, |

for the ground-stats energy of configuration I'(#). The minimization procedure (2.2)
outlined above considers configurations with the same ion concentration (p;) at fixed
electron concentration (p,) and interaction strength (X), so that the ground-state
energy is degenerate up to first order. The second-order term has a logarithmic singu-
larity at p, = n/r with relative strength W @nn/r)12 The singularity indicates that
perturbation theory fails at these critical elecwon concentrations; by comparing the
strength of the singularity for different configurations, the ground state can be deter-

mined in the region near p, = n/r (and by continuity at p, = n/r).
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In fact, if thc minimization in (2.2) is restricted to be only over periodic
configurations, then for rational concentrations the ground-state configuration has the
lowest allowed periodicity (this is expected from a Fermi-surface nesting argument: the
statc with the largest gap at the Fermi level is the ground state). More rigorously the
following theorem is proven:

Theorem 2.1. Given rational electron and ion concentrations

P P
pe==%, p=— (2.16)

9. q;

with p, relatively prime to g, and p; relatively prime to g;, then the periodic
configuration with the lowest encrgy has period Q = LCM (g, , ¢;), where LCM stands
for least common multiple. The proof is given in the Appendix and includes an
expression for the ion configuration I'(Q ) corresponding to the Jowest-energy state.

These lowest-cnergy configurations satisfy certain structural propertics. Let /
denote the length of the largest connected island of occupied sites in the configuration
I'(Q) [e.g., the configuration XXXOXOXX0O0, where X represents an ion and O
represents an empty site, comesponds to a given I'(10) and has [ = 3], then a
configuration in which only islands of length { and (/-1) appear is defined to have the
uniform ion distribution property. For example, XXOXXOOO has the uniform iop
distribution property bui XXX00XO0O does not. The uniform empty-site distribution
property is analogously defined. This characterization of the ground-state configuration
in the limit X — 0 is summarized in the following theorem:

Theorem 22. In the limit X+ 0 any periodic iowest-energy configuration with
p; € 1/2 has the uniform ion distribution property and any periodic lowest-energy
configuration with p; 2 1/2 has the uniform empty-site distribution property. The
proof is given in the Appendix.

The ground-state encrgy of the segregated phase also has a perturbative expansion
about X = 0. A straightforward analysis using the DOS in equation (2.13) yiclds
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x2 pi(1-pp)

3
4n  sinnp, o) @17

E*s (X ,p,) == 2 sinmp, +Xp.p; -

for the ground-state energy of the segregated phase which is valid in the two-phase,
band overlap region 8(X) < p, < 1- 8(X) where

8y =L ocxop; + 000) Gp)l 2.18)

and 6(X) is the unit step function. This expansion has a singularity in the limit X— 0
and p_— O which indicates the segregated phase should be the ground state for low
electron concentrations.

The solution for the ground-state configuration of the one-dimensional Falicov-
Kimball model is cpnveniently summarized in a coherent phase diagram. The ion con-
centration is fixed at p; = p;/g; and the ground-state configuration is plotted as a func-
tion of the electron concentration and the interaction strength. The segregated phase is
chosen as the zero of the energy scale because of its physical relevance. We limit our-
selves to the case p; < 1/2 and p, < 172 since the other cases can be obtained by
application of the symmetries (2.3) and (2.4). The two theorems above indicate that in
the limit X — O the coherent phase diagram has a discontinuous, fractal stucture, with
a different periodic ground-state configuration at cach rational p,. These
configurations all satisfy the relevant uniform-distribution property and appear to be a
regular transition from the segregated phase at p,— 0 to a period g; [24;] state at
pe = 172 if ¢, is even [odd). The inclusion of aperiodic configurations is not expected
to change this general picture. Recent analysis® indicates that sors aperiodic
configurations have gaps at rational numbers (where the periodic configurations are
expected to be lower in energy) sud at irrational numbers (where the aperiodic
configurations may be lower in energy). Therefore, we conjecture that in the limit
X — 0 the ground-state configuration changes, point by point, at every value of p, and

the coherent phase diagram has a regular (discontinuous) transition pattern from the
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segregated phase at p,—> O to a periodic phase at p, = 1/2, We also conjecture that
the relevant uniform-dismibution property holds for each of the ground-state

configurations.

IL3 The Case p; = 1/2

In this section the half-full ion case (p; =1/2) is examined in detail and the resuits
are presented in the form of phase diagrams. We restrict ourselves to the case
P, < 172 by using the electron-bole symmetry (2.4); the phase diagram for the region
p, 2 1/2 is determined by rotating the region p, < 1/2 by 180° about the point
X =0, p, =1/2. We further restrict ourselves to the case X 2 0 by using the ion
occupied-empty site symmetry (2.3); the phase diagram for the region X < 0 is deter-
mined by reflecting the region X 2 0 in a mitror plane along the X =0 axis and
applying the conjugation operation to the ion configurations (cach configuration I" with
p; = V2 is either self-conjuge;tc T* =T or forms a conjugation pair with another
p; = 172 configuration). We finally restrict ourselves to consider only the segregated
phase, all periodic phases with p; = 1/2 and periods less than 9, and any incoherent
mixture of these phases. These periodic phases are summarized in Table 2.1. The
ground state energies are calculated exactly using the Green’s function technique out-
lined in Section IL1.

The coherent phase diagrams are determined by comparing the energy of each
periodic phase with the energy of the segregated phase and plotting the lowest-energy
state as a function of the electron concentration p, and the interaction strength X. The
results are presented in Figures 2.1-2.4 and exhibit the extremely rich soucture of the
solutions of the model. These results are summarized with some observations:

(A) The periodic ground-state theorem and both uniform-distribution properties

hold in the region 1X | « 1,
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(B) The alternating phase XO is the ground state at p, = 1/2 for all values of X
as stated by previous investigations.23

(C) The phase diagrams tend to simplify as the interaction strength increases
indicating that many-body effects stabilize the system (this is a consequence of the
scgregation principle).

(D) There is a trend for phases that disappear from the phase diagram as X
increases to reappear as phase-islands at even larger values of X (e.g., the XXX000
phase in Figs. 2.3 and 2.4 and the XXXXOO0OO phase in Fig. 2.4).

(E) Phase-islands of configurations not present at X =0 may form at larger
values of X (e.g., the XXOXXOOO phase in Fig. 2.4).

(F) The uniform-distribution properties may not hold at ﬁ;ﬁtc values of X (the
XXOXXO0O0O0 phase in Fig. 2.4 does not satisfy the uniform empty-site distribution
property and its conjugate does not satisfy the uniform ion distribution property).

(G) Some configurations are not the ground state for any value of X or p, (e.g.,
the configurations XXX0OXO000 and XXOX0OXO0O0 do not appear in Fig. 2.4).

The incoherent phase diagrams are determined by choosing the minimal energy
state, allowing for incoherent mixing!® of the p; = 1/2 periodic phases with themselves
and with the segregated phase (which is already an incoherent mixwre of the p; =0
and p; =1 phases). This is accomplished by constructing the convex hull of the
ground-state energy curves for fixed X and assigning an incoherent phase mixture to
each region whém the convex hull is lower than the encrgy curves. The results are
presented in Figures 2.5-2.8 where solid lines and shaded regions correspond to single
phases, dashed lines correspond to two-phase mixtures and dotted lines correspond to
more than two-phase mixtures (the points where vertical dotted lines pass through hor-
izontal solid lines are the points of phase transitions). The numbers above the single
phase lines identify the ground state according to the numbers in Table 2.1. The
unshaded region below the dashed line is the region where the segregated phase is the
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ground state. The unshaded regions between a solid [or dashed] line and a solid line
are the regions where an incoherent mixture of the two [or three] phases is the ground
state. The following observations may be made:

(H) The incoherent phase diagrams are simpler than their single-phase counter-
parts. The regions enclosing finite areas of single phases are drastically reduced.

(I) The behavior in the limit X |— O appears to be the same as that predicted
by peftu:bal:fon theory for the coherent diagrams.

(J) The secondary phase-islands that sometimes form at 1X | > 0 either become
single phase-lines (XXXOOO in Figs. 2.7 and 2.8) or vanish altogether (XXXX0000
in Fig. 2.8).

These incoherent phase diagrams are important to study for two reasons: first,
they determine the ground state of a real system since any physical system organizes
itself in an incoherent mixture of phases to minimize energy Gf possibie); second,
they produce a better approximation to the complete phase diagram of the Falicov-
Kimball model, This is because any incoherent mixture of phases can be reinterpreted
as an aperiodic configuration in a coherent phase diagram. By using this reinterpreta-
tion the perturbation theory results of Section IL2 are strengthened to conjecture that
the ground-state configuration is the scgregated phase for a finite region
[0 < p, < pI*™*(X)); above this region the ground-state configuration changes point by
point with p,, and has a regular (discontinuous) transition from the segregated phase
to a periodic phase at p, = 1/2. Furthermore, for the case p; = 1/2 the inequality
pIY(X) < 1/2 must hold since the altemating state XO is the ground sate®? at

p. =1/2 for all X.
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II4 The Case p; = 1/3

The one-third-full ion case (p; =1/3) is examined as a representative of the gen-
eral case because it does not have any extra symmetries. The electron-hole symmetry
(2.4) allows us to consider only the case p, < 1/2, but we must consider all values of
X since the ion occupied-empty site symmetry (2.3) produces the phase diagrams for
the p; = 2/3 case. We consider only the segregated phase, the period-three, -six, and
-nine phases with p; = 1/3, and any incoherent mixture of these phases.!® The precise
ion configurations considered are summarized in Table 2.2.

The results for the coherent phase diagrams are presented in Figures 2.9-2.11 and
they exhibit a marked asymmetry with respect to the X =0 planc. The following
observations may be made:

(K) There is no evidence in support of or against the uniform ion distribution
property since this property can only be observed for periods 12 and larger, which are
not studied here.

(L) The periodic ground-state theorem holds for |X | « 1 but the many-body
effects rapidly become more important and change the structure of the phase diagrams.

(M) It appears that the period-three phase XOO is the ground state at p, = 1/3
for all values of X less than zero.

(N) The segregaton principle holds; In the limit |X | — oo the segregated phase
is the ground state for all values of p, except for a region about p, = 1/3 and
X—= — oo,

(O) There is still a trend for thases present at X = 0 to appear as phase-islands
at larger values of IX| (e.g., the XXOOOO phase in Figs. 2.10 and 2.11; the
XOXO000 phase in Fig. 2.10; the XXXO0000O0 phase in Fig. 2.11; and the
XX000X0O0O0 phase in Fig. 2.11).
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(P) All studied configurations are the ground state for some value of the parame-
ters p, and X.

The results for the incoherent phase diagrams are summarized in Figures 2.12-
2.14. We present the following observations:

(Q) Observations (H), (I), and (J) of the previous section still hold.

(R) Two phases (XX00X0000 and XOXOOXO0O0O) do not appear in the
incoherent phase diagram although they were prcsexﬁ in t];c coherent phase diagram.

The structure for the full Falicov-Kimball model in the general case emerges from
these incoherent phase diagrams. If an incoherent mixture of phases is reinterpreted as
an aperiodic phase in the coherent phase diagram, then it appears that at each value of
X there is a finite region where the segregated phase is the ground state. In the
remaining region the ground state changes from point to point with p, and has a regu-
lar (discontinuous) transition from the segregated phase to a periodic phase (and possi-

bly) back to the segregated phase.

IL5 Conclusion

Since its introduction twenty years ago, the Falicov-Kimball model! is one of the
simplest models of interacting electron systems. We have studied the one-dimensional
spinless version of this model by exact numerical calculation for a restricted number of
phases and by perturbation theory for small interaction strength. Qur rigorous results
include a periodic ground-state thcorem and uniform ion and empty-site distribution
properties for rational electron and ion concentrations and small interaction strength.
Our numerical calculations indicate that the phase diagram of the complete model is
separated into two distinct regions: In the first region the segregated phase is the
ground state; and in the second region the phase diagram has a complex structure with
the ground state apparently changing point by point at every value of the electron con-

centravion: for fixed interaction strength, In this second region the ground state has a
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regular (discontinuous) transition pattern from the segregated phase to a periodic phase
and back to the segregated phase.

Two unproven conjectures are presented that characterize further the structure of
the phase diagram as illustrated by the numerical work. The first is called the scgrega-
tion principle which states at large interaction strength the segregated phase is the
ground state for almost all electron concentrations. The only exceptions are when the
electron concentration matches the ion or the empty-site concentration, where a
periodic phase is the ground state. The second is the uniform ion or empty-site distri-
bution property which states that the ground state configurations satisfy certain struc-
tural characteristics. The properties are true for small interaction strength but appear
to be violated for moderate interactions.

One final open question remains: The proper incoherent phase diagram is plotted
as a function of both the electron and ion concentrations. Restricted phase diagrams
have been evaluated for only five ion concentrations (p; = 0, 1/3, 1/2, 2/3, 1) and there
is no congrete conjecture for the structure of the incoherent phase diagram. However,
this phase diagram is expecied to separate into two regions with simple behavior in

one region and complex behavior in the other.

I1.6 Appendix: Proof of the Periodic Ground-State Theorems
In this appendix the two t-w-..ems stated in Section II.2 are proven. We begin
with the periodic ground-state thecrem:

Theorem 2.1. Given rational electron and ion concentrations

Pe P;
= —_ = — , 2.19
Pe e Pi qi ¢ )

with p, relatively prime to ¢, and p; relatively prime to ¢;, then the periodic
configuration with the lowest energy has period @ = LCM (q,, ¢;).
Proof: The periodic configuration with the lowest energy is the configuration with the
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largest square Fourier coefficient |W(2np,)!% The tial configurations that have
non-zero Fourier coefficient and proper ion concentration must have a periodicity that
is a tﬁultiple of @. Consider all periodic configurations with ion concentration p; and
with period less than or equal to r =mQ. These configurations all lie on a lattice
with PBC and sizz N =MQ where M =LCM(1,2, ---,m). We show the
configuration with the lowest energy in this restricted set has period Q which (since m
is arbitrary) proves the theorem.

The proof proceeds by construction of the largest iW(an,)lz. Assume, for
simplicity, that ¢, = Q. Define integers k; by the relation

(pkymod Q=i , i=011,---,0-1 (2.20)

Then the choice of W; = 1 for

J=k+l@g , i=0,1, - --,0pig-1 , 1=01,---,M-1 (22D

gives an ion concentration

1 Nl b;
pi = -IV ;o Wj = q—' . (2.22)
F=

and maximizes the square Fourier coefficient
1 .
lw@nrp, )1 = - ;Zk W, W, cos2np, (j=k)IQ (2.232)

1 s .

i e +2 E (Qp;/q;-j) cos2mjiQ] . (2:23b)
since the summation in (2.23a) has the maximal allowed number of (j=k) mod Q =0,
(j—kYmod Q =1, *--, and (j-k) mod Q = Qp;/q;=1. The minimal configuration
T'(Q) constructed above has period Q which completes the proof. The proof for the
case g, # @ is similar and is omitted here. The only complication of this case is that
the second-order perturbation theory may not fully lift the degeneracy of the lowest-

energy state. These degenerate states all have period @ however, which is sufficient
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to prove the theorem.!!

As an example, we consider the case p, = 3/8 and p; = 1/2. This gives 0 =8
with kg =0, k; =3, k3 =6, and k3 = 1, so that the configuration XXOXO00XO is the
lowest energy periodic state in the limit X — 0.

We continue with the proof of the uniform-distribution properties.

Theorem 22. In the Limit X — O any periodic lowest-energy configuration with
p; € 1/2 has the uniform ion distribution property and any periodic lowest-energy
configuration with p; 2 1/2 has the uniform empty-site distribution property.

Proof: We restrict ourselves to the case p; £ 1/2 and p, S 1/2 since the other cases
immediately follow upon application of the symmetries (2.3) and (2.4). Assume that
q, = Q (the proof of the more general case is similar and is omitted). The @ integers

{k; )} can be represented in terms of the first p, integers by

k

i =k ¥S  J=0Lc,p=l  s=0L e, -l (224)

and

kpaj=kj+r  j=01,--, 11 . .25)

where 0 =rp, +¢ and ¢ <p,. Since each integer from 0 to Q-1 appears in {k;}
once and only once, the nearest neighbors in the first p, integers ko, k1, ", &,
are separated by gaps of length » or r—1 (there are ¢ neighbors with separaﬁox; r and
P.—t neighbors with separaton r—1). As the ions are filled in according to the
prescription (2.21) of Theorem 2.1, each configuration will satisfy the uniform ion dis-
tribution property until the gap between any two nearest neighbors in the original p,
ions is filled in. This occurs when p; > 1-p, which is not possible by the hypothesis

and proves the theorem.,
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Higher-order perturbation theory may lift any residual degeneracy of this case.



IL8 Tables for Chapter I

Table 2.1. Periodic configurations for the p; = 1/2 case

Configuration  Conjugate
1 XO 1
2 XX00 2
3 XXX000 3
4 XXO0X00 4
5 XXXX0000 5
6 XXX0X000 6
7 XXX00X00 8
8§ XXOXXO000 7
9 XXOXOX00 9
10 XXOX0OX0 10
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Table 2.2. Periodic configurations for the p; = 1/3 case

VoA hWR -

Configuration

X00
XX0000
XOX000
XXX000000
XX0X00000
XX00X0000
XX000X000
X0X0X0000

XOXCOX000
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I1.9 Figures for Chapter I
Figure 2.1. Calculated coherent phase diagram for the segregated and period-two
phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.2. Calculated coherent phase diagram for the segregated, period-two and
-four phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.3. Calculated coherent phase diagram for the segregated, period-two, -four
and -six phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.4. Calculated coherent phase diagram for the segregated, period-two, -four,

-six and -eight phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.5, Calculated incoherent phase diagram for the segregated and period-two

phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.6. Calculated incoherent phase diagram for the segregated, period-two and

-four phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.7. Calculated incoherent phase diagram for the segregated, period-two, -four
and -six phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.8. Calculated incoherent phase diagram for the segregated, period-two, -four,

-six and -cight phases with p; = 1/2. See Table 2.1 for the key to the legend.
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Figure 2.9. Calculated coherent phase diagram for the segregated and period-three

phases with p; = 1/3. See Table 2.2 for the key to the legend.
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Figure 2.10. Calculated coherent phase diagram for the segregated, period-three and

-six phases with p; = 1/3. See Table 2.2 for the key to the legend.
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Figure 2.11, Calculated coherent phase diagram for the scgregated, period-three, -six

and -nine phases with p; = 1/3. See Table 2.2 for the key to the legend.
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Figure 2.12. Calculated incoherent phase diagram for the segregated and period-three

phases with p; = 1/3. See Table 2.2 for the key to the legend.
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Figure 2.13. Calculated incoherent phase diagram for the segregated, period-three and

-six phases with p; = 1/3. See Ta%'le 2,2 for the key to the legend.
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Figure 2.14. Calculated incoherent phase diagram for the segregated, period-three, -six
and -nine phases with p; = 1/3. See Table 2.2 for the key to the legend.
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Chapter III: Exact Solution cf the t—t—J Model on Eight-Site Cubic Systems

1.1 Introduction

Strong electron correlation is responsible for long-range-order magnetic materi-
als,! heavy fermion (HF) behavior,>? and high-temperature superconductivity.*> The
t—r'—J model is the simplest model of an interacting electronic system that mimics the
strong correlation effects present in these materials. In ferromagnetic and HF systems
this model describes the mutual interaction and effective electron transfer of the nar-
row d— and f-band electrons while in the high-temperature superconductors it approx-
imates the hole-hole interaction and hole hopping in the CuQO; planes.

The t—'—J model is defined on a lattice with one spherically symmetric orbital

per site by the following Hamiltonian:

H=H1NN+H2MV+HW N 3.1)
where®
HlMV ==1 z (1-n; ) Cit, Cio Q —-n; ) , (3.2a)
<i.;;“=alNN
Huyy=-¢ Y, (-mgachcio-ng . (3.2b)
<i.;;“=62MV
<i.j>li 1NN

In these equations ¢;%; [c;g) are creation [destruction] operators for an electron in the
orbital at site { with z-component of spin O, n;q = ¢; C;q is the corresponding number
operator, and S; is the vector spin of an electron at site i. The terms in A include a
band "hopping" interaction between conduction states on nearest-neighbor sites (3.2a)
and next-nearest-neighbor sites (3.2b) and an antiferromagnetic nearest-neighbor

Heisenberg superexchange interaction term (3.2c) with exchange integral 2J. The



59

hopping terms contain projection operators that prevent double occupation of any orbi-
tal.

This Hamiltonian has two interpretations: it is an electronic system with indirect
exchange interactions and a "super” Pauli principle that forbids electrons of like or
unlike spin from occupying the same spatial site; or it is an approximation to the
U — o limit of the single-band Hubbard’ modsl

Hyyp == 1 Z chejo =1 Z chcjo +U Znnnn . (3

<35 <t Lo ‘

Anderson® first showed the equivalence of the half-filled band Hubbard model at large
interaction strength to the Heisenberg model. His prbof was based upon second-order
perturbation theory: At half-filling and infinite U each lattice site is singly occupied
and all spin states are degenerate. When U’ is made finite, the lowest order correction
to the energy comes from virtual processes where an electron hops to its nearest neigh-
bor (if the spins are antiparallel) and then hops back. The energy gain for such a
fluctuation is = s%U since doubly occupied states have energy = U. This hopping
creates the Heisenberg superexchange interaction term to lowest order in t/U. Away
from half-filling, the clectrons can hop from occupied to empty sites and additional
fluctuations that involve three sites (an electron hops to a neighboring occupied site
and then hops to a third unoccupied site) are present. Schrieffer and Wolff® found a
canonical ransformation to the single-occupied sector of a related model that was valid
for arbitrary fillings. This technique was applied to the Hubbard model to first order, !¢
and recently to arbitrary order.!! Since the £~ =/ Hamiltonian (3.1) only involves the
nearest-neighbor superexchange interaction, it approximates the canonically
wransformed Hubbard Hamiltonian (3.3) in the limit of large & when J = 2t%U and
when any terms of order O (¢%U2) or O (' ¥1U) and any three-site hopping terms in
the transformed Hubbard Humiltonian are neglected. This approximation is exact at

half-filling for ¢ =0 but becomes increasingly less accurate with hole concentration



away from half-filling.

(@)

(b)

©

@

©

A few rigorous results are known about the r—r"—J model:

At helf-filling it reduces to a Heisenberg model whose ground state!? is a nonde-
generate singlet on bipartite lattices and possibly ferrimagnetic for other cases.
Lieb!? recently extended this analysis to the Hubbard model with finite U/.

The case of one hole in a half-filled band at J =0 (U =) is known to be fer-
romagnetic!4 (Nagaoka’s theorem) when ¢ < 0 for the simple cubic (sc), body-
centered cubic (bce), and the square (sq@) lattices for all ¢ and for the face-
centered cubic (fec) whent < 0.

The one-dimensional s—~r'—J model with free boundary conditions and an even
number of electrons has a spin-singlet ground state.!’

The one-dimensional Hubbard model has been solved exactly with the Bethe
ansatz for arbitrary fillings by Lieb and Wu!® which yields solutions'18 o the
t—f'~J model at ¥ =0 and J =0 (U =o0).

The Bethe ansatz has also been applied!® to the one-dimensional -7 —/ model
with 7 =J and '=0.

Aside from these theorems little else is known rigorously about the solutions of

this many-body probiem. The standard approach is to apply variational, perturbative,

or mean-field approximations to such interacting models. An alternate method is

chosen which is exact, but subject to finite-size effects. It is called the small-cluster

approach.20

The small-cluster approach begins with the periodic crystal approximation:2! A

bulk crystal of M atoms is modeled by a lattice of M sites with periodic boundary

conditdons (PBC). Bloch’s theorem then labels the clectron many-body wavefunctions

by one of M k-vectors of the first Brillouin zone. The standard approach takes the

thermodynamic limit (M — ), which replaces the finite grid in reciprocal space by a
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continuum that spans the Brillouin zone. Electron correlation effects are then treated in
an approximate fashion. The small-cluster approach takes the opposite limit: The
number of sites is chosen to be a small number (M =8) restricting the sampling in
momentum space to a few high-symmetry points. However, the interacting electronic
system is solved exactly taking into account all elecron correlation effects. The one-
electron band structure of these two methods is identical when sampled at the common
points in reciprocal space. The relationship of the many-body solutions (at equal elec-
tron concentration) for the macroscopic crystal and the small cluster is much more
complicated due to unconwolled finite-size effects in the latter. Nevertheless, the
small-cluster approach does provide an alternate means of rigorously studying the
many-body problem and (possibly) extrapolating these results to macroscopic crystals.

The small-cluster approach was proposed independently for the Hubbard model
by Harris and Lange’® and Falicov and Harris? with the exact solution of a two-site
cluster. Subsequent work concentrated on the ground-state”® and thermodynamic?
properties of the one-dimensional half-filled band Hubbard model on four- and six-site
clusters,

The first truly three-dimensional case to be investigated was the eight-site sc clus-
ter. Ground state properties at infinite?® and finite® ¢/ and thermodynamic?>2?7 pro-
perties have all been studied. The solution of the four-site square (s¢) and tetrahedral
(fee) clusters?® marked the first time that group theory was used to factorize the Ham-
iltonian into block-diagonal form by using basis functions of definite spin that
transform according to irreducible representations of the full space group.

Takahashi?® studied the ground-state spin as a function of electron filling in the
infinite U limit of the Hubbard model on a variety of clusters (up to twelve sites).
Unfortunatel” the use of free boundary conditions (instead of PBC) introduces strong
surface effects that complicate extrapolation to the thermodynamic limit. The effect of

geométry on the ground state has also been examined®® for finite U.
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The - -J model was solved for 7 electrons in eight-site foc bulk®! and sur-
face®? clusters. ‘The bulk calculation illustrates clearly the power of group-theoretical
techniques, where a 1024 x 1024 matrix is diagonalized in closed form after being
block-diagonalized. Recent work has concentrated on the square lattice at half-filling
and with one or two holes.?® The cluster sizes are large (up to 18 sites) so only the
low-lying eigenvalues and eigenvectors were determined.

The smaﬂ-.clustcr approach has also been applied to the study of real materials. It
is quite successful in describing properties that depend on short-range many-body
comrelations. These include photoemission in transition metals3* alloy formation,?

. surface phol:cu:n:\ission36 in Ni and Co, and surface magnetization37 in Fe. This tech-
nique has also been applied to multi-band versions of the Hubbard model that

describes high-temperature superconductivity in the CuO, planes.?®

In this contribution the- ground-state symmetry, &-vector, and spin are examined
as a functions of electron concentration and interaction strength for the r1——J model
on eight-site clusters for sc, bec, fec, and sq lattices with PBC. In the next section the
method of calculation is described; in Section III.3 the results for the ground-state pro-
perties, phase diagrams for regions of stability in parameter space, and ferromagnetic
ground-state solutons are presented; in Section II.4 low-lying excitations in the
many-body spectra are examined to determine regions in parameter space where HF
behavior is expected; in the final section the conclusions and some conjectures are

presented.

112 Calculational Details

The dimension of the Hamiltonian matrix grows exponentially with the size of the
cluster (e.g., an M-site cluster with one orbital per site has dimension 4* x4*). This
rapid growth restricts the maximum size of the cluster to be on the order of 10 sites.

In the strong-interaction regime (i.e., the t~2—J model), double-occupancy of an
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orbital is forbidden, reducing the Hilbert space from M 1o 3M (for eight-site clusters
this corresponds to an order of magnitude simplification from 65,536 to 6,561). The
systematic use of conserved quantitics and symmetries of the Hamiltonian provides
further simplifications.

The total-number operator N = 3, ; ;o commutes with the Hamiltonian in
Eq. (3.1) and is a conserved quantity. The Hilbert space with definite electron number
N reduces to dimension 2V MUN{(M~N)! as summarized in Table 3.1 for the eight-
site cluster. The largest remaining block size is now 1,792x1,792 for the 5 and 6
¢lectron cases. N

The electonic states can be further characterized by their spin and spatial sym-
metries. Since the total spin, the total z-componecat of spin, and the total spin raising
and lowering operators all commute with the Hamiltonian, the many-body states may
be labeled bylt,hc total spin S and the total z-component of spin mg, with every state
in a given spin multiplet degenerate in energy. The spatial symmetry is labeled by the
irreducible representation of the space group that transforms according to the many-
body state. In our case, the space groups are symmorphic, moderaisly sized finite
groups, that are constructed from the point group operations and the eight translation
vectors of the lattice (see the appendix). The grand orthogonality theorem and the
matrix element theoremn3®4! (generalized UnsBld theorem) guarantee that the Hamil-
tonian matrix will be in block-diagonal form, with no mixing between states of
different spin oi spatial symmetry, when it is expanded in a symmetrized basis that has
definite spin and transforms according to the (1,1) matrix elements of an irreducible
representation of the space group. A symmetry-adapted computer algorithm was writ-
ten that, given the lattice structure of a small cluster with PBC (see the appendix), the
generators*? of the space group, and the character table*? of the space group, calculates |
the (1,1) matrix elements of the irreducible representations (in a fashion similar to

Luchrmann®!), These matrix elements are used to construct projection operators that
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operate on maximum z-component of spin states (mg = §) to generate symmetrized
basis functions of definitc spin and spatial symmetry. The Hamiltonian blocks are
determined in this symmetrized basis and are checked for completeness within each
subSpéce of definite spin and spatial symmetry. The resultant blocks are diagonalized
by the so-called QL algorithm* which determines all of the eigenvalues and eigenvec-
tors in the many-body problem. Table 3.2 summarizes the reduced block sizes for the
four different lattices considered. The application of full spi.n and space group sym-
metry reduces the block sizes by another two orders of magnirude which, in turn,
reduces the diagonalization time by six orders of magnitude. This symmetry-adapted
algorithm was tested for 7 electrons in an eight-site fcc cluster and verified the known

analytic results®! for that case.

The effect of geometry on the many-body solutions to the 1—'~J model is stu-
died by solving the model exactly for four different crystalline environments: the sc,
bee, fee, and sq lattices. The eight-site clusters with PBC for these different structures
are illustrated in real space and reciprocal space in Figs. 3.1-3.4. The PBC will renor-
malize the parameters in the Hamiltonian (3.1) when the summatons in Eq. (3.2) are
restricted to run over the finite cluster (1 i, £8). For example, the six nearest-
neighbors of an even [odd] site i in the sc lattice (see Fig. 3.1) are two cach of the
odd {even] sites (excluding the site 9-i), the twelve next-nearest neighbors are four
each of the remaining even [odd] sites, and the eight third-nearest neighbors are eighr
each of the site 9—i. This renormalizes the parameters in the t—¢'—J model by t— 21,
?— 47, and J— 2J. Similar analysis for the other crystalline structures is given in
Table 3.3,

The small-cluster approach samples the first Brillouin zone at eight k—vectors,
which correspond to only three (bee, fec) or four (sc, sq) different symmetry stars.
As summarized in Table 3.4, the one-clectron energies of the small-cluster Hamiltonian

agree precisely with the one-electron band structure of the infinite crystal, when
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sampled at the common k-vectors. Some of the properties of the many-body states can
be understood by the naive picture of occupying these one-clectron levels as if the
electrons were noninteracting (see below).

The space groups that are relevant for totally symmetric orbitals on each site of
the cluster have 48 (s¢), 192 (bcc, fec) or 64 (sq) distinct clements. They are
divided into 10 (sc), 14 (bec), 13 (fec), and 16 (sq) classes, respectively. The char-
acter tables for these space groups are given in the appendix.

The nearest-neighbor hopping matrix element 171 is chosen to be the unit of
energy. Three different cases are examined for the next-nearest-neighbor hopping
matrix element; ¢ >0, ¢ =0, and ¥ < 0. The magnitude 6f ¢ is chosen to be 0.5 for
the bec lattice. This sets 17| =0.15 for the other three lattices, when exponential
dependence of the hopping matrix clements on the distance between lattice sites is
assumed.

Finally, note that whenever the lattice is bipartite (sc, bcc, sg) — i.e., it can be
separated into two sublattices A and B such that the nearest-neighbor hopping is
A— B and B~ A and the next-nearest-neighbor hopping is A— A and B— B only
— then the 7-¢—/ model has an eigenvalue specaum that is symmetric’® in 7. This
allows the discussion to be limited* to r = 1 for the sc, bec, and sg latices; while

both r =1 and ¢t = —1 are considered for the fcc lartice.

1.3 Results: Ground State Symmetry

The k-vector, spatial (small group of £) symmetry, and spin of the many-body
ground state are calculated exactly for all el~ctron fillings (0 SN <8) and for
0.0 £J < 1.0. The symmetry of the ground state is recorded by attaching the spin-
multiplicity (25+1) as a superscript to the symbol for the irreducible representation
that transforms according to the many-body state (as given in the appendix). The

1~ =J model on small clusters has many accidental degeneracies; that is, degeneracies
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that are not required by the spin and space-group symmetries of the underlying lattice
(see below). Some of these degeneracies are inherent in the model itself,2 while
other degeneracies occur due to finite-size effects*® (permutation symmerries of the
small cluster that are not representable as space group symmetries; see Chapter V for a
more complete discussion).

The cases of low electron filling (V < 3) are well-described by occupying the
lowest one-electron energy levels (Table 3.4). These one-¢lectron energy levels have a
rich structure. The lowest level is nondegenerate and has I'y symmetry for the sc,
bee, fec (1>0), and sg latices, while the lowest level for the fec (r <0) lattice is
threefold degenerate with X; symmetry. The first excited level is threefold (X,), six-
fold (Ny), or fourfold (L) degenerate for the sc, bec, and fec lawices, respectively.
The sq lattice does not have a unique first excited level: when the 2¥N hopping
integral vanishes (¢ = 0) there is an accidental degeneracy of Z; and X, creating a
sixfold degenerate level; for # > 0 the ordering is Z; (fourfold degenerate) < X (two-
fold degenerate), and vice versa for ¥ < 0.

Since the case of one electron (N = 1) contains no many-body effects, the ground
state is formed by occupying the lowest one-electron level. The ground state, there-
fore, has symmetry 21‘, (d=2) for the sc, bec, fee (¢>0), and sg lattices and
¢ 1 (@=6) for the fcc (t <0) lattice. A second electron (N = 2) is added by plac-
ing!3 it in a spin-singlet state in the same level as the first electron. This results in a
Ty (d=1) symmetry for the ground state of the sc, bec, fee (1>0), and sqg larices.
The fce (¢ <0) lattice has ‘I‘u (d=2) symmetry for finite J, but has a spin-
degenerate 3X,@ T (d =11) ground state when J = 0 (because of the degeneracy of
the one-electron levels).

In general, the addition of a third electron (¥ = 3) is made by placing it in the
first-excited one-electron energy level. This yields a 2X; (d =6), 2N, (d =12), and

2L1 (d =8) ground state for the sc, bee, and fce (2 >0) lattices. The sg lattice has a
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25, (d=8), %X, (d=12), or 2X, (d =4) ground state for ¢ >0, ¢ =0, and £ < 0
respectively. However, many-body effects begin to play a more important role in the
thres-electron case. There is a level crossing in the sc ground state from 2X; (d =6)
to My, (d=4) at J/z =0.85100 when £ <0, The fec (r<0) case is even more
interesting, It is the first example of a ferromagnetic ground state Iy (d =4) (result-
ing from the application of Hund’s empirical rule*”) which undergoes a level crossing
to a spin-doublet %X 2(d=6) at Jir =0.29972 (¢ > 0), J/t =023617 (=0), or
Jit =0.15045 (¢ < 0).

Many-body effects become increasingly more important for N 2 4. The ground-
state symmetrics are recorded in Tables 3.5-3.8 for the cases 4 SN < 7.

The half-filled band (V = 8) reduces to the case® of a Heisenberg antiferromag-
net. The solutions are all spin-singlets, have symmetry !} (d =1) for the sc, bec,
and sq lattices, and have T @ 'Ty, (d =3) symmetry for the fec lattices.

The results agree with previous work for the sc lattice, 227 the fcc lattice,*! and
the s¢ lartice.*® There are a few salient features of thsse results that deserve comment:
(a) The case of the sq lattice with ¢ =0 is idenscal to the bec lattice with ¢ =0

due to 2 hidden symmetry of the eight-site sg lattice.

(b) There is a large number of ferromagnctic"9 solutions for J <« t. These solutions
occur in the sc lattice ( SO.N=4; ¢ S0,N=7), in the bcc lattice

& S0,N=7), in the fec (¢ <0) lattice (all 7/, N=3; all ¥, N =7), and in the

sq lanice (all 7, N =7). The ferromagnetic solutions for N = 7 are all examples

of Nagaoka’s theorem!* for one hole in a half-filled band at J = 0.
fc) ‘There is also a large number of ferrimagnetic’” solutions for J « . When

N =4, ferrimagnetic solutions occur for all geometries except the sc latice;

when N = 5, ferrimagnetism occurs in the s¢ and fec (¢ > 0) lattices; and when

N =17, it occurs for all lattices except fcc (¢t > 0).
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(d) Whenever the Heisenberg interaction J is large enough, the ground state is smabil-
ized in the Jowest spin configuration (§ = 0 for ¥ =even, S = 1/2 for N = odd).
In particular, the case of two holes (V = 6) is always a spin-singlet.

(¢) Non-minimal-spin solutions undergo "spin-cascade" transitions, passing through
each intermediate spin en route to minimal spin solutions, as J is increased. The
only exceptions are in the sc latice (f £ 0, N=4 and ¢ =0, N =7) which have
one level crossing from maximal spin to minimal spin and the sg lattice
(r <0, N=7) which does not have a spin-5/2 ground state in the cascade from
spin-7/2 to spin-1/2.

(f) Ground states that are accidentally degenerate for all values of J always have the
same total spin, but usually have space symmetries corresponding to different -
vectors. The sc lattice is the only cluster that has no "accidental” degeneracies in
the ground state.

(g) At J =0 there are some solutons with additional accidental degeneracies. The
degenerate states contain mixtures of different total spin. These special solutions
are summarized in Table 3.9.

There are many magnetic solutions to the f—t'—=J model. Hund’s empirical
rules*” may be employed to explain the occurence of ferrimagnetism for N = 4 and
N =5, but, as the filling increases, many-body effects overwhelm the system and the
one-electron picture loses its predictive power. The*N =7 cases verify Nagaoka's
theorem, ™ but the ferromagnetic state is quits unstable with respect to the interaction
parameter J, with a rapid level crossing to a lower spin state. Geometry also plays a
role, as the sc¢ and feoc lattices exhibit far stronger magnetic properties than the bec or
sg lattices.

The case with two holes (¥ = 6) has a spin-quenched ground state for all four
different geometrics. This fact has been observed for many geometries by previous

investigators in small cluster calculations,25-2%2-31.33 There are also variational and
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heuristic arguments why the two-hole state cannot be ferromagnetic.!”5! Qur solu-
tions (Table 3.7) show one interesting additional feature: The ground-state manifold
always contains a state with 'I'y symmetry whenever the hypotheses of Nagaoka’s
theorem!4 are satisfied (¢ <0 for the sc, bec, fec (¢ <0), and sq latices). This
result suggests that there is a two-hole extension to Nagaoka’s theorem which yields a
spin-singlet ground staiz. This result is left as a conjecture, however, and no proof is
offered.

Up to this point the electron occupation number N has been fixed. It is impor-
tant, however, to examine the stability of a fixed-N ground state with respect to
disproportiation (a macroscopic rearrangement of the crystal into domains, with
different electron number in each domain, but with an average filling N). The stabil-
ity of a particular ground state (for fixed interaction J) is determined by forming the
convex hull of the ground-state energy versus electron filling and comparing it to the
calculated ground-state energy for N electrons. If the convex hull is lower in energy,
then the ground state with N electrons is unstable against disproportiation. Previous
work?? on the phenomenon of disproportiation has concentrated exclusively on one and
two holes in the half-filled band of a square lattice (determining the binding energy of
hole pairs).

Alternatively, one can view the small cluster with PBC as an approximation to an
infinite crystal constructed from a repetition of the small-cluster units. The trial energy
for a variational wavefunction (built out of products of many-body wavefunctions for
each small-cluster unit) lies on the convex hull for a given electron concentration.
Therefore, the stability against disproportiation can be interpreted as the simplest possi-
ble extrapolation of the small-cluster wavefunctions (neglecting any “interference
effects") to the thermodynamic limit,

The results are summarized in the form of phase diagrams (Figs. 3.5-3.9). The

phase diagrams plot regions of parameter space that are stable against disproportiation
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as functions of the electron filling N (vertical axis) and the Heisenberg interaction J
(horizontal axis), Horizontal solid lines denote stable. ground-state solutions for fixed
N. Dotted vertical lines separate regions where disproportiation occurs and also
denote regions where the ground state for fixed N has a level crossing (see Tables
3.5-3.8). The level crossings for fixed N are also marked by a solid dot in the phase
diagrams.

In general, the tendency toward disproportiation increases as the interaction J
increases, however, there are cases where islands of stable ground-state configurations
form (these include N =4 in the bec, fee (¢ < 0), and sg lauices, and N =7 in the
fee (¢ < 0) latice). The role of geometry on the stucture of the phase diagrams can
be explained by three empirical rules (listed in order of importance): (1) ground-state
solutions with even numbers of electrons are more stable than solutions with odd
numbers of electrons (in particular, N =0, N = 2, and N = § arc always stable); (2)
filled or half-filled one-electron shells are stable in relation to other electron fillings;
and (3) when the ground state fo. an odd number of clectrons (V) is stable, the
ground states for even numbers of electrons (V 1) are also stable. In particular, the
third rule implies that whenever an (N = odd) solution becomes unstable with respect
to disproportiation, it always separates into cven mixtures of solutions with (¥ +1)
electrons. However, when an (¥ = even) solution becomes unstable, it separates into
many different kinds of mixtures (N +£2; N+2,N-4; N+2,N-1; N+4,N-2).
These empirical rules explain the stability of N =0, 1, 2, 4, 5, 6, 8 for the sc lattice;
N=0,1,2,8 for the bee and sq (¢ =0) lamices; N=0,1,2,6,8 for the
fee (¢ > 0) and sq (¢ > 0) lattices; N =0, 2, 3,4, 6, 8 for the fec (¢ < 0) lattice;
and N =0, 1,2, 4, 8 for the sg (f < 0) lattice. The rules do not explain the stability
of N =6, 7 in the bce lattice or N =7 in the fee (t < 0) lattice. We believe the last
feature arises from many-body effects and a sensitivity of the solutions to the next-

nearest-neighbor hopping ¥'. The bec and fec (¢ < 0) lattices are strongly sensitive to
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', the sg lattice is moderately sensitive to ¢, and the sc and fcc (r > 0) lattices are
insensitive to ¢. Finally, note that although the sq lattce does show regions of
parameter space which favor pair-formation of holes in the half-filled band, it is the
fec lattice with ¢ > 0 [r < 0] that shows the strongest tendency toward hole [electron]
pair-formation in the r—"=J model. This result suggests that frustration is a key ele-
ment for stable pair-formation in itinerant interacting electronic systems and that the
fcc lattice is more likely to be superconducting than the sq lattice for a single-band
model.

I11.4 Results: Heavy-Fermion Behavior

Two electrons which have strong correlation (i.e., satisfy the "super” Pauli princi-
ple) must avoid each otlier when moving in a solid. This places an additional con-
swaint on the electron dynamics which should, in turn, strongly affect the transport
properties and the density of states at the Fermi level; e.g. reduce the specific heat,
electron conductivity, etc. The constraint is felt in many-body solutions by a drastic
reduction in the number of available states (reduced by one order of magnitude in
eight-site clusters). Under cerain circumstances, however, some properties are
enhanced by orders of magnitude because of strong correlation (as evidenced in the
HF materials®?). Analogous behavior is found in the many-body solutions to the
t-r'=J model on small clusters.

The HF materials exhibit large coefficients of the term linear in the temperature
in their specific heat, quasi-elastic magnetic excitations (large magnetic susceptibili-
des), and poor metallic conductivity. The soludons to the 1~/ model are tested to
find candidate solutions that depict this HF behavior. Since electron correlation effacts
begin to be large at N = 4, it is expected that solutions near half-filling will have the

strongest HF character,
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The large coefficient of the linear term in the specific heat arises from an abun-
dance of low-lying excitations, i.e. many-body states in the ground-state manifold and
energetically close to it. We calculated the maximum number of states (including all
degeneracies) lying within an energy of 0.117 | of the ground state for 0.0 £J < 1.0
(see Table 3,10). The maximnm number of states appear for only a finite range of J,
as illustrated for the three cases in Figs. 3.10-3.12. Enhancements’? are searched for
in the strong-correlation regire by comparing the maximum number of states in Table
3.10 with the total number of states in the ground-state manifold of the noninteracting
regime (Table 3.11). The degeneracy of the noninteracting ground-state manifold is
determined by a pa:amagnetic” filling of the one-electron levels of Table 3.4 (all of
the excited states in the noninteracting electron spectrum lic beyond 0.11¢1 of the
ground state). The possible HF lie predominantly near half-filling and are highlighted
in boldface in Table 3.10. Both the bcc and the sq (¢ = 0} lattices show no tendency
toward HF behavior due, in part, to the large density of states of the noninteracting
elecrons ot half-filling.

Large magnetic susceptibilities and large magnetic fluctuations occur whenever
two states wiih different total spin are nearly degenerate. These fluctuations increase
when more than two different total-spin configurations are nearly degenerate (a feature
that we call the spin-pileup effect). Many solutions exhibir this spin-pileup effect: the
case of a half-filled band has, for all structures, five different total-spin configurations
degenerate at J =0; for N =7, the spin-pileup effect is seen in the sc (¢ €0),
bee ( =0), fee (¢ > 0), and sq lauwices; for N = 6 and N = 4 it is observed in the
feec (@ > 0) lattice and in the s¢ (' = 0) lattice, respectively. A simple example of the
spin-pileup effect is illustrated in Fig. 3.11. Cases when only two different total-spin
states are nearly degenerate occur in the regions near isolated level crossings between

the two states. These regions have been summarized in Tables 3.5-3.8.
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Finally, the candidate HF solution: are required to exhibit weak metallic conduc-
tivity. Previous investigations®! have shown that electrons in the strongly correlated
regime are poor conductors {in particular, the half-filled band has electrons that are
frozen in space, i.e. an insulator). However, an enhancement of the conductivity is
expected whenever a solution is close to a dispropordation instability, since the system
has states with two different charge distributions which are nearly degenerate.

Solutions to tie r—=J model that satisfy all three criteria® are the best candi-
dates for models of HF systems. These solutions are listed in Table 3.12. The solu-
tons lie predominantly near half-filling, are quite sensitive to variations in J, are
moderately sensitive to‘changes in ', and may be magnetic. In fact, the geometrical
tendency toward HF appears to be closely linked to the geometrical tendency toward
magnetism of the previous section, with the sc and fcc !attices having stronger HF

character than the bec and sg lattices.

I.5 Conclusions

The effect of geometry on the exac: many-body solutions of the r—f'=J model in
eight-site small clusters has been studied. Five particular cases were examined: sc;
bee; fee (¢ > 0); fee (¢ < 0); and sq lattices. Spin and spzce-group symmetries were
used to reduce the Hamiltonian to block-diagonal form, which decreased the diagonali-
zation time by six orders of magnitude.

The spetial symmetry, k-vector, and total spin of the ground state were calculated
for all electron fillings as a function of the interaction strength. It was found that the
ground state typically has minimal spin and there are many accidental degeneracies.
Magnetic solutions (including ferromagnetism) occur in some cases when J < 7. In
particular, Nagaoka’s theorem!® was verified, the ferromagnetic solutions were found
to be quite unstable wita respect to increasing J, and an extension of the theorem to

the case of two hcles was proposed: Whenever the hypotheses of Nagaoka's
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theorem!? are satisfied and there are exactly two holes in the half-filled band, then the
ground-state manifold includes a spin-singlet with '} symmetry. This conjectured
extension of Nagaoka’s theorem indicates that the ferromagnetic solution is quite
unstable to both interaction swrength J and electron filling N.

The stability of the many-body solutions with respect to disproportiation was stu-
died. Amazingly enough, it was found that the phase diagrams can be almost entirely
described by a one-electron picture: The stability of solutions tends to decrease as the
interaction J is increased; the one-eighth (¥ =2) and one-half (¥ =8) filled bands are
always stable; an even number of clectrons tends to be more stable than an odd
number; and an odd number of electrons that forms a half-filled one-electron shell
tends to be stable. Frustration was a key element to the binding of two holes or two
electrons, as shown in the fcc lattice. In particular, no evidence was found for
enhanced superconductivity (via the binding of holes) in the two-dimensional sq lattice
versus the three-dimensional latdices.

Heavy-fermion behavior was studied by examining the character of the ground-
state manifold and its low-lying excitations. Many-body solutions were found that
have a large density of many-body states near the ground state, have large spin fluctua-
tions, and are poor metallic conductors. These solutions exhibit HF character for only
a small range of the interaction and are sornetimes magnetic.

Geometry plays a similar role in both magnetism and HF behavior. The sc and
fcc lattices have a stronger tendency toward magnetism a.nﬁ HF behavior than the bec
and sg latices.

In conclusion, the small-cluster technique is an alternate approach to the many-
body problem that treats electron cormrelation effects exactly, but has uncontrolled
finite-size effects. Group theory is used to simplify the problem, so that many

~ different cases can be studied. A richness to the structure of the ground-state solutions

as functions of the interaction strength, electron filling, and geometry, is found that
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includes magnetism and HF behavior.

IT1.6 Appendix: Space-Group Symmetry of Eight-Site Clusters

The cubic point group Oy, has 48 operations, however, the improper rotations and
inversion yield no additional information when spherically symmetric orbitals are
placed at each lattice site. Therefore, the relevant cubic point group for the small clus-
ters that are studied is the octahedral group O which has 24 operations. Similarly, the
relevant point group for the square lattice is Cy4, which has 8 operations. The eight-
site cluster has eight translations which yield space groups of order 192 [64] for the
cubic [square] lattices. However, it turns out that there is a fourfold redundancy of
group operations in the sc lattice when spherically symmetric orbitals are placed at the
lattice sites (a similar ‘phenomena occurs in the four-site tetrahedral cluster?®). This
reduces the order of the space group for the sc cluster to 48 and this reduced group is
isomorphic to the point group O, with an origin at the center of the cube (see Chapter
V).

The sc Brillouin zone*? is sampled at four symmetry stars: T” (d=1); R (d=1); M
(d=3); and X (d=3). The character table*? is reproduced in Table 3.13 with the con-
ventional and the space group notations for the 10 irreducible representations.

The bce and fcc lattices display the full symmetry of the proper space grov-
Their Brillouin zones*® are sampled at three symmetry stars: T’ (d=i); H (d=1); and N
(d=6) for the bee lattice and T (d=1); X (d=3); and L (d=4) for the fec lauice, The
character tables® are reproduced in Tables 3.14 and 3.15. The space group operations
are denoted by a point group operation (with origin at site 1) and a translation vector.
Nearest-neighbor wranslations are denoted by © and next-nearest neighbor translations
by 6. The subscripts N, L, and . refer to translations that are parallel to, perpendicular

to, or at an angle to the rotation axis of the point group operation.
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The sq lattice also displays the full symmetry of the proper space group. The
Brillouin zone*? is sampled at four symmetry stars: I (d=1); M (d=1); X (d=2); and £
(d=4). The character table®® is reproduced in Table 3.16. The symbol G denotes
reflections in the planes perpendicular to the x- and y-axes, ¢’ denotes reflections in
planes perpendicular to the diagonals x+y, Q denotes the third-nearest-neighbor trans-
lations, and the subscripts Il (1) refer to translations that are parallel (perpendicular) to
the normal of the mirror plane.

Finally, we claborate upon the algebraic identification of the lattice points in an
infipite lattice with those of an eight-site cluster with PBC. A sc lattice is described
by triples of integers (i,j.k). The eight-site sc cluster with PBC describes the same
set of points, but each point on the infinite lattdce is identified with one of eight
equivalence classes, determined by the site in the small cluster with which it is
equivalent These equivalence classes are given in Table 3.17 for the sc, bce, fec,

and sg lattices.
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electronic conductivity in a quarter-filied band. Neither solution is discarded.
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Table 3.1. Hamiltonian block sizes for N electrons in an eight-site cluster in the

strongly interacting limit (no double-occupation of a lattice site).

“oo\la\mawnu-o

Dimension of
N Hilbert Space

1

16
112
448
1120
1792
1792
1024
256
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Table 3.2. Largest Hamiltonian block sizes fur N electrons in the four different eight-
site clusters when expanded in a symmetrized basis of definite spin and spatial sym-

metry.

N sc bec fee sq
0 1 1 1 1
1 1 1 1 1
2 3 2 2 3
3 8| 5 5 8
4116 8 9 14
5118 9 12 18
6 | 18 9 11 18
7 8 5 5 8
8 3] 2 2 3
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Table 3.3, Renormalized parameters for the r—t'—/ Hamiltonian when restricted to

isolated eight-site lattices.

s¢  bee fee sq

INN | 2t 2t 2t r
2NN | 4r | 2¢ | & | 2¢
int | 2 | i J




Table 3.4. One-electron energy levels for the four different eight-site clusters.

sc bee fee 5q
Ep=~6-12 | Er=~8t=6f | Ep==12t=6f | Ep=—4r—4r
Ex =~2r-+4¢ EN=2t' EL =6r E};=O
EM = 2t+4¢ EH = 816 Ex = 4r—6¢ Ex =47
ER = 61-127 EM = 4t-4¢

86
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4 case. The symmetry labels refer to

Table 3.5. Ground-state symmetry for the N

the irreducible representations of the space group (see the app~ndix) with the super-
script corresponding to the spin-degeneracy (25+1). The critical values of J/t record

the parameter values where a level crossing occurs within the interval 0.0 SJ/t < 1.0,

. v bx, o,
1 At 6  3o'x @ et 19800 ¢ ‘wety | bs
0zs800 € g | oo v tmelmety el | wzovo ¢ EX B
v 1 v ™
SEVEED 2 Uy, | swevo ¢ ay, 4 U5, | o<
0L8LO°0 6 ix; | 655800 6 txe | vOO00 6 x| oS
9 £x, @5, 9 Ex, @, 9 @t | o<
8RLOOO 81 SXe | 1zsooo st SXe| €Lzo00 81 xXg | S
6 N BT,
682600 ¢ Uy @y, 6 N @5, 6 ey | o
LEoo Lz N®TH | 6LEll0 ¥ Uty | oson v U0ty
z gy, z 4} 1,
RCIRFA VI tag | sicio s 3’2 [4 oy, a8
"Nyrl 3op “wAs Myl -Sap wis "Nyry 3ap T as
o> =, o< g




>0 =0 <0

sym. deg.  Ji)., sy deg.  [Jt),i sym. deg. i),

sc ‘R, 4 0227119 | ‘R, 4 028014 | R, 4 030507
%, 6 %, 6 %, 6

VBN, 24 013027 | V@V, 24 021214 |V, 0, 24 020073

bee | Ts@is @ s@WN,@N; 36 Toi;@N,0WN, 36 082705
W, 0N, 36 @, 18

feo | L, 16 000216 | ‘L, 16 000432 |9, 16 0.006%0
a>0 |2, 16 2L, 16 L, 16

fec %, 6 065744 | 6 052150 |2x, 6  0.30260
<0 |2, 16 085651 | 12 ' 12

b'# 12

5 £ 016958 | X, @%x,0°5,02%, 24 021214 | %, 4 027940

sq 5, 8 050 M,0M; %, 8
a4 02X 022, 36

N 9 207 AnowrmAs 1e15-puUncIp) '9°¢ S[qEL

9580 §
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r>o0 = ¢ <0

sym. deg. (/i sym. deg.  (Fit]e sym. deg.  [/4].u

s5c I, 2 T, 1 004489 |1y 1 021765
T 2 Ty, 2

ne'rye'y, 4 013007 | 'Ne'Tye'H, 4 021355 |'Me'Mye'H, 4 020287

bee | 'rs@'N, 9 Irse'N, 9 Tye'N, 9 054656
n 1
foe | 'y 2 Ty, 2 T 2

>0

i 1 063022 | 'Ty 1 049013 |'ry 1 03094

feo | TyelX, 6 rue'X, 6 08084 |'rse'X, 6 042641

¢t <0) 'L, 4 L, 4 078826
re'r, 3

sq T, 1 017094 | 2'Me'Ne'M, 4 02135 |, 1 028349
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2, 6 034310
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Table 3.9. Accidental degeneracies in the t—"—/ model at J = 0.

lattice N ground state deg.
f [ 2 3X 20 11'12 11
<0
bee | 4 | Hie’N0M0lH, 31
=0
5q IroM;e’X;0%%,
=0 4 61F161F461M1$1M4 31
fee 6 | ‘re,0'ry, 16
>0
fee X,@L,0T,0%, 0%,
>0 | 7 | 0% 0 e%X,0%, 9
all 8 | al 256




92

Table 3.10. Maximum number of many-body states lying within 0.1/t of the
ground-state energy (including the degeneracy of the ground-state manifold). Potential

HF are highlighted in bold.

N s¢ bee fee (¢ >0) fec (t <0) 5q

v + 0 - + 0 - + 0 - | + 0 - + 0 -
1 2 2 2 6 2

2 1 1 1 11 1

314 4 18 12 8 10 8 12 4
E) 11 16 7 40 24 11 18 40 4
5 10 60 32 28 M M 16 60 12
612 3 3 13 16 7 10 10| 2 13 5
7 38 18 (52 60 14 9% 48 98 42 28 76 54
8 256 256 256 256 256 256 256
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Table 3.11. Maximum number of noninteracting-electron states lying within 0.117 | of
the ground-state energy (including the degeneracy of the ground-state manifold).

N sc bee fec @>0) | fec ¢t <O 5q

7 |l+ 0 -{+ 0 -+ 0 -]+ 0 -]+ 0 -
1 2 2 2 6 2

2 1 1 15 1

3 6 12 8 20 8 12 4
4 15 66 28 15 28 66 6
5 20 220 56 6 56 220 4
6 15 495 70 1 70 495 1
7 6 792 56 8 56 792 8
8 924 28 28 28 924 28
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Table 3.12. Many-body solutions to the 7—'~J model that exhibit srong HF charac-
ter. The range of interaction strength J/z where the solutions are HF and the total spin
of the ground state Sgg are included.

N lattice 4 Jit Sgs

3 sc <0 00<J/it <0.05 12

4 s¢ =0 0.0<J/it <0.04 20r0
7 sc /=0 005<Ji1 <0065 720r12
7 sc <0 012<J/t<013 7Ror52
7 fec@>0) allf 0.0<J/t <001 172

7 fec@<0) >0 0.1 <J/t <012 52 or 312
7 fec@<0) =0 017<J <019 52032
7 sq 7 <0 015<J/t <0.16 32
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Table 3.13. Character table for the space group of the eight-site s¢ cluster. The space
group is isomorphic to the cubic point group O, with an origin at the center of the
small clustex, when spherically symetric orbitals are placed at the lattice sites. E is
the identity, C* is the rotation of 2zm/n about an n-fold axis, and J is the inversion.
Both the space group and the point group notations for the irreducible representations

are included.

1 3 6 6 8 1 3 6 6 8

E C} Cy Cy; Cs J Ic¢ JC, JIc, IC;
Iy A {2 1 1 1 1 1 1 1 1 1
I [ Ay |1 1 -1 1 1 1 1 -1 -1 1
M | E, |2 2 0 o0 - 2 2 0 0 -1
My | Ty |3 -1 1 -1 o0 3 1 1 -1 ]
My | Ty 3 -1 -1 1 0 3 -1 -1 1 0
R, |4 |1 1 1 1 -1 1 -1 -1
R, |4y |1 1 -1 -1 1 -1 1 1 1 -1
R E |2 2 0o o0 - 2 -2 0 0 f
X, | T |3 1 -1 0 -3 1 -1 1 0
X, | T |3 1 a1 1 0 -3 1 1 -1 0
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Table 3.14. Character table for the space group of the eight-site bce cluster. The
space group operations are constructed by a point group operation with origin at site 1
followed by a wranslation. The symbol O denotes no translation, T denotes a nearest-
neighbor translation, and 8 is a next-nearest-neighbor translation. The subscripts Il , L,
and ¢ refer to translations that are parallel to, perpendicular to, and at an angle to the
rotation axis of the point group operation.

1 6 24 12 32 4 12 24 12 12 32 3 6 17

E C} C, Cy3 C3 E C} Cy Ca Cy C3 E C} Ca

0 0p 08 08 06 1 T T T T t 6 6 8,
ro|t 1 11 HE T T A T T S 1
Ll 1 a4 1 1 1 1 -1 21 a & & 1 -
" {2 2 o 0 -1 2 2 0 © © -1 2 2 0
e [ 3 41 1 -1 0 3 - 1 -1 -1 0 3 -1
s {3 1 2 1 0 3 -1 1 1 1 0 3 - ]
) I A S T R T S S RS T R N T R T
Hy v 1 a9 a4 1 o a1 1 1 a1 1A
Hpl2 2 o o0 -1 2 2 o0 0 0 1 2 2 0
Hs |3 <1 1 -1 0 2 1 -1 1 0 3 a1 -
Hys | 3 <1 - 1 0 3 1 1 -1 - 3 1
Ny]6 2 0 2 o0 0o 0 0 0 0 0 22 2 2
N2 {6 22 0 o0 0 0 0 0 2 2 90 -2 2 0
Ny]6 2 0 0 0 0 0 0 2 2 o0 -2 2 0
Ng|6 2 0 22 0 0 0 0 0 0 0 -2 -2 2
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Table 3.15. Character table for the space group of the eight-site fcc cluster. The nota-

tion is identical to that of Table 3.14.

12
¢,

24
Ca
0e 061,

Cs Cy E Ca

2
£l

E ¢}

Cs

0

-1

o

(o]

™

[a}

-1

-1
-1

-1

-1

-1
-1

©)

-1

-1

-1
-2

-1

-2

-2

o

-2

0

Ta

Iis

Tas

Xs

Ly

Ly
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Table 3.16. Character table for the space group of the eight-site sg cluster. The sym-
bol ¢ denotes the mirror planes perpendicular to the x— and y—axes and ¢ denotes the
mirror planes perpendicular to the diagonals x £y. The transiations are denoted by 0
(no translation), T (nearest-neighbor translation), © (next-nearest-neighbor), and Q
(third-nearest-neighbor). The subscripts [ and L refer to translations parallel to or per-
pendicular to the normals of the mirror planes.

™

Ce € ©o o E € €} o6 o ¢
0 o8R 00 o0 08 t t t t t t B 6 6 80 Q

m

2
Q
Q,
m

ry 1 1 t 1 1 1 1 1 3 1 1 1 1 1 1 1
r, ] 1 1 -1 -1 1 1 1 - -1 -1 1 1 -1 -1 1
| -1 1 1 -1 1 -l 1 1 1 -1 1 I 1 i 1
T ] -1 1 -1 1 1 - 1 -1 - 1 1 1 -1 1 1
s | 2 0 -2 0 0 2 0 -2 0 0 o0 2 22 0 0 2
M} 1 ] 1 | IS S | 3 S TR S ] 1 1 1 1
My |1 1 1 -1 -1 -1 - -1 1 1 1 1 1 - -1 1
My |1 -1 1 1 -1 -t 1 -1 -1 -l 1 1 H 1 -1 1
Myt -1 1 -1 -l 1 -1 1 1 - 1 -1 i 1
Mg | 2 0 -2 0 0 2 0 2 o 0 o 2 -2 0 0 2
X, |2 4 2 2 0 0 0 0 o 0 o0 -2 2 -2 0 2
X, | 2 0 2 -2 o 0o 0 0 o o0 o0 -2 -2 2 0 2
Xy | 2 0 -2 0 0 0 o0 o 2 2 0 2 2 0 0 2
X, | 2 0 -2 0 0 0o 0 0 2 22 0 -2 2 0 0 2
L |4 0 0 0 2 0o ¢ 0 0o 0 o O 0 0o 2 4
Z 0 0 0 -2 0 0 0 0 0 o0 O 0 0 2 4
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Table 3.17. Equivalence classes of the eight small-cluster sites in the se, bec, fec,
and sq infinite lattices.

Class sc bec fec sq
1 (2i,2j,2k) (4i ,47,4k) (2i,2j,2k) (2i,.2))
(4i+2,4j+2,4k+2) | i+j+k =even i+ =even
2 (2i+1,2j,2k) (4i+2,4] 4k ) (2i,2j+1,2k+1) (Qi+1,2§)
(4i 4j+2,46k+2) i+j+k = even i+j =even
3 2i+1,2j+1.2k) (4i 4) 4k +2) (2i+1,2j,2k+1) | 2i+1,2j+1)
di42,4j+2,8k) i+j+k = odd i+j =odd
4 (2i 2j+1,2k) (4i 4j42,4k) (2i+1,2j+1,2k) (2i,2j+1)
4i+2,4f 4k+2) i+j+k =odd i+j = even
5 2i+1,27,2k+1) (4i+1,4j+1,4k+1) (2i,2j.2F) (2i,25)
(4i43,4j+3,4k+3) i+f+k = odd i+f =odd
6 (2i,2j,2k+1) (4i+3,4j+1,4k--1) | (i,2j+1,2k+1) Qi+1.25)
(4i+1,4j+3,4%+3) i+j+k =0dd i+j =odd
7 (Qi,2j+1,2k+1) (4i+1,4j+1,4k+3) | (2i+1,2j.2k+1) | (2i+1,2j+])
(4i+3,4j43,4k+1) i+j+k = even i+j =even
8 2i+1,2j+1,2k+1) | (4i+1,4j+3.4k+1) | (Zi+1,2j+1.2k) (2i,2j+1)
(4i+3,4j+1,4k+3) i+j+k = even i{+fj =odd




Figure 3.1. Eight-site cluster with PBC for the sc lattice in (a) real and (b) reciprocal
space. The nearest neighbors of the site 1 are two each of the sites 2, 4, and 6 as
indicated in (a). The four symmetry stars in (b) are T = 0,0,0); R =(1,1,)n/a;
M =(1,1,0)n/a; and X = (1,0,0)n/a.
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Figure 3.2. Eight-site cluster with PBC for the bec lattice in (a) real and (b) recipro-

cal space. The dotted line in (a) is the bedy diagonal. ‘The nearest neighbors of site 5

are two each of the sites 1, 2, 3, and 4. The three symmetry stars in (b) are

T'=(0,0,0; H = (2,0,0)n/a; and N = (1,1,0) /.
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Figure 3.3. Eight-site cluster with PBC for the fcc lattice in (a) real and (b) recipro-

cal space. The double-tetrahedral structure is highlighted with dotted lines in (a). The
three symmetry stars in (b) are T = 0,0,0%; X =(0,0,2)wa;and L = a1,,)nia.
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Figure 3.4. Eight-site cluster with PBC for the s¢ lattice in (a) real and (b) reciprocal
space. The 2VZa x 2VZa "primitive” cell is highlighted with dotted lines in (a). The
four symmetry stars are ' = (0,0); M = (1,1)W/a; X = (1,0)Wa; and Z = (1, 1) =/2a.

a)
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ELECTRON FILLING

Figure 3.5. Stability phase diagram for the sc lattice. The horizontal axis is the
interaction strength J /¢ and the vertical axis is the electron filling N. Solid horizontal
lines correspond to stable single-phases. Dotted vertical lines denote disproportiation
instabilities or level crossings in the fixed-N solutions. Level crossings are also
marked by a black dot. Three cases have been calculated: (a) ¢ =0.15irl; (b)
¢ =00; and (¢) ¥ =-0.15¢1.
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ELECTRON FILLING -

Figure 3.6. Stability phase diagram for the bee lattice. Three cases have been calcu-
lated: (@) ¢ =0.5121; (b) £ =0.0; and (c) ¥ =-0.5171. Note the phase islands for

N =4,
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ELECTRON FILLING

Figure 3.7. Stability phase diagram for the fcc (¢ > 0) lattice. Three cases have been
calculated: (@) ¥ =0.151z1; (b) ¥ =0.0; and (c) ¥ =-0.151¢1,
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ELECTRON FILLING

Figure 3.8. Stability phase diagram for the fcc (¢ < 0) lattice. Three cases have been
calculated: (@) £ = 0.151¢1; (b) £ = 0.0; and (c) £ =-0.151¢ 1. Note the phase islands
for N =4 and N =7 and that N =1 is unstable.
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ELECTRON FILLING

Figure 3.9. Stability phase diagram for the sq lattice, Three cases have been calcu-
lated: (a) £ = 0.151¢1; (b) 7 =0.0; and (c) ¥ =—0.151¢1. Note the phase istands for

N =4,
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Figure 3.10. Total number of states in the ground-state manifold and in the low-lying

excitations within 0.11z 1 of it for the s¢ (' < Q) lattice and N = 3.
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Figure 3.11. Total number of states in the ground-state. manifold and in the low-lying
excitations within 0.1i¢! of it for the fec (¢ > 0} latiice and N = 7. There are no
low-lying excitations in the range 0.1 < J/t < 1.0. The spin-pileup effect can be seen
atJ = 0.
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Figure 3.12, Total number of states in the ground-state manifold and in the Iow-lying
excitations within 0.11z1 of it for the fec (¢ < 0) lattice with / =0 and N = 7.

There are no low-lying excitations in the range 0.5 <J/lz1 < 1.0.
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Chapter IV: Ezact Solutions of Frustrated Ordinary and Chiral Eight-Site
Hubbard Models

IV.1 Introduction

Although the ground states of the Mott-insulating progenitors of high-temperature
superconductors display long-range antiferromagnetic order, it has been suggested that
hypothedcal "spin-liquid" or "resonating-valence-bond"” states which are translationally
and spin-rotationally invariant may hold the key to the mechanism of oxide supercon-
ductivity!3. These states possess short-range spin correlations which mimic the
short-range spin correlations in a singlet superconductor, and may therefore serve as an
appropriate starting point for understanding the nature of superconductivity in doped
Mott insulators. The excitaticn spectrum of these spin liquids is supposed to contain
quasiparticles with reversed spin-charge-relations — the neutral spin-1/2 “spinon” and
the spinless charge-e “holon” — and the superconducting ground state is thought of as
a condensate of holons.

Despite the theoretical interest in spin liquids, it has proven difficult to identify a
particular frustrated spin-1/2 Heisenberg model with a spin-liquid ground swate. The
search for these states is complicated by the difficulty of solving frustrated spin models
on infinite lattices (or lattices which are large enough to render boundary effects unim-
portant), especially in view of the possibility of incommensurable spin-density-wave
ground states. The understanding of spin liquids is therefore largely based on approxi-
mate methods which fall into three different categories: (a) mean-field theories; (b)
variational and projection techniques; and (¢) small-cluster (finite-system) exact calcu-
lations.

(a) Mean-Field Theories.
Conventional mean-field theory for antiferomagnets (AF), in which the spin at every

site acquires a nonzero expectation value, i< not appropriate for the study of spin
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liquids, since they arc by hypothesis spiu-rotationally invariant. Affleck and Marston®
have proposed an alternative mean-field theory by recalling that antiferromagnetic
exchange between two spins at sites i and j arises from the virtual hop of an electron
from site i to site j and back again, viz, [-2Jj; (c;’,;cjg)(cjt,ci.,)]. This expression
leads naturally to the introduction of the (possibly complex) link variables
¥y = 5/2) <cj’;,c,-,> and the corresponding mean-field Hamiltcaian

lg; 12 .
Hyr = E L + L [X‘J L‘,'I, Cia +x; cj"d C“,] . 4.1)
GJ) Vi G.j).o

The mean-field state is obtained by minimizing Hy,r with respect to the link variables
%ij» @ procedure which yields exact results for the SU(N) Heisenberg model in the
ierge-N lbmit. The ground state in the mean-field approximation is then the Slater
determinant obtained by filling the single-particle states in the lower half of the spec-
mum of (4.1). Since the effective hopping amplitudes %;; are generally complex, the
Hamiltonian (4.1) is equivalent to a system of noninteracting fermions moving in a
"magnetic field" which couples only to orbiral motion. The mean-field Hamiltonian
(4.1) preserves an important symmetry of the Heisenberg model, namaely the local
U(l) gauge symmetry associated with the conservation of particie number a: each
site’. Under a local gauge transformation, cj';, = exp(i A; )cj';,. every stat> in the Hil-
bert space of the Heisenberg model is multplied by the same overall phase factor
exp(i }:j A j) and therefore all observables are unaffected.

In general Hyy is minimized® by states with nonzero ij only on isolated links of
the lattice. To obtain stable translationally invariant spin-liquids in a mean-field
approximation one may intruduce biquadratic spin-spin interactions® which suppress
fluctuations of the magnitudes 1y;;!. The resulting states have uniform (but fluctvat-

ing) charge density.
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(b) Variational and Projection Techniques.

Slater determinants such as the mean-field states described above can be converted into
suitable variational wavefunctions for the Heisenberg model by progressively eliminat-
ing those components of the Slater determinant which correspond to multiple occu-
pancy of sites —— the "Gutzwiller” technique. These projected wavefunctions yield
excellent variational energies" (and therefore accurately desciibe short-range correla-
tons) when the "flux" through every clementary plaquette (ijkl) is 7, i.e., when the
phase of the product ;% Xu X of the link variables around the plaquette is n. On a
square lattice with diagonal (frustrating) interactions, the optimal state (with uniform
I%; 1) is the "chiral” state™8, with flux /2 through each elementary triangle, which
breaks both time-reversal and parity symmetries.

The philosophy behind the Gutzwiller approach is a familiar one. To swudy a
strongly interacting many-body system, one first identifies a simpler weak-coupling
limit which embodies the same symmetries, and then imagines a smooth deformation
of this soluble model into the intractable Hamiltonian under consideration. If no phase
transition or level crossing intervenes, then the two opposite limits will be qualitatively
similar. In some cases, the smooth continuation from weak to strong coupling can be
. convincingly demonstrated. An instructive example of such a continuum of models is
the half-filled, square-lattice Hubbard model with nearest-neighbor-only hopping®. In
the small Hubbard U limit, th:s system is a commensurable spin-density-wave insula-
tor, with an exponentially small charge gap. In the opposite (large Hubbard U') limit,
charged excitations can be formally climinated, resulting in a nearest-neighbor Heisen-
berg AF with a Néel-ordered ground state. In both cases, the ground-state density
correlations decay exponentially, and the low-energy, long-wavelength excitations are
gapless antiferromagnons. Despite the apparent conceptual difference between a com-
mensurable spin-density-wave insulator (whose charge gap is caused by a doubling of

the unit cell), and a Néel-ordered Mott insulator (whose gap is generally viewed as a
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many-body effect), there appears to be no phase-boundary separating them. The use of
Gutzwiller-projected wavefunctions tacitly assumes a smooth interpolation of ground
states from weak to strong coupling. If these two limits can be continuously related,
the Gutzwiller approach provides a crude but powerful approximation for discussing
strongly interacting problems using weak-coupling methods.

If the proposed spin-liquid states do indeed exist as ground states of an appropri-
ately frustrated spin model, one may ask whether or not a smooth continuation to a
more easily studied weak-coupling model exists. In particular, the mean-field theory
of equation (4.1) suggests'® a clear possible starting point: 2 Hubbard model in the

presence of an arbitrary magnetic field which couples only to orbital motion, i.e.,

H=-3% gyichejo+ UL mrmy
ig.o i

nETe™ 5 =1, 42)
where n;q = c‘-f, €ig is the particle number at site i, the Tj; are real and positive, and
hopping is not limited to nearest-neighbors. At half-filling and in the large-U limit,
for any choice of link phascs {¢;; }, this Hubbard model approaches a frustrated spin-
1/2 Heisenberg model in which the rados J;;/Jy are simply (T,-J-ﬂ',d)z. Each set of
link phases therefore specifies a family of Hamiltonians which interpolates between
different soluble models (U = 0) and one intractable spin model (U =es). If for a
sufficiently clever choice of phases it is possible to interpolate smocthly between the
two limits, then one can infer properties of the frustrated Heisenberg model from a
careful study of tight-binding independent-particle models.

For a generic choice of hopping phases ¢;;, the model described by the Hamil-
tonian (4.2) explicitly breaks time-reversal and parity symmetries. For large U this is
reflected in the fact that the corresponding Heisenberg model includes three-spin
interactions'?

T;i Ty Ty

§ J—(J]-Z—— sin[®;;] S;-S; xS, , @43
i
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where O, = ¢;; + ¢ + ¢y is the flux through tmiangle {jk. These terms vanish in the
Mott limit, since they are smaller by a factor of (7/U) than the usual quadratic spin-
spin Heisenberg coupling [(4T,~JZ/ Uy s; 'SJ-]. They may, however, act as
infinitesimal symmetry-breaking fields (in the large-U limit) if the ground state of the
corresponding frustrated Heisenberg model spontanecusly breaks time-reversal or par-
ity symmetries,

Of course, a continuous family of models does not ensure that the corresponding
siates will vary smoothly, since a phase transition could (and frequently will) inter-
vene. A necessary condition for the absence of a phase transition between the large
and small-U limits is that both limiting states must have the same symmetry (no-
crossing rule)., For example, weakly frustrated square-lattice antiferromagnets are
thonght to have Néel-ordered!!-1* ground states, so one cannot expect the (paramag-
netic) ground states of tight-binding models (4.2) with weak second-neighbor hopping
to continue smoothly as I/ is increased. A second requirement for continuity between
a small-U state and a Mott insulator is that the small-U state must be locally neutral
with a gap in the charged excitation spectrum (insulator rule). This condition ensures
that a2 metal-insulator transition does not interrupt the continuation process.

Which link phases ¢;; are most likely to permit continuation from a (paramag-
netic) Slater determinant to a translationally invariant Mott insulator? The similarity
between the generalized Hubbard model (4.2) and the mean-field theory (4.1) suggests
dismributions of flux which correspond to mean-field solutions with uniform @gﬁmks
1%;; 1. The comesponding Slater determinant will then have spin-comelations which
should closely resemble its large-I/ cousin, facilitating a smooth interpolation between
the two states. It is also necessary to have a single-particle gap at U = 0%, 1o sarisfy
the insulator rule. To obtain a translationally invariamt insulator the charge density
must also be uniform and the current on each link must vanish. This latter condition

is simply the statement that the expesiziion value of the Hamiltonian is stationary with
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respect to varying the link phases, which is automatically satisfied by choosing fluxes
corresponding to a uniform-amplitude mean-field state.

A strong candidate for adiabatic continuation (from a tight-binding model to a
spin-liquid) in the strongly frustrated regime is then the chiral Hubbard model>® with
7/2 flux per triangle. It has a spin-singlet translationally invariant ground state that
breaks time-reversal and parity (satisfying the no-crossing rule) and the presence of &
flux per plaquette doubles the (magnetic) unit cell opening a “chiral gap" to single-
particle excitations for nonzero next-nearest-neighbor hopping (satisfying the insulator
rule).

(¢) Exact Diagonalization of a Periodic Small-Cluster Hamiltonian.

The approach used in this contribution is the small-cluster approximation** which con-
sists in the exact diagonalization of the generalized Hubbard Hamiltonians (4.2)
applied to a small cluster with periodic boundary conditions (PBC). The small-cluster
approach begins with the periodic crystal approximation,'® modeling a bulk cryseal by
a lattice of M sites with PBC. Standard approaches!S take the thermodynamic limit
(M — oo) of the noninteracting system (sampling a continuum in momentum space that
spans the Brillouin zone) and treat the subsequent electron-correlation effects in an
approximate manner. The small-cluster approach fixes the number of lattice sites to be
small (restricting the momentum-space sampling to a coarse grid of high-symmetry
points) but solves exacrly for all electron-correlation effects. The one-electron band
structure of both methods is identical at the sampled wavevectors. The relationship of
the many-body solutions {at equal electron concentration) for the macroscopic crystal
and the small cluster is much more complicated because of uncontrolled finite-size
effects in the latter. However, the small-cluster approach provides a rigorous and com-
plimentary method to study the many-body problem that may be extrapolated to

macroscopic crystals.
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The small-cluster approach was proposed independently for the Hubbard model
by Harris and Lange!” and Falicov and Harris™® with the exact solution of the two-site
cluster. The solution of the four-site square (and tetrahedral) cluster!? marked the first
time that group theory was used to factorize the Hamiltonian (4.2) into block-diagonal
form by using basis functions of definite spin that transform according to the imeduci-
ble representations of the full space group. Recent work has concentrated on
moderately sized (M $20) square-lattice clusters?®™2!, A brief history of applications
of the small-cluster approach to different geometries and real materials can be found in
Ref. 21,

This contribution examines the ground-state Symmetry, wavevector, spin, and
correlation functions for the ordinary and the chiral Hubbard models at half-filling on
an eight-site square-lattice cluster as functions of the interaction strength U and of the
hopping parameters ¢ and ¢’. Section IV.2 discusses the symmetrics of the two models
and the method of calculation; Section TV.3 includes the results for the ground states
of both models and their properdes; the final section presents the conclusions and

suggestions for further work.

IV.2 Symmetries and Calculational Methods

Two different eight-site square-lattice clusters are illustrated in real and reciprocal
space in Figs. 4.1 and 4.2: the "ordinary" Hubbard model?? and the “chiral* Hubbard
model®®, Both models have hopping amplitudes with the same magnimudes for the
nearest-neighbor hopping (¢) and for the next-nearest-neighbor hopping (1), respec-
tively, but differ in the relative phases of the hopping parameters. The Hubbard model
has all real hopping matrix elements whereas the chiral Hubbard model has relative
phases chosen so that each fundamental triangle contains a “flux” of m/2 (in units
where one flux quantum = 2x). Tables 4.1 and 4.2 summarize the nonzero hopping

matrix elements f; for the two models in terms of the paramcters ¢+ and . One
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should note that the factor of two multiplying the next-nearest-neighbor hopping matrix
clements arises from a renormalization of the hopping parameters caused by the PBC
(the four next-nearest-neighbors of an odd [even] site i are rwo each of the remaining

odd [even] sites except for the site { £4).

(i) Number operator.

The total-number operator for each spin N, = ¥ ; #;, commutes with the Hamiltonian
in equation (4.2) and is a conserved quantity. The many-body states may be labeled
by the total number of electrons N = Np+IVy.

(ii) Spin symmetry.
The total z-component of spin S, = %(N 1=N)), formed from the difference of these
number operators, is the third component of an iniernal SU(2) spin symmeay with
raising and lowering operators, S, =Y, ;c,«’}c,-l and S_ = (S,)', that commute with the
Hamiltonian (4.2)

[S..S3=2S, , [S;.S:)=%S: . {H,S5;)=[H,5]1=0 . @44)
These commutation relations imply that the square of the total-spin operator
$2= —;—(S,,S_+S_S+)+S,2 also commutes with the Hamiltonian, so the many-body

states may be labeled by their total spin S and total z-component of spin mg, with

every state in a given spin multiplet degenerate in energy.

(iii) Pseudospin symmeuy.
Another internal SU(2) "pseudospin” symmetry can be found in special cases.225 The

z-component of pseudospin is given by J; = %(N —M). As seen above it commutes

with tie Hamiltonian; it also satisfies an SU(2) algebra
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Ve J1=20, , [N, Jd=x0y 4.5)

with the pseudospin raising and lowering operators: J+=zjexp(iej)cj’]_cﬁ and
J_= (). Although the latter do not commute with the Hamiltonian, they become

raising and lowering operators of the Hamiltonian,

[H,Jy1=2UJ;y , 4.6)
whenever the phase condition
t =—e'@ Ol | (4.72)
is satisfied, or equivalently
6;-9; =2¢; +r (mod 2m) (4.7b)

is satisfied If (4.6) holds, then the square of the pseudospin operator
Ji= %(J,,J_+J_J+)+J,z commutes with the Hamiltonian and is another conserved

quantity. The phase condition can be satisfied whenever the hopping matrix is bipar-
tite (i.e., when there are two disjoint sublamices A and B with nonzero hopping

between A «—> B only) by the choice
=2 ied s

Equation (4.7) holds for the ordinary Hubbard model when ¢ =0, but cannot be
satisfie. otherwise. The phase condition (with the phase choice of Eq. 4.8) is always
satisied for the chiral Hubbard model when one chooses a gauge that is real for
A = B sublattice hopping, and imaginary for A <~ A and B «— B sublattice
hopping. The many-body states for the half-filled band (W = M) all have J, =0. In
the case of the chiral Hubbard moic! they may also be labeled by their pseudospin J.
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(iv) Space operations for the ordinary Hubbard model.

The space group of the ordinary Hubbard model is a symmorphic, moderately sized
finite group constructed from the C 4, point-group operations and the eight translation
vectors of the lattice: the four nearest-neighbor translations are denoted by T; the two
next-nearest-neighbor translations by 9; and the one third-nearest-neighbor translation
by . The space group is of order 64 and is composed of 16 classes. The Brillouin
zone?® (see Fig. 4.1) is sampled at four symmeny stars: I' (d=1); M (d=1); X (d=2);
and Z (d=4). The character table® is reproduced in Table 4.3.

{v) Site-permutation operations for the ordinary Hubbard model.

There is a larger group, a cluster-permutation group, that includes the space group as a.
subgroup and is generated by the space-group generators plus a permuration operator
that commutes with the Hamiltonian but is not a space-group operation.?’ In general,
this extra permutation operator may be constructed from a set of transpositions (pair
interchanges): the origin is interchanged with the site that is farthest away from it.
The remaining sites are also pairwise interchanged (if necessary) so that the origii:al
neighbor structure of the cluster is preserved. The resultant permutation operator is a
nonrigid mapping of the lattice onto itself and, therefore, is not an element of the
space group, For example, the nearest-neighbors of site-1 are the sites 2, 4, 6, and 8
(see Fig, 4.1) and the next-nearest-neighbors are the sites 3 and 7. Site-5 has an ident-
ical neighbor structure, so the permuﬁdon operator P that interchanges site-1 and
site-5 will commute with the Hamiltonian but it is nor simply a combination of trans-
lations and point-group operations and hence is not a space-group operation. A similar
permutation operator has been found for other clusters, e.g. a ten-site square-lattice
clusue;.” The existence of this nonwrivial permutation operator is a finite-size effect of
peﬁbdic clusters since an infinite system does not have any symmerry beyond that of
the space group. It also depends strongly on the geometry of the system since every
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finite cluster does not necessarily have this extra "hidden” symmetry.

The cluster-permutation group is composed of 128 clements divided into twenty
classes and recorded in Table 4.4. Note that the presence of the permutation operator
P forces physically different space-group operations (such as the translations, rotations
and reflections) to be sometimes in the same class. The character table is reproduced
in Table 4.5 and includes the compatibility relations between representations of the
cluster-permutation group and the real space-group in the last column.

The group of translations forms an abelian subgroup of the cluster-permutation
group, but it is not an invariant subgroup. This means that one cannot build represen-
tations of the cluster-permutation group in the ordinary manner?® for a space group
and, in particular, there are some representations that require essential degeneracies
between states that have different wavevectors. Such is the case for representations ¢,,

$2, &3, and ¢, in Table 4.5.

(vi) Space operations for the chiral Hubbard model.
The fixing of gauge for the chiral Hubbard model drastically reduces the symmetry of
the Hamiltonian. The crystal structure becomes a rectangular lattice with a basis of
two atoms (see Fig. 4.2); there arc no fourfold rotations or mirror planes. The space
group is a symmorphic group constructed from the C, point-group operations and the
four translation vectors of the lattice. It is of order 8 and composed of 5 classes. The
Brillouin zone®® (see Fig. 4.2) is sampled at three symmetry stars: I (d=1); X (d=1);
and I (d=2). The character table?® is reproduced in Table 4.6.

There are no finite-size-effect permutation operators that commute with the Ham-
iltonian for the chiral Hubbard model. This is because the preservation of the neigh-
bor structure of the cluster is not a sufficient condition for a permutation operator to

commute with the Hamiltonian if the phases in the hopping matrix are not uniform.
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{vii) Gauge-space operations for the chiral Hubbard model.

There is a larger group, a gauge-space group, that includes the space group as a sub-
group and is composed of rotations and translations followed by gauge transforma-
tions. The gauge wansformations ), are unitary operators of order 2 (i.e., square to the

identity); they are composed of products of the single-site gauge transformatiornis
G =(1-2m1)(1-2my) , Gl=G1=G , GP=1 , @9
which change the sign of the electron creation and annihilation operators
Gich Gi==DYcl |, GicjgGi=E1¢jy (4.10)

at the corresponding atomic site. The uniform gauge transformation E
E=TIG; 4.11)
i=1

changes the sign of the creation and annihilation operators at every site and, acting on
state vectors, equals 1 [-1} when the number of electrons is even [odd]. The full
group, which allows E to be 1 or [-11, is discussed in the appendix. The case
with £ =1 is discussed here since the half-filled band contains an even number
(N =8) of electrons. In this case, the gauge-space group requires three nontrivial
gauge transformations

X1=G3Gr , 12=G64Gy , 13=G1G4G5Gs @.12)
in its group elements. The group is generated by a fourfold rotation followed by a
gauge transformation (gauge-rotation) — %; {C410}, the translation from site-1 to
site-2 — {E 11,)}, and a translation from site-1 to site-4 followed by a gauge transfor-
mation (gauge-translation) — x3{E IT4}. The gauge-space group, which commutes
with the chiral Hubbard model Hamilionian, is composed of 32 elements divided into
11 classes and recorded in Table 4.7. The character table is reproduced in Table 4.8.
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The group of translations and gauge-translations forms an abelian invariant sub-
group of the gauge-space group; therefore Bloch’s theorem® holds with
gauge~wavevectors®® distributed in a gauge-Brillovin zone (see Fig. 4.2). The gauge-
Brillouin zone is sampled at four symmetry stars: ¥(d=1); m (d=1); x (d=2); and
G (d=4). Lower-case letters are used to denote the gauge-wavevectors; the compatibil-
ity relations between representations of the gauge-space group and the real space group
have been included in the last column of Table 4.6. The gauge-space group is iso-
morphic to the space group of an eight-sitc square lattice with point group C4, which

is physically sensible since the "magnetic field" is uniform.

(viii) Particle-hole parity operator.

A particle-hole parity operator®>>!

8
R =G,G3GsGy ;q(t‘itr +61) (el +¢py) 4.13)

is constructed out of the B-sublattice gauge transformation and the operator that inter-
changes particles with holes, The particle-hole parity operator is unitary and squares
to one so its cigenvalues are 1. It satisfies a commutation relation with the Hamil-

tonian (4.2)
H,R)=2UJR (4.14)
whenever the hopping matrix f;; obeys

t;=t; forieA,jeB orieB,jeA ;

(1] 4

tj=—-t; forieA,jeA orieB,jeB . (4.15)

The panicle-hole parity operator commutes with the Hamilionian if condition {4.15) is
satisfied and J, = 0 (half-filled band). Condition (4.15) holds for the ordinary Hub-
bard model only when 1’ = 0 but always holds for the chiral Hubbard model (with the

chosen gauge). The particle-hole parity operator anticommutes with the z-component
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of spin {R,S, ), = 0 so it may be used as an additional symmetry label for the many-
body states of the chiral Hubbard model with g = 0.

An interesting characteristic of the chiral Hubbard model is that it retains all of
the "special” parameter-independent symmetries (pseudospin and particle-hole parity)
of the nearest-neighbor Hubbard model on a bipartite lattice even when next-nearest-
neighbor hopping introduces frustration. The chiral Hubbard model also does not have
the finite-size effect of extra permutation symmetries that are not space-group (gauge-

space-group) symmetries.

(ix) Parameter-dependent symmetries.
In additon to the parameter-independent symmetries there are two classes of
parameter-dependent symmetries. The first class is geometrical and depends on the
ratio 7' /t. When 7'/t = 0, the Hubbard model on an eight-site square-lattice cluster is
identical to the Hubbard model on an eight-site body-centered-cubic-lattice cluster.?!
When ¢’ /s = 1/2, the renomnalized hopping 1o nearest-neighbors equals the renormal-
ized hopping to next-nearest-neighbors and the eight-site square-lattice cluster becomes
an eight-site riangular-lattice cluster which is, in turn, identical to an cight-site face-
centered-cubic-lattice cluster. In this second case, the large U solutions are known to
be threcfold degenerate at half-filling.*2! There are no geometrical degeneracies for
the chiral Hubbard mode] because the hopping matrix elements have nonzero phases.
The second class is dynamical and depends on the interaction parameter U. The
first two of an infinite class of conserved currents have aiready been found®>*? for the
nearcst-neighbor Hubbard model in one-dimension. Almost certainly addidonal
currents exist for finite clusters since any finite cluster can be mapped onto a one-
dimensional ring with hopping terms that extend beyond nearest-neighbors, but these

currents have not been determined for either of the ﬁodcls considered here.
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(x) Simultaneous-eigenvector symmetry.

Finally, there is a whole class of eigenstates of the Hamiltonian (4.2) whose structure
(although not necessarily their energies) is independent?25 of the interaction parameter
U. This occurs whenever an ecigenstate of the kinetic energy is simultaneously an
eigenstatz of the interaction term. An example is the fully polarized ferromagnetic
state which is annihilated by both the kinetic and potential encrgy operators. Such
phenomenon does not often occur and it is not pursued further here.

The total number of independent many-bcdy states for the half-filled band of an
eight-site cluster is 12,870. The systematic application of group theory is used to
reduce the size of the Hamiltonian matrix. The grand orthogonality theorem and the
matrix-clement theorem®*36 (generalized Unsbld theorem) guarantee that the Hamil-
tonian matrix will be in block-diagonal form, with no mixing between states of
different spin or spatial symmetry, when it is expanded in a symmetrized basis that has
definite spin and transforms according to the (1,1) matrix elements of an irreducible
representation of the symmetry group. Neither the additional pseudospin, nor the
particle-hole parity symmetries (which produce a furthsr reduction of the block sizes
for the chiral Hubbard model), nor any of the parameter-dependent symmetries were
utilized. Use was made of a symmetry-adapted computer algorithm?! that calculates
the (1,!) matrix elements’? of the irreducible representations, constructs projection
operators from these matrix elements, and operates on maximum z-component of spin
states (ms = §) to gencrate symmeirized basis functions of definite spin and spatial
symmetry. The Hamiltonian blocks are determined exacrfy in this symmetrized basis
(incorporating multiple-precision integer arithmetic3® when necessary) and are checked
for complieteness within cach subspace of definite spin and spatial symmetry. The
resultant blocks are diagonalized by the so-called QL algorithm®® (which determines
all of the eigenvalues and cigenvectors) when thie blocks were smaller than 100 x 100

and by Cullum and Willoughby’s single-vector Lanczos routines*® (which determine
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the lowest five eigenvalues and eigenvectors) for the larger blocks. Tables 4.9 and
4,10 summarize the reduced block sizes for the ordinary Hubbard model and for the
chiral Hubbard model. The applization of group theory reduces the block sizes by a
factor of 50 which, in turn, reduces the diagonalization time by five orders of magni-

tude.

IV.3 Results

The spectrum of a generalized Hubbard Hamiltonian (4.2) is independent®™*! of
the sign of ¢ or ¢’ for the half-filled band, so only the cases with ¢ 2 0 and ¢ 2 0 were
considered. In the strong-interaction limit (IV — ev), both the Hubbard model and the
chiral Hubbard model approach the same frustrated Heisenberg antiferromagnet!®17:42
with exchange integrals J = 4t%U (nearest-neighbor) and J* = 4'%U (next-nearest-
neighbor). Therefore, the ground-state phase diagrams for both models are expected to
be identical to second order O (t%U) although at higher order they nced not be the
same. It is known® that the ground state of the nearest-neighbor Hubbard model
(¢ = 0) is a spatially uniform spin-singlet that may be adiabatically continued from a
spin-density wave insulator (U =0*) to a two-sublattice Néel antiferromagnet!!
(U — o) without level crossings. The eight-site frustrated Heisenberg model has been
studied for all values of J and J° in Ref. 13. It undergoes a levei crossing from a
two-sublattice Néel AF to a four-sublattice Néel AF, with a threefold degeneracy at the
level crossing as J'// increases.

There are four different ground-state correlation functions that were computed in
order to determine the ground-state properties: The spin-spin correlation function (Z;);
the z-componert of spin-z-component of spin correlation function (M;); the number-
number correlation function (V;); and the spin-triple-product correlaton function
(O124). The correlation functions are defined by the following ground-state expecta-

tion values;
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L=+ T <GSI§;-§IGS> , i=0123 ; (4.16a)
Vi (E)=ith NN

— ¥ <GS ISjSEIGS> , i=0123 ; (4.16b)
Vi (k)=ita NN

i

M= T <GSlnjmlGS>, i=0123 ; (416)
Vi (ik)=ith NN
0124 = <GS IS,-$,x8,1GS> ; 4.160)

where i denotes the distance between site-j and site-k and v; denotes the number of

site-pairs separated by this distance. The correlation functions satisfy three sum rules:

3

Y viL;=5(5+1) ;
i=0 .

3 2

Y viM;=mg ;

i=0

3
3 vV, =N=64 ; @1
i=0

since the ground state has definite total-spin and definite eclectron number. Further-

more, the spin correlation functions are related by
L;=3M; , forS=0 , (4.18)

i.e., whenever the ground state is a spin-singlet. The sum rules (4.17) and the relation
(4.18) hold for all the correlation functions that were calculated. The spin-triple-
product correlation function is formed from three spins that lie on the vertices of a
right triangle consisting of two nearest-neighbor pairs and one next-nearest-ricighbor
pair. This is the caly (potentially) nonzero spin-triple-product correlation function for
an eight-site cluster.

The maximum hopping integral T = max (¢,r') was chosen as the unit of energy
and the hopping parameters were selected in the range

2r

ey s1 (4.19)

0<
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from pure nearest-neighbor hopping (¥ =0) to pure next-nearest-neighbor hopping

(¢t = 0). The interaction strength was varied in the range

U
Osasarsv S 420)

from the noninteracting regime (U = 0) to the strong-coupling limit (U = eo).

(i)  Ordinary Hubbard Model.

The one-tlectron band structure of the Hubbard model consists of four Jevels: Iy,
(degeneracy d=1; energy € =4t —4r'); I, (d=4; e=0); X, (d=2; e=4r); and
My, @=1 e=4t—4r). The ground state for the noninteracting (U = 0) half-filled
band is formed by filling the Iy, level and placing six electrons in the Zy, level for
¢ <t or by filling the I'y, and M, levels and placing four electrons in the X;, level
for ¥ > t. In either case, the noninteracting half-filled band has a degenerate ground
state and would require degenerate perturbation theory to determine the small-U
ground state.

The symmetry of the ground state is recorded by attaching the spin multiplicity
(25+1) as a superscript to the symbol for the irreducible representation that transforms
according to the many-body state (as given in Table 4.5). The ground-state sym-
metries are plotted as a function of the relative hopping (4.19) along the vertical axis
and of the interaction strength (4.20) along the horizontal-axis in the phase diagram of
Figure 4.3. The spin-spin correlation functions (L;) and the number-number correla-
tion functions (V;) are recorded in Fig. 4.4 and Fig. 4.5 respectively, for three different
values of £ /r. There are no discontinuities in the correlation functions when there are
no leve! crossings in the ground state. Note that as U — o the ground state contains
one electron per site and the spins are oriented!® into a two-sublattice Néel AF
{f <1/2) or a four-sublartice Néel AF (7 > ¢/2). The spin-triple-product correlation

function, O oy, vanishes for all values of 7, 7, and U (since the ground states are



invariant under parity).

Note that the presence of the cluster-permutation group symmetries ¢, and ¢, as
ground states is a finite-size effect that requires particular states with wavevectors '
and M, or M and X, to be "accidentally" degencrate.

There are only two regimes where the ground state may be adiabatically contin-
ued from U = 0" to U — o at fixed 7/t without any level crossings. At £ =0 the
ground state has 1Ty, symmetry and continuously changes® from a spin-density wave
insulator (U = 0*) to a two-sublattice Nésl AF (U — ). If £ >¢, the ground state
also has ', symmemry and continuously changes from another spin-density wave
insulator (U = 0*) to a four-sublattice Néel AF (U — o). For any other value of ¢,
0< ¢ <t, there are level crossings as U increases from zero to infinity.

There is a small region of phase space (¢ =¢ =U) where the ground state is
ferrimagneric (symmetry SZ,, ). This region is very sensitive to the ratio of the hop-
ping parameters ¢ /¢ but is stable for a wide range of the interaction strength, produc-
ing the sliver in Fig. 4.3. The nonzero magnetic moment of this state arises from a
complicated interaction between spin and orbital angular momentum that becomes
favorable when the two hopping parameters and the interaction stiength are all of the
same order of magnirude. This mechanism for producing ferrimagnetism in a half-
filled band is different from Lieb's mechanism,* since the hopping matrix makes the
lattice not bipartite. It is similar in the sensc that the magnetism is not saturated. To
the authors’ knowledge, this is the first observation of a nonzero magnetic moment in
the square-lattice Hubbard model at half-filling.

When ¢ =¢/2 the square-lattice cluster becomes a face-centered-cubic-lattice
cluster and the ground state has extra degeneracies. The thick-dashed line in Fig. 4.3
corresponds to a ground state with symmetry 1¢,@ ', (d =6) that separates the region
where the ordering of the small U ground state changes. The chain-dashed line
corresponds, for large-U, to the threefold degenerate state T, @Iy, ®1Ty,, and
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shows that the ordinary Hubbard model ground state is threefold degenerate in the
limit U/ — o to all orders in 21,

A few cases of accidental degeneracics remain in the many-body spectrum.*

Heilmann’s numerical methods*> were used to search for parameter-independent hid-
den symmetries that explain these accidental degeneracies but the problem was not
completely resolved.?6
(ii) Chiral Hubbard Model.
The one»elect;on band structure for the chiral Hubbard model (see the Appendix) con-
sists of four twofold degencrate levels: o, (encrgy e =—~VBt); (e=81); [
(e=47); and wg (e =—4r). The noninteracting ground state (U =0) for the half-
filled band is formed by completely filling the lowest two energy levels. It is nonde-
generate with symmetry 172 (see Table 4.8) for all cases except £ =0 or " =0, where
the ground state is degenerate. The large U ground state is known!*? to have sym-
metry 171 everywhere except at the point ¥ =t/2 where the (U — <) ground state is
threefold degenerate (1y,@ 'y, ®y,). Therefore, the chiral Hubbard model may satisfy
the no-crossing rule only at three points: £ =0; ¥ =¢/2; and r’ =0,

The ground-state symmetries are plotted as a function of the relative hopping
(4.19) along the vertical axis and of the interaction strength (4.20) along the horizontal
axis in the phasc diagram of Fig. 4.6. The ground state is always a spin singlet
(§=0), a pseudospin singlet (/=0), and has even particle-hole parity (R =1). The
spin-spin correlation functions (L;), the number-number correlation functions (N;), and
the spin-triple-product correlation functions (0 194) are recorded in Fig. 4.7, Fig. 4.8,
and Fig. 4.9 respectively, for representative values of '/t. As U — oo the ground state
contains one electron per site and is oriented®? in a two-sublattice Néel AF (7 <t/2) or
a four-sublattice Néel AF (¢ >t/2) as expected. The case with 1 =¢/2 (Fig. 4.7) is not
ordered as a Nécl AF, but rather has intermediate-range AF order that may be inter-

preied as the approximation to a spin=liquid!3 for a finite system. The spin-triple-
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product correlation function does not vanish for the chiral Hubbard model (at finits U')
because of the explicit breaking of time-reversal and parity symmetries in the Hamil-
tonian (see Table 4.2). The sign of Oy, changes at the level crossing between the "yz
(small I/) and the 1y, (large U) ground state and its magnitude approaches zero.

It is interesting to note that, as U approaches infinity (at constant ¢ and ¢ ) not
only is O1z4— 0 but, in addition, the derivative of O o4 with respect o (1/U) also
approaches zero (except for the case with £ = ¢/2). This feature could be understood
in terms of a “wiple-product” susceptibility if the following facts are taken into
account:

1) The derivative of 01,4 with respect to (1/L7) is directly proportional to the expecta-
tion value for the ground state for U/ —» o of

[Z Ss'SJXS;]Z ; @21
<}

ivj k>

2) In the cluster examined here all sigenstates in the IF — oo limit are independent’® of
¢t and 1';

3) The eigenstates of the Hamiltonign cither for £ =0 or for /' =0 are eigenstates of
S-S, x8,, with zero eigenvalue because of the conserved chiral symmerry;

4) From 1), 2), and 3) it follows that the expectation value of (4.21) is zero, regardless
of the values of ¢ and 7. Therefore the value of the derivative of O ;54 with respect to
(1/U) as U = = must be identically zero for these cases.

It is important to emphasize that the property 2) above is probably a consequence
of the finite cluster Hamiltonian, and in all probability does not survive for arbitrary
Hamiltonians in the thermodynamie limit.

The specific value ¢ =¢/2 is singular. The derivative mentioned above is zero if
the limit U/ = oo is taken before £ = ¢/2; the slope is finite if the lu:nus are taken in
the opposite order (see Fig. 9). In the latter case condition 3) is violated (the ground
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state of the Hamiltonian is not an eigenstate of S, - S, xS,).

There are three points where the ground state may be adiabatically continued (at
fixed ¢'/t) from U =0" 10 U — <o without any level crossings: at t=0; ai £ =1/2; and
at £ =0. The two cases when one of the hopping parameters vanishes produce the
smooth crossover from a flux-phase spin-density-wave limit (U =0%) to a quantum
Néel limit (U — <) as suggested*” by Hsu. The other case (¢ =¢/2) indicates that the
U =0 ground state of a tight-binding model can be smoothly related to the ground
state of a frustrated Heisenberg model with no intervening phase transition.

On a 4x4 cluster,’ the ground state of the frustrated Heisenberg model remains
nondegenerate, although there is a sharp level repulsion in the vicinity of the transition
between the two- to four-sublattice Néel states. There is as yet no evidence which
points to the existence of a "spin-liquid" phase in any finite system calculation.

There are a few interesting results for the excited states in”the chiral Hubbard
model. The particle-hole parity operator is not an independent guantity, but rather
satisfies R =(=1)5* for all cases tested. A few accidental degeneracies remain in the
many-body specrum: Fifteen cases arise from many-body ecigenstates that are simul-
tancous eigenveclors‘8 of the kinetic energy and potential energy operators of (4.2);
and eight levels of ‘73 (/ =0) symmetwry are degenerate with eight levels of 174 =0
symmetry. Heilmann’s method®’ is used to show that the latter degeneracics do not
correspond to any parameter-independent symmetries, so they probably arise from the

dynamical effect? discussed in Ref. 33.

IV.4 Conclusions

Exact soiutions of the Hubbard model on an eight-site square lattice cluster with
nearest- and next-nearest-neighbor hopping ¢ and ¢ have been presented for two
different flux distributions. In the first case (the “"ordinary” Hubbard model), the flux
through any cosed loop vanishes, and all link phases ¢;; can be set to zero. In the
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second case (the “chiral" Hubbard model), the link phases are selected so that the flux
through every elementary triangle is ©/2. The ground and low-lying states of an eight
site cluster with PBC are exactly solved for both the ordinary Hubbard model (Fig.
4.1) with nearest- and next-nearcst-neighbor hopping and the chiral Hubbard model
(Fig. 4.2) with nearest- and next-nearest-neighbor hopping in the presence of a "mag-
netic field” which couples only to orbital motion and whose strength corresponds to
one-half flux quantum per plaquette. These exact solutions are made possible by using
the cluster-symmetry group of the models and spin-rotation symmetry. In the case of
. the ordinary Hubbard model, the cluster-symmetry group includes the space group and
extra site-permutation operators (which are a finite-size effect of the eight-site square-
lattice cluster). In the case of the chiral Hubbard model, the complete cluster-
symmetry group is composed of combinations of gauge transformations and space-
group opcxjaﬁons.

The phase diagram of the half-filled ordinary Hubbard model (with zero flux
through every closed path) is shown in Fig. 4.3. For small or large 7/r, the ground
state of the system is seen to vary smoothly from the U =0* spin-density-wave limit to
the large-U quantum Néel limit, as discussed® by Schrieffer, Wen, and Zhang. When
both hopping parameters are comparable, however, we find several level crossings
between the small and large-U limits, and a complicated set of ground-state phases at
small and intermediate U. These intermediate-U phases include a peculiar state which
has a nonzero (but unsaturated) magr::t:. moment, and contradicts the folklore that the
ground state of a half-filled Hubbard wicdel is spin quenched. It is found that for
0< ¢ <t there is no path from U=0" to large U along which the ground state
changes continuously. Thus when both nearest- and next-nearest-neighbor hopping
contribute appreciably to the kinetic energy, one cannot apply a simple weak-coupling
theory to extract the physics of the corresponding large-U frustrated Heisenberg spin
system. According to Fig. 4.3, the best path from weak coupling to to the frustrated
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Heisenberg model either starts with # =0, proceeds to large-U, and then tumns on a
finite 7, or starts with £ >¢, proceeds to large-U, and then decreases 7 to values
r<r.

The phase diagram®of the half-filled chiral Hubbard model with a flux of 772 per
triangle is displayed in Fig. 4.6. When ¢ or ¢ vanish, there is a smooth transit from
the flux-phase spin-density-wave limit to the quantum Néel limit, as suggested®’ by
Hsu. When ¢ and ¢’ are comparable, however, the phase diagram acquires a pleasing
simplicity when compared with that of the ordinary Hubbard model shown in Fig. 4.3.
A single phase at ¢’ =¢/2 stretches from the U =0 axis all the way to U =eo, where it
pinches off to a single point at the transition between the two-sublattice and the four-
sublattice Néel states. In accord with several other calculations, no evidence was
found for an intermediate spin-liquid phase (except for a single point) in the spin-1/2
Heisenberg model with nearest- and next-nearest-neighbor antiferromagnetic couplings
on the relatively small eight-site cluster. The results do suggest, however, that the
ground state of a U =0 tight-binding model (at one value of '/¢) may be smoothly
related to the ground state of a frustrated Heisenberg model without an intervening
phase transition. It is plausible that exact-diagonalizaton studies of Heisenberg
models on larger clusters would indicate whether this region of analytic continuation
becomes finite or disappears entirely by comparing the symmetries of (candidate)
U =0 tight-binding ground states to the comesponding frustrated Heisenberg-model

ground state.

IV.5 Appendix: Full Gauge-Space Group

The uniform gauge transformation £ (Eq. 4.11) is a unitary operator
that corresponds to multiplication of a many-body wavefunction by the éverall phase
factor explin(¥1+N )] which yields 1 [-1] for an even [odd] number of electrons.

The element £ also commutes with every element of the gauge-space group in Table
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4.7. The uniform gauge transformation, therefore, has an identical relationship to the
gauge-space group (when one considers representations with an even or odd number of
electrons) as a rotation by 2m has to ordinary space groups (when one considers
representations with integral or half-integral spin®®).

The introduction of the uniform gauge transformation as an independent group
element produces a double group, called the- full gauge-space group, that has 64 ele-

ments. Six different gauge transformations
X1=G3G7 , X2=G4Gg , X3=G1G4GsGy , Xa=G2G3G¢Gq
%5=G1G2G3G5GsG7 , X6=G1G2G4G5G6Gy 4.22)

are required for closure. There are 19 classes in the double group and three of those
classes include barred and unbarred elements (a barred clement corresponds to an
unbarred element multiplied by (E 10}). The group eleq:ems and class structure are
summarized in Table 4.11. It must be reiterated that the double-group structure of the
full gauge-space group is not related to the total spin of the electrons, but rather it
arises from the transformation properties of the chiral Hubbard model under gauge
transformations.

Since some of the classes of the full gauge-space group include both barred and
unbarred elements, all of the "double-valued" representations are at least twofold
degenerate, which is analogous to Kramers degeneracy. The eleven "single-valued"
representations of the full gauge-space group (which comespond to representations with
an even number of electrons) can be found in Table 4.8. Table 4.12 records the eight
“double-valued” representations (which comrespond to representations with an odd
number of electrons) for the full gauge-space group including the compatibility rela-
tions with the real space group (Table 4.6) in the last column,

Ther.c is no Brillouin zone or even a gauge-Brillouin zone for the "double-valued"

representations because the gauge-translation subgroup (composed of all elements with
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a point-group operation E or E) forms a nonabelian invariant subgroup of the full
gauge-space group: there is no Block’s theorem.

The one-electron band structure of the chiral Hubbard model is easily derermined.
There are four twofold degenerate levels of symmeuies @, (cnergy €= ~81),
@, (=V81), s (E=4r), and w4 (€ ==-4r). The noninteracting ground state for
the half-filled band consists of the filled shells of the w; and g levels, has symmetry

’72, and is nondcgenerate (whenever ¢ and ¢/ are both nonzero).

The fact that all representations corresponding to an odd number of electrons are
twofold degenerate implies that a symmetry-lowering distortion of the phases in (4.2),
as has been recently proposcd!? for the spinons and holons, would be encrgetically

more favorable than the "uniform” choice of the chiral Hubbard model.
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This method uses the fact that the U-independent invariant subspaces of the
Hamiltonian. correspond to the invariant subspaces of a test matrix that is con-
structed out of the Hamiltonian (with U = 1) and is expressed in a coordinate
basis that diagonalizes the Hamiltonian for a particular value of U/ # 1. For
further details see O.J. Heilmann, J. Math. Phys. 11, 3317 (1970).

The invariant subspace decomposition produced the trivial one-dimensional sub-
spaces that correspond to each eigenvector that is a simultaneous cigenvector of
the two terms in (4.2) and it produced thirteen nontrivial decompositions in the
subspaces highlighted in bold in Table 4.10. The subspace 3M,, decomposes
into three nontrivial invariant subspaces and the other twelve decompose into two
nontrivial invariant subspaces. It is easy to show by a counting argument that the
extra symmetry is nor a permutation symmetry of the eight sites. There are prob-
ably two possibilities that can explain the extra symmetry: there may be an extra
permutation symmerry of the sixizen orbitals that conserves S? and S, but mixes
the space and spin labels creating an even larger group that would explain the
accidental degeneracies; there may be an operator similar to the pseudospin J?
that causes the decomposition and the accidental degeneracics are explained by a
dynamical effect using conserved currents as in Ref, 33,

T. Hsu, Phys. Rev. B 41, 11379, 1990.

A larger number of parameter-independent eigenstates than those constructed in -
Ref. 25 [out of states ¢hat have maximal values of pseudospin
J =M/2-8§ =4-15)] have been found (816 found versus 640 predicied); this
disproves Yang and Zhang’s conjecture that the only parameter-independent
eigenstates ane those lying in a maximal-pseudospin family.

The parameter-dependent conserved current would commue with (£ 115),
%3{E 114}, and R; anticommute with %;{C4/0}; and commute or anticommute

with both SU(2) operators. It would take each of the cight eigenstates with 1y
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(J =0) symmetry and map them into the corresponding eigenstate with 1y, (/ =0)
symmetry that has the same energy eigenvalue (and vice versq). The other
many-body eigenstates would either be annihilared by the current or, if the state is
a member of a multiplet (i.e., has symmeuy x4, x;, Or G;), it may be mapped
into another member of the multiplet by the current.

L.M. Falicov, Group Theory and Its Physical Applications, (University of Chi-
cago, Chicago, 1966) p. 103ff.
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IV.7 Tables for Chapter IV

Table 4.1. Renormalized hopping matrix elements z; for (i < j) in the ordinary Hub-
bard model. The eight cluster sites are illustrated in Fig. 4.1. All diagonal matrix ele-
ments #; are zero and the matrix elements #; with i > J are determined by hermiticity

(t,'j = I;‘)

parameter indices (i )
-t a2y (4 a6 @18
23 @5 @ ¢G4
(36) (38 @5 @
(56) (58) (67) (78)
-2r a3y an @9 @9
(35) @46 (57) (68)

0 (a5 @6 @1 @)
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Table 4.2. Renormalized hopping matrix elements #; for (i < ) in the chiral Hubbard
model. The eight cluster sites are illustrated in Fig. 4.2. All diagonal matrix elements
t; are zero and the matrix elements z; with { > j are determined by hermiticity

.
@ i =i ).

parameter indices (i )
-t (12) Q4 (16 a8
@23 @25 @n @6
(45) (56) (58) (67)

? Gy (38 @n @3
~2if (7n (28

2i¢ (13) @4 (35 @6
5N (68)

0 s @6 @) @8
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Table 4.3. Character table for the space group of the eight-site square-lattice cluster
(ordinary Hubbard model). The symbol E is the identity, C" is the rotation by 2nm/n
about the z-axis, o denotes the mirror planes perpendicular to the x— and y—axes and
o’ denotes the mirror planes perpendicular to the diagonals x +y. The translations are
denoted by O (no translation), T (nearest-neighbor translation), © (next-nearest-
neighbor), and Q (third-nearest-neighbor). The subscripts Il and 1 refer to translations
parallel to or perpendicular to the normals of the mirror planes.

4
c} o o E C, C} o ¢ & E C} o o E
0 0B8R 0Q 02 08 T T 1 L T 8 [:] 8 6Q Q

t
2
-

Ty 1 1 1 1 1 1 1 1 1 1 1 ] 1 1 1 ]
0 S R TS T T T S S (s e R T S S
nl1 a4 T 1 a 1 a4 1 1t ¥ a1 1 1 1 a1 1
R S TR RS TR I T SRS S T S T T T T T
/2 o 2 o o 2 o0 2 0 0 0 2 2 0 0 2
FY70 IS TR S S TR SR TS T NS N T I L R A
Y20 I TR T TS (R TR S S S DR S R T R O
FY2 I TR R T TR T T S NS R T T T T T
779 I TS TS TS TS TS R T D R T R S R R B
Ms[2 o 2 o o 2 o 2 ©0 0 0 2 2 0 0 2
X2 o 2 2 o o o © o0 0 0 2 2 2 o0 2
X,/2 o 2 2 o o0 o0 0 0 0 0 2 2 2 o0 2
X3/2 o 2 o o 0 o 0 2 2 0 2 2 0 o0 2
X,/2 o 2 @ o 0 0o o 2 2 0 2 2 0 0 2
5l4 o o o 2 0o 0o 0 0 0 0 0 0 0 -2 -3
%, 6 0 0 2 0 0 0 0 0 0 0o 0 2 4
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Table 4.4. Class structure and group elements of the 128 element cluster-permutation
group of the ordinary Hubbard model. The element P cormresponds to the transposition
of site-1 and site-5. The notation is identical to that of Table 4.3.

class group elements size of class
1 {E10) 1
2 {C,10,0,Q) 8
3 {(C210,Q) 2
4 {510,Q)} 4
5 (¢'10,6,} 4
6 {E 7], {cl‘:l) 8
7 {Cslz), {o’I7} 16
8 {c31), (olt,) 8
9 {E 10}, {c}le} 4
10 {516} 4
11 (¢’16,,Q) 4
12 {E1Q). 1
13 P{E 0}, P{C}I1Q), PlcIQ} 4
14 P(C,l0), P{d16,) 4
15 P(C}l0}, P{cl0}, P(EIQ} 4
16  P{c10,Q}, P{C,16} 8
17 P{E 1)}, P{C}it), P{olt} 16
18 P(C,l1), P{c'It) 16
19 P{EI6]}, P{c2l18), P{ole) 8
20 P(C,1Q), P18} 4
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Table 4.5. Character table of the 128 element cluster-permutation group for the ordi-
raty Hubbard model. The class structure and group elements are given in Table 4.4,
The classes are labeled by their number to save space in the table below. The last
column gives the compatibility relations with the irreducible representations of the real
space group (Table 4.3). The subscripts p, z, and n denote representations that have a
posidve character, zero character, or negative character, respectively, for the element
P {E10}). The symbol ¢ is used to denote representations that mix different wavevec-
tors.
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Table 4.6. Character table for the space group of the eight-site rectangular-lattice clus-
ter (chiral Hubbard model). The notation for the space group operations is the same as

in Table 4.3.

2 2 2 1

cC, E C, E

Q 1 T Q

n, 1 1 1 1
r, 101 11
X, 1 a1 a1 1
X, -1 -1 1 1
Z 0 0o 0o -2
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Table 4,7. Class structure and group elements of the 32 element gauge-space group of
the chiral Hubbard model (for an even number of electrons). The gauge factors y; are
recorded in (4.12). The group elements without any gauge factors form a subgroup
corresponding to the space group of Table 4.6,

class group clements size of class
1 {E 10} 1
2 {c10,0Q) 2
3 %1{C410,2},  %2(C4103,07} 4
4 (€109}, 1(C318;,0;) 4
5 {E T, 1) %alE 174, 7) 4
6 (CHitatg), x3(CF 174 %) 4
T %(CalTated s  Xi{Calty,Ts) 4
8 x%ICiltut),  x{C317a1s) 4
9 %3{E 103,07} 2
10 %3{C3185.67) 2
11 (E1Q} 1




152

Table 4.8. Character table of the 32 element gauge-space group for the even-electron-
number sector of the chiral Hubbard model. The class structure and group elements
are given in Table 4.7. The gauge factors have been suppressed to save space in the
table below. The last column gives the compatibility relations with the irreducible
representations of the real space group (Table 4.6).

1 2 4 4 4 4 4 2 2 1

E Cc} €, ¢} E cC} C, C} E C} E

0 0Q 00Q 08Q =t T T T 0 8 Q
) 1 1 1 1 1 1 1 1 1 1 1 I,
Y3 {1 1 -1 -1 1 1 -1 -1 1 1 1 I,
¥l -l i - 1 -1 i =i 1 .11 T,
Yo |1 1 =i i 1 -1 - 1 -1 1 I,
m 1 1 1 1 -1 -1 -1 -1 1 1 1 X,
my | 1 1 -l S S 1 1 1 1 1| ox
mj 1 -1 i - -1 1 - i 1 -1 1 X,
my |1 -1 ~i i -1 1 i =i 1 -1 1 Xs
xn |2 0 0 0 0 0 0 -2 2 2)nhex,
X2 2 -2 0 0 0 0 0 0 -2 2 2 T2®X2
o; | 4 0 0 0 0 0 0 0 0 0 4| e
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Table 4.9. Reduced Hamiltonian block sizes for the ordinary Hubbard model. The
largest block size is 35.‘,1,, (78 x 78). The numbers nighlighted in bold indicate blocks
that are further reducible by a hidden parameter-independent symmetry, 445

0
2
32
72
42

o
&OO:QS

I,
0
6

2
k7]
46

I,
0
0

10

78

68

0
1
25
n
55

s
0
1

21

75

4

2
27

X X'

X
40
L]

‘2 x!p
35
48

20 35

N

L
0 0
1 1
9 14
19 37 M
9

My, M,
0
0
1
19
8

11
21
10

rln 3n Ml’ Mln
0
1
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22 13

Ty

spin
4
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Table 4.10. Reduced Hamiltonian block sizes for the chiral Hubbard model. Note that
the complex representation pairs (y3,Y;) and (ma,m,) have not been separated.3” The
largest block size is 33, (296 % 296).

spin 73 Yo Wady m my myandmy X X, O
4 1 0 0 0 0 0 0 0 0
3 3 2 2 4 2 2 6 2 8
2 26 28 42 22 24 50 42 46 88
1 70 68 150 74 72 142 150 146 296
0 7 70 94 50 62 110 114 102 216
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Table 4.11. Class structure and group elements of the 64 element full gauge-space
group of the chiral Hubbard model. The gauge factors y; are recorded in (4.22). The
barred elements comrespond to the unbarred clements multiplied by {£i0}. Classes 5,
6, and 9 include both barred and unbarred elements.

class group elements size of class
1 {E10) 1
2 {c210,9} : . 2
3 1 1Cal0} %2(CalBs}, xs{CalBq) , xs{Cal R} 4
4 outciio,  xstcdiel, 2ulCli6) . xlC3iey 4
5 {E.Elty16) . ¥l E.Elty, 1) 8
6 (C2,CHtl . %3(C3.CRItg15) 8
7 %20 Caltate) s %1{C 4174, 73) 4
8 p 21 o S1 79 A IR 21 (oF S LR N 4
9 xa{E.E18,.8,) 4
10 2alC318:) x3{7716) 2
11 (E1Q) I
12 (E10) 1
13 {c0.q) 2
14 ulC0), x20C4183] , x5(Csl6q) , %{C4192) 4
15 xu(Choy.  uiCihe), %(C3187) 26(C7 1R} 1
16 22l Cal %) 0 1Calty 1) 4
17 x2(C3 176} %1{C3 174, 7) 4
18 1{CHes}, x3{C216;} 2
19 (EI12) 1
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Table 4.12, Character table of the 64 clement full gauge-space group for the chiral
Hubbard model. The class structure and group clements are given in Table 4.11. The
eleven “single-valued" representations are recorded in Table 4.8. Only the eight
"double-valued" representations are recorded here. The gauge factors have been
suppressed to save space in the table below. The last column gives the compatibility
relations with the irreducible representations of the real space group (Table 4.6). The
symbol ¢ = (1+i)/VZ is used to denote the square root of i.
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IV.8 Figures for Chapter IV

Figure 4.1, Eight-site square-lattice cluster with periodic boundary conditions for the
ordinary Hubbard model in (a) real and (b) reciprocal space. The nearest-neighbor
hopping is indicated in (a) by thick solid lines, the next-nearest-neighbor hopping by
thin dashed lines (sec Table 4.1), and the primitive unit cell is highlighted in gray.
Note that the four next-nearest neighbors of site 1 are swo each of the sites 3 and 7.
The four symmetry stars in (b) are I'=(0,0); M =(1,1)n/a; X =(1,0)n/a; and
Z=(1,1)n2a.



b)

158



159

Figure 4.2, Eight-site cluster with periodic boundary conditions for the chiral Hubbard
model in (a) real and (b) reciprocal space. The nearest-neighbor hopping is indicated
in (a) by thick solid lines (—¢) and thick dotted lines (+¢), and the next-nearest-
neighbor hopping b;v thin dashed lines in the direction of the arrow (+iz) and in the
opposite direction of the amrow (=it) [see Table 4.2]. The gauge is chosen so that each
elementary miangle contains a flux of /2, the nearest-neighbor hopping elements are
real, and the next-nearest-neighbor hopping elements are imaginary. The rectangular
primitive unit cell is highlighted in gray. The four wavevectors of the real space
group are indicated by white dots in (b) and correspond to I' = (0,0); X = (1,0)n/a;
and I = (1,1)n/2a, (-1,1)n/2a. The Brillouin zcne for the chiral Hubbard model in
the chosen gauge is highlighted in gray. The black dots in (b) comrespond to the four
additional gauge-wavevectors of the enlarged gauge-Brillouin zone for the gauge-space

group of the chiral Hubbard model [see the description in (vii) of Section IV.2].



160




—

61

Figure 4.3, Ground-state phase diagram for the ordinary Hubbard model at half filling
(N =M =8). The vertical axis records the relative hopping [Eq. (4.19)] and the hor-
izontal axis records the imteraction strength [Eq. (4.20)]. The labels denote the
ground-state symmetry for each comesponding phase as given in Table 4.5. The
ground state is degenerate at ' = t/2: the dashed line (at small U') corresponds to the
ground state ', ¢, and the solid line (at large U) corresponds to the ground state
I, @y, ®1T3,. Note that the phase 5%, is a ferrimagnetic ground state and the

regions where adiabatic continuation is possible are 7 =0 and ¥’ > 1.
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Figure 4.4. Spin-spin correlation functions L; [Eq. (4.16a)] for three different values
of ¢/t in the ordinary Hubbard model. The value of the correlation function lies on
the vertical axis and the interaction strength [Eq. (4.20)] lies on the horizontal axis.
The labels O (on-site), 1 (nearest neighbor), 2 (next-nearest neighbor), and 3 (third-
nearcst neighbor) denote the subscript i. Discontinuitics in the spin-spin correlation
functions accur only at the level crossings (see Fig. 4.3). At large U the ground state
is ordered as a two-sublattice Néel antiferromagnet (¢ < ¢/2) or a four-sublattice Nézl
antiferromagnet (¢ > 1/2). Note that the case with ¢ =0.95¢ includes the correlation

functions for the magnetic phase at moderate values of U.
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Figure 4.5. Number-number correlation functions N; [Eq. (4.16¢)] for three different
values of ¢/t in the ordinary Hubbard model. The vertical axis is the interaction
strength [Eq. (4.20)] and the labels denote the subscript i. Note that N; — 1 when
U -3 oo, as expected.
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Figure 4.6. Ground-state phase diagram for the chiral Hubbard model at half-filling
(N =M =8). The veriical axis records the relative hopping [Eq. (4.19)] and the hor-
izontal axis records the interaction strength [Eq. (4.20)]. The labels denote the ground-
state symmetry for each corresponding phase as given in Table 4.8, All ground states
are spin singlets (S =0), pseudospin singlets (/ =0), and have even particle-hole parity

(R =1). Adiabatic continuation is possible at three points: ' =0; ¢ =¢/2; and £ = 0.
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Figure 4.7. Spin-spin correlation functions L; [Eq. (4.16a)] for three different values
of 7/t in the chiral Hubbard model. The point £ = 0.3¢ is representative of the case
7 < ¢/2 and the point 7 = 0.8¢ is representative of the case ¢ > ¢/2. The vertical axis
plots the interaction strength [Eq. (4.20)] and the labels in the figures denote the sub-
script i. At large U the ground state is ordered as a two-sublattice Néel antiferromag-
net (¢ < £/2) or a four-sublattice Néel antiferromagnet (// > £/2). The point ¢ =#/2 is
special and has intermediate-range antiferromagnetic order as I/ — e, This may be a

representative of a spin-liquid state for a finite system.
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Figure 4.8. Number-number correlation functions N; [Eq. (4.16¢c)] for ¢ =0.31 in the

chiral Hubbard model. The other cases all have similar number-number correlation

functions.
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Figure 4.9. Spin-triple-product correlation function 0,54 [Eq. (4.16d)] for two values
of ¢/t in the chiral Hubbard model. The point £ = 0.3« is representative of the gen-
eral case where the sign of Q4 changes and the magnitude decreases by a factor of
ten at the level crossing between the !y, (small I7) and the 1y, (large U) ground state.
Note that at the special point ¢ =¢/2 (where there is no level crossing) Oy,

approaches zero with a finite slope as U = oo,
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Chapter V: Enlarged Symmetry Groups of Finite-Size Clusters with Periodic

Boundary Conditions

V.1 Introduction

The fundamental approximation for studying bulk properties of solid-state systems
is the periodic crystal approximation.! It has been used quite successfully in band-
structure calculations,2 Monte-Carlo sir.u_ula:ions,3 and the small-cluster approach to
the many-body problem.* In the periodic crystal approximation an M -site crystal is
modeled by a lattice of M sites® with pefiodic boundary conditions (PBC). Bloch’s
theorem® then labels the quantum-mechanical wavefunctions by one of M wavevectors
in the Brillouin zone. In principle, a macroscopic crystal is studied by taking the ther-

. modynamic limit (M — <o), which replaces the finite grid in reciprocal space by a con-
tinuum withis the Brillouin zone. In practice, the number of lattice sites is chosen to
be as large as possible (M = finite), and the solution of the quantum-mechanical prob-
lem corresponds to a finite sampling in reciprocal space.

In the thermodynamic limit the complete symmetry group of the lattice is the
space group, which is composed of all translations, rotations, and reflections that
(rigidly) map the lattice onto itself and preserve its neighbor structure. In the case of a
finite cluster, the complete symmetry group is a subgroup of Sy, the permutation
group of M clements, and is called the cluster-permutation group. The cluster-
permutation group can be a proper subgroup of the space group (i.e., it has fewer cle-
ments than the space group), contain operations that are not elements of the space
group, or be identical to the space group. These three regimes are called, respectively,
the self-contained-cluster regime, the high-symmetry regime, and the latice regime.
Note that the space group need not be a subgroup of the cluster-permutation group in

the high-symmetry regime (although it usually is),
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A sclf-contained cluster is a cluster that does not add any new connections
between lattice sites when PBC are imposed, but merely renormalizes parameters in
the Hamiitonian. In this case, the cluster-pzimutation group is identical to the sym-
metry group of the same cluster with box boundary conditions. This symmetry group
is, in turn, a point group (not necessarily the full point group of the lattice) with its
origin at some point which can be called the center of the cluster; it is 2 proper sub-
group of the space group. This phenomenon was first observed in the four-site square
and tetrahedral clusters’ and in the eight-site simple-cubic cluster.f The regime where
the cluster-permutation group is a subgroup of the space group is called the self-

contained-cluster regime since every known example occurs in self-contained clusters.

The four-site square-lattice cluster is an example of a self-contained cluster. The
lattice sites of the isolated cluster lie on the comers of a square and are numbered
from one to four in a clockwise direction (sce Fig. S5.1a). When PBC are imposed
(see Table 5.1) the four first-nearest-neighbors (INN) of site-1 are rwo each of the
sites 2 and 4 and the four second-nearest neighbors (2NN) are four each of site-3.
Therefore, INN interactions must be renormalized by a factor of two and 2NN interac-
Hons by a factor of four. Note that the imposition of PBC does not add any new con-
nections 1o the lattice, The cluster-permutation group is isomorphic to the point group
C 4, with an origin at the center of the square, the latter is a proper subgroup (order 8)
of the space group (order 32).

The neighbor structure of a finite cluster is only défined out to the full extent of
the cluster; i.e., the neighbor structure inciudes the minimal set of neighbor shells that
exhaust all of the sites of the cluster. The neighbor structure for the four-site square-
lattice cluster is recorded in Table 5.1. This information is, in fact, overcomplete since
the entire lattice can be defined by the 1NN structure alonz. Such a lattice is called a
INN-determined lattice and all known examples of self-contained clusters are 1NN-

determined lactices.
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There are two ways to generate symmetry operations that are not elements of the
space group yielding the high-symmetry regime. The first possibility s that the lattice
is not a INN-determined lattice. In this case, there are always additional permutation
operations that (nonrigidly) map the lattice onto itself and preserve the entire neighbor
structure of the lattice.” The size of the cluster-permutation group can be very large in
this case. The second possibility occurs in a INN-determined lattice but the extra sym-
metry operaticas preserve only the INN structure of the lattice.1® A necessary (but
not sufficient) condition for this phenomenon is given in the Appendix.

When the size of the cluster is large enough, the system enters the lattice regime
with the cluster-permutation group identical to the space group. This always occurs
because a large enough cluster is INN-determined and does not satisfy the necessary
condition for extra symmetry operations given in the Appendix.

This contribution examines the implications of these extra symmetry 6perations to
the quantum-mechanical solutions of Hamiltonians defined on small clusters. In the
next section the transition from a self-contained system to an infinite lattice is studied
for a class of cubic (and square) clusters and the consequences of the cnlarged sym-
mewy groups are ontlined. Section V.3 follows this transition in detail for a square-
lattice system. Section V.4 studies the eight-site clusters for the simple, body-centered,
and face-centered cubic lattices and the square lettice. The group theory is applied to
the many-body solutions of a model of strongly correlated electrons (the ¢~7'—/

model). The final section contains a summary of the results and a conclusion.

V.2 Group Theory for Cubic Clusters

The wransition from a self-contained cluster to a lauice is illustrated for the sim-
plest set of simple (sc), body-centered (bec), and face-centered (fec) cubic-lattice
clusters and the square-lattice (sg) cluster: the set whose number of sites is a power

of two (M = 2/), Note that a subset of clusters (those with sizes that correspond to j
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being a multiple of the spatial dimension of the lattice) are easily formed by repeatedly
doubling the unit cell. For example, doubling the unit cell increases the cluster size by

a factor of eight [four] for the cubic [square] systems.

The clusters for general j are constructed as follows. A sc lattice is composed of
two interpenetrating fcc sublattices or four interpenetrating bec sublattices.  Similarly,
a bee [fec] lattice is composed of two [four] interpenetrating s¢ sublattices. A small
cluster with PBC is constructed by decomposing an infinite lattice into M inter-
penetrating  sublattices (using the above decompositions; and assigning a different
equivalence class (site number) to each of the M sublatiices. For example, an eight-
site foc-lattice cluster is constucted from four sc¢ sublattices with each sc sublattice
represented by two fec sublattices (see Fig. 3.3 of Chapter II). If each sc sublattice
is represented by four bcc sublattices a sixteen-site fcc-lattice cluster is formed, and
so on. The sq-lattice clusters (see Fig. 5.1) are constructed from VM x VM tilings of
the plane that are aligned with [rotated by 45° with respect 1) the underlying square
lattice for even [odd]) j. In this fashion, every cluster whose number of sites is a

power of two can be constructed except for the two-site fcc -lattice cluster.

Tables 5.2 and 5.3 summarize the results for the order of the cluster-permutation
groups of the sc, bee, fec, and sq lattice clusters as a function of cluster size. Table
5.2 corresponds to arbitrary Hamiltonians; Table 5.3 to Hamiltonians with INN
interactions only. The self-contained-cluster regime corresponds to M < 8 [M < 4] for
the sc lattice [otherwise]. The high-symmetry regime is present at intermediate values
of M: for example, when the Hamiltonian contains only INN interactions, the high-
symmetry regime appears at 16 € M < 64 for the sc lattice; 8 <M < 32 for the bce
lattice; and 8 S M < 16 for the fcc and sq lattices (sce Table 5.3). The lartice regime
is entered for larger cluster sizes. The cluster-permutation group (in the high-

symmetry regime) has been studied previously for sq-lattice clusters.!*-13
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A size range always exists where the latrice is not 2 INN-determined lattice. In
this case the order of the cluster-permutation group can be huge. For example, the
sixteen-site fcc lattice is composed of four interpenctrating sc sublattices with each sc
fattics composed of four sites (four interpenetrating bcc sublattices), The INN of any
site are the twelve sites that comprise the other three sc sublattices. The second-
nearest neighbors (2NN) are the thres remaining sites of the original sc sublattice
(each counted twice). Therefore, any permutation of the four elements within a sc¢
sublattice or any permutation of the four s¢ sublattices will commute with the Hamil-
tonian. The order of the cluster-permutation group is then (4!)5 = 7,962,624.

There are many implications that result from a cluster-permutation group that is
nor identical to the space group. In the self-contained-cluster regime, the cluster-
permutation group is a subgroup of the space group, because some space-group opera-
tions are redundant (identical to the identity operation). Put in other words, a
homomorphism cxis.!s between the space group and the clusier-permutation group with
a nontrivial kemel composed of the redundant operations. This implies that only a
subset of the irreducible representations of the space group (those that represent the
redundant operations by the unit matrix) are accessible to the solutions of the Hamil-
tonian. This process of rigorously eliminating irreducible representations as acceptable
representations is well known. It occurs, for example, in systems that possess inver-
sion s* nmetry: if the basis functions are inversion symmetric, then the system sus-
tains only represcntations that are cven under inversion.

In the high-symmetry regime, the cluster-permutation group G contains opera-
tions that are not elements of the space group. The set H of elements of the cluster-
permutation group G that are elements of the space group forms a subgroup of the
cluster-permutation group that usually is equal to the space group. The group of
translations forms an abelian invariant subgroup of # so that Bloch's theorem® holds.

The imeducible representations of H are all irreducible representations of the space



173

group. When the full cluster-permutation group G is considered, the class structure of
H is expandsd and modified, in general, with classes of H combining together, and/or
elements of G outside of H uniting with elements in a class of H, to form the new
class structure of the cluster-permutation group G. The classes that contain the set of
translations typically contain elements that are not translations, so that the translation
subgroup is no longer an invariant subgroup and representations of the cluster-
permutation group cannot be constructed in the standard way.!4 Furthermore, every
irreducible representation of A that has nonuniform characters for the set of classes of
H that have combined to form one class of G must combine with other irreducible
representations to form a higher-dimensional irreducible representation of the cluster-
permutation group. This phenomenon can be interpreted as a sdicking together of
irreducible representations of the space group arising from the extra (hidden) symmetry
of the cluster.

There are further implications for short-ranged interactions. In the cases when the
Hamiltonian has extra symmetry for INN-only interactions, the energy spectrum has
levels that stick together in the absence of longer-ranged interactions and split as these
interactions are turned on. However, the solutions will be nearly degenerate if the

longer-ranged interactions are "weak" in relation to the 1NN interactions.

V.3 Example: The Square Lattice

The transition from the self-contained-cluster regime, through the high-symmetry
regime, to the lattice regime is illustrated for the sg lattice. The four-site sq-lattice
cluster (Fig. 5.1a) is a self-contained cluster. The space group is of order 32 and is
composed of 14 classes. The Brillouin zone!® is sampled at three symmetry stars: T
(d=1); M (d=1); and X (d=2). The origin of the space group is chosen to be site-1.
One finds that the twofold rotation {CZ 10}, and the reflections about the x- and y-

axes {0, 10}, {0, |0} are all redundamt operations; ie., they are identical to the
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identity operation {E |0}, because the four-site cluster is self-contained. This implies
that only irreducible representations of the space group that represent the twofold rota-
tion and the reflections about the x- and y-axes by the unit matrix are acceptable
representations.

The character table of the full space group (with the acceptable representations
highlighted in bold) is recorded in Table 5.4. The cluster-permutation group, with all
repeated operations eliminated, is isomorphic to the point group Cg4, with its origin at
the center of the square. Table 5.5 shows the mapping between the space-group nota-
tion and the point-group notation for the group elements. The acceptable space-group
representations can now be identified with‘ the more traditional point group representa-
tons: Ty 2 A; T3 2 A4 My =B ; M35 By;and X, 5 E.

The eight-site sq-lattice cluster (Fig. 5.1b) is in the high-symmetry regime. The
subgroup A of the cluster-permutation group G is the full space group, containing 64

S is sampled at four sym-

elements distributed among 16 classes. The Brillouin zone!
metry stars: T (d=1); M (d=1); X (d=2), and Z (d=4). The character table of A may
be found in Table 3.16 of Chapter III.

The eight-site sg-lattice cluster is not a INN-determined lattice: if site-3 is
placed arbitrarily on the lattice and its 1NNs (sites 2, 4, 6, and 8) are added, there are
two inequivalent possibilities for the placement of the 2NN pair (sites 1 and 5). The
permutation operator P that interchanges site-1 with site-5 will map the lattice (nonri-
gidly) onto itself, preserving the entire neighbor structure of the lattice. The cluster-
permutation group G is then generated from the space group H by closure. The
existence of this nontrivial permutation operator is a finite-size effect of the eight-site
cluster with PBC since it occurs because the lattice is not a INN-determined latdce.

The cluster-permutation group is composed of 128 elements divided into twenty
classes and recorded in Table 5.6. Note that the presence of the permutation operator

P forces physically different space-group operations (such as the translations, rotations
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and reflections) to be sometimes in the same class. In fact, four pairs of classes of A
combine to form single classes of G (see Table 5.6): (E |t} and (o | T i (Cy i)
and [0’ }t); {CZ )7) and (o |7, ); and {E 10) and {C} | 8). The translation sub-
group is no longer an invariant subgroup and eight irreducible representations of H
Ty, T4 Ts, My, My, Mg, X3, and X ) must combine to form higher-dimens.unal
representations of G. The character table is reproduced in Table 5.7 and includes the
compatibility relations between representations of the cluster-permutation group G and
the space-group representations (of H ) in the last column.

The case’ when the Hamiltonian contzins only 1NN interactions has an enlarged
symmeuy group since the eight-site sg-lattice cluster with 1NN-only interactions is

identical 10 a bcc-lattice cluster with 1NN-only interactions® (see Section V.4).

The sixteen-site sg-lattice cluster (Fig. 5.1c) is in the lattice regime for arbitrary
interactions. There-is no extra symmetwy beyond the space-group symmewy and
further analysis proceeds in a standard fashion [the Brillouin zone!® is sampled at six
symmetry stars: I (d=1); M (d=1); X (d=2); I (d=4); A (d=4); and Z (d=4)). Hidden
symmetry exists when the Hamiltonian is restricted to 1NN-interactions only. The
cluster-permutation group then contains 384 elements divided into twenty classes. The
nonrigid permutation operator that generates the cluster-permutation group from the
space group is given in the Appendix. This group is identical to the point group of a
four-dimensional hypercube!2 but will not be pursued further here.

V.4 Example: Eight-Site Clusters and the t—t'—J Model

As a further illustration, the cight-site clusters are examined in more detail. The
sc-lattice cluster is a self-contained cluster (see Fig. 3.1 of Chapter ). The poim
group operations (with origin at a lattice site) corresponding to a rotaton by 180°
about the x-, y-, or z-axis (C42 10} and the inversion (J | 0} are all redundant opera-

tons; i.e., they are identical to the identity operation {£ 10Q}. Therefore, only
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irreducible representations of the space group that represent {C# 10} and (J | 0} by
the unit matrix are acceptable representations. This is summarized in the character
table for the cluster-permutation group (see Table 3.13 in Chapter IlI). The cluster-
permutation group is isomorphic to the full cubic point group, Oy, with an origin at
the center of the cube defined by the eight sides of the cluster.

The bee-, fec-, and sq-lattice clusters are all in the high-symmetry regime. The
bec -lattice is constructed from two four-site sublattices. The points in the bce Bril-
louin zone'® sampled here are T, H, and N. The cluster-permutation group includes
any independent permutation of the elements within each sublattice and the interchange
of the two sublattices. The subgroup H corresponds to all translations and proper
rotations and contains the following fourteen representations (with corresponding
dimensions in parentheses): Iy (1% Iz (1); Ty (2 Tys” (3% Tas” (3% Hy (1); Hy (1);
Hyp (2); Hys' (3 Has™ (3% Ny (6); N4 (6); N4 (6); and N4 (6). The character table is
given in Table 3.14 of Chapter Il The classes (£ 11) and (C,!7, } combine to
form one class of the cluster-permutation group as do the two classes {E |6} and
{C$16,) and the three classes (Cylt), {c2 1), and {C4! 7). The only
representations that are not required to stick together are then I'y, H,, N, and Ny
The cluster-permutation group has twenty irreducible representations that satisfy the
compatibility relations with H given in Table 5.8.

The fecc-lattice cluster-permutation group®® has a subgroup i that corresponds to
all translations and proper rotations (see Table 3.15 of Chapter ITI) and is generated by
the space-group gencrators and the permutation operator P that transposes the origin-
with its 2NN. There are twenty irreducible representations as recorded in Table 5.8.

The sq-lattice cluster-permutation group has been studied in detail in Section V.3.
The compatibility relations of the twenty irreducible representations can be found in
the last column of the character table (Table 5.7). Note that in the case of 1NN-only

interactions the eight-site sq-lattice cluster is identical to the eight-site bcc-lattice
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cluster.?

As an application of these enlarged symmetry groups, a model of strong electron
correlation (the r—¢'—=/ model) is studied on these eight-site clusters. The p-—-r'-J
model involves hopping between INN and between 2NN (excluding any double-
occupation of a site) and a Heisenberg antiferromagnetic INN exchange interaction.
Previous work on this model® utilized only the symmetry of the subgroup H of the
space group. Use of the cluster-penmutation group simplifies the problen even further
and explains most of the "accidental” degeneracies observed in the many-body energy
levels. The largest Hamiltonian blocks that need to be diagonalized after the cluster-
permutation group symmetry is incorporated are as follows: 5§ x § for five electrons in
the bece -lattice; 7 x 7 for six electrons in the foc -lattice; and 11 x 11 for six electrons
in the sqg-lattce. It is interesting to note that, with the exception of two 5 x 5 blocks,
the 6,561 x 6,561 Hamiltonian matrix can be diagonalized gnralyrically for the bec-
lattice.

There are only a few cases of extra degeneracies that remain in the energy spec-
trum. Most of these degeneracies involve parameter-independent eigenvectors; i.e.,
eigenvectors that do not depend on the hopping integrals ¢ or £ or on the Heisenberg
antiferromagnetic interaction J. The fcc- and sq-lattices both have parameter-
dependent eigenstates with energy levels that stick together and are summarized in
Table 5.9. This sticking=together!? of levels would be explained if there was a larger
symmetry group, an orbital-permutation group, that involves permutations mixing spa-
tal and spin degrees of freedom, and contains the cluster-permutation group as a sub-
group. The evidence in favor of this conjecture is that the extra degeneracies occur
only between specific cluster-permutation group representations that have the sume
total spin.}® A similar phenomenon was observed in the Hubbard mode] at half-filling

on an eight-site sq-lattice cluster,}
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V.5 Conclusions

This contribution outlines the transition from a system that resembles an isolated
cluster (point-group symmetry) to a system that rescmbles an infinite lattice (space-
group symmetry). An intermediate region is discovered that has increased symmetry
beyond that of the space group. These additional symmetry operations are nonrigid

. transformations that map the cluster onto itself and form a group, the cluster-
permutadon group (which typically includes the space group as a subgroup). An
analysis of the cluster-permutation group shows two different effects: (1) the Hamil-
tonian matrix for a given representation of the space group may split intc irreducible
blocks; and (2) irreducible representations of the space group (which frequently
correspond to different points in the Brillonin zone) may "stick together.” These two
effects explain several puzzling degeneracics and level-crossings found, numerically or
analytically, in many cluster calculadons.

The order of the cluster-perrmtation group may be quite large (see for example,
the group of order 7,962,624 for the sixteen-site cluster in the fecc-lattics). The extra
symmetry of such a large group greatly facilitates the numerical problem of diagonaliz-
ing large Hamiltonians and may result in completely analytical solutions (as seen in
the eight-site cluster in the fcc-lattice!®). The size of the cluster may be fairly large
before this extra symmetry is lost (it survives up to the sixty-four-site sc-lattice cluster
for Hamiltonians with 1NN interactions only). The effect of an enlarged symmety
group is more pronounced in systems with short-range-only interactions (compare
Tables 5.2 and 5.3) since many nonrigid transformations that map the cluster onto
itself preserve only the 1NN-structure of the lattice.

The wansition from the sclf-contained-cluster regime, through the hidden-
symmetry regime, to the lattice regime were studied explicidy for the two-dimensional
square latice. The group theory for the eight-site clusters in the simple, body-

centered, and face-centered cubic lattices and in the square lattice were discussed in
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detail and applied to a model of strong electron correlation (the r~'—7 model). Most
"accidental" degeneracies of the many-body energy levels are now explained. There is
a strong indication that additional hidden symmetry remains in the fcc - and sq -lattices

that mixes spatial and spin' degrees of freedom.

V.6 Appendix: Linear-Pair Rule

A necessary (but not sufficient) condition for extra symmetry operations is the
linear-pair rule: A linear pair is defined to be a pzir of distinct opposite INN of a lat-
tice site (i.e., the linear pair and the chosen lattice site all lie on a line). An infinite
lattice has one unique lattice site that has both elements of the linear pair as 1NN.
The linear-pair :  is satisfied whenever there is more than one lattice site that has

_both clements of ... linear pair as INN. If the linea rule is satisfied, then the
cluster-permutation group may contain elements outside «. (e space group for Hamil-
tonians that inciude only 1NN interactions, but is a (proper or improper) subgroup of
the space group otherwise.

The nonrigid permutation operations that can be constructed when the lattice
satisfies the linear-pair rule involve a nonrigid transformation of the INN of 1 givei.
site. If a permutation operation can be constructed that interchanges 1NN of a given
site so that elements that initially formed a linear pair do not form a linear pair after
the permutation, and this operation can be completed (consistently) to the entire cluster
(preserving the INN-structure of the lattice), then a nonrigid permutation operator has
been discovered.

As an example, consider the sixteen-site sq-lattice cluster (Fig. S5.1c). The
linear-pair rule is satisfied since both elements of the linear pair (2,4) are INN to the

sites 1 and 3. The permutation operator

[1 2 3 45678910111213141516]
1112131434567 8 1 23516 9 10
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is an order-six element that corresponds to a nonrigid transformation of the sq -lattice
cluster onto itself preserving the INN-structure of the lattice. It will generate the
entire ¢luster-permutation group from the space group by closure.

The linear-pair rule is not a sufficient condition tc produce extra symmetry for
1NN-only interactions since the sixty-four-site bcc-lattice and the thirty-two- and
sixty-four-site fcc-lattice clusters all satisfy th: linear-pair rule, but do not have any
" additional symmetry beyond the space group (see Tables 5.2 and 5.3).

It is interesting to note that the fcc latice is the only ladice that has no extra
symmetry for INN-only interactions (compare Tables 5.2 and 5.3). This probably

arises because the fec lattice is not bipartite.!?
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V.7 Tables for Chapter V
Table 5.1. Neighbor structure for the four-site square-lattice cluster.

site INN 2NN
1 2 2 4 4|3 3 3 3
2 1 1 3 3|4 4 4 4
312 2 4 411 1 1 1
4 1 1 3 32 2 2 2
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Table 5.2. Order of the cluster-permutation group for arbitrary interactions on finite-
size clusters with periodic boundary conditions of the simple, body-centered, and face-
centered cubic lattices and of the two-dimensional square lattice. The symbols S, Ii,
and L denote the self-contained, high-symmetry, and lattice regiraes, respectively. The
cases with cluster sizes larger than 32 are in the lattice regime.

cluster cubic square

size space group sc bee fee space group sq
1 48 S 1 S 1 s 1 8 S 1
2 96 S 2 S 2 - - 16 S 2
4 192 s 24 S 8 S 24 32 S 8
8 384 s 48 H 1152 | H 384 64 H 128
16 768 H 1228 | H 4608 | H 7962624 128 L 128
32 1,536 L 1536 [ L 153 (L 1,536 256 L 256
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Table 5.3. Order of the cluster-permutation group for INN-only interactions on finite-
size clusters with periodic boundary conditions of the simple, body-centered, and face-
centered cubic lattices and of the two-dimensional square lattice. The symbols S, H,
and L denote the self-contained, high-symmetry, and lattice regimes, respectively. The
cases with clusier sizes larger than 128 are in the Jattice regime.

cluster cubic square
size space group s¢ bec See space group sq
1 48 S 1 S 1 S 1 8 S 1
2 96 S 2 S 2 - - 16 S 2
4 192 S 24 S 8 S 24 32 S 8
8 384 S 48 H 1,152 H 384 64 H 1152
16 768 H 12,288 | H 3251404800 | H 7,962,624 128 H 384
32 1,536 H 1384 | H 6,144 L 1,536 256 L 25
64 3,072 H 27648 | L 3,072 L 3072 512 L 512
128 6,144 L 6,144 L 6,144 L 6,144 1,024 L 1024
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Table 5.4. Character table for the space group of the four-site cluster on the square lat-
tice. The symbol & denotes the mirror planes perpendicular to the x~ and y—axes and
o’ denotes the mirror planes perpendicular to the diagonals x +y. The translations are
denoted by O (no translation), T (first-nearest-neighbor translation), and 0 (second-
nearest-neighbor). The subscripts I and 1 refer to translations parallel to or perpendic-
ular to the normals of the mirror planes. The acceptable representations of the space
group, that form the representations of the cluster-permutation group, are highlighted in
bold.

1 1 2 1 1 2 4 4 2 2 2 2 4 4

E C} ¢ E C} o C, & E C} 6 o Cy o

0 0 0 o [} 6 T T T T T, T 06 06
Y 1 1 1 1 1 1 1 1 1 1 1 1 1 1
I, 1 1 -1 1 1 -1 1 -1 1 1 -1 -1 1 -1
Iy 1 1 1 1 1 1(-1 -1 1 1 1 1 -1 -1
Ty 1 1 -1 1 1 -1 -1 1 1 1 -1 -t -1 1
Ts 2 -2 ¢ 2 -2 0 0 0 2 -2 0 0 0 0
M 1 1 1 1 1 111 -1]A1 -1 -1 -1 1 1
M, 1 1 -1 1 1 -1 -1 1| -1 -1 1 1 1 -1
M, 1 1 1 1 1 1 1 1] -1 -1 -1 -1 -1 -1
My 1 1 -1 3 1 -1 1 -1 -1 -1 1 1 -1 1
Mg | 2 -2 0 2 -2 0 0 0] -2 2 0 0 0
X, 2 2 2|2 2 2 0 0 0 0 o 0 0 0
X, | 2 2 -2 | -2 -2 2 0 0 0 0 0 0 0 0
X4 2 -2 0|-2 2 0 0 0 0 0 0 0 0 0
X1 2 -2 0 (-2 2 0 0 0 0 0 0 0 0 0
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Table 5.5. Repeated operations of the space group for the four-site cluster in the
square lamice and their identification with point-group operations. The cluster-
permutation group is isomorphic to the point group C,, with an origin at the center of
the square. The space-group operations arc denoted in the standard notation of a
point-group operation followed by a translation all enclosed in braces. Put in more
mathematical terms, this table explicitly lists the homomorphism that maps the space
group onto the cluster-permutation group. The first row (corresponding to the redun-
dant operations of the space group) forms the kernel of the homomorphism.

point-group space-group
operation operations
E (E10}, {C}10}, (o10}
c? {E18), (C}16), {cli@)
Cy {CqlT), {¢/I1)
a (E 11}, (c3tit}, (ol
o {C410,6), {c’10,0)
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Table 5.6. Class structure and group elements of the 128 element cluster-permutation
group of the eight-site square-lattice ciuster. The notation is the same as that of Table
5.4 and Q denotes the third-nearest-neighbor translation. The element P corresponds
to the transposition of site-1 and site-5 (see Fig. 5.1b).

class group elements size of class
1 {(E10) 1
2 {C,;10,8,Q) 8
3 (€210,Q) 2
4 {c10,0) 4
5 {¢’10,8)) 4
6 {Eit), (cltl) 8
7 {C411), (eI} 16
8 (C?1), (ol7)} 8
9 (E18), (c218} 4
10 {c16} 4
11 {¢’19,.Q} 4
12 {E1Q} , 1
13 P{E 10}, P{C}1Q}, P{o!Q) 4
14 P[C,I0), P(c'18)) 4
15  P{C}10}, P{cl0), P(EIQ) 4
16 P(c10,Q), P[C,10] 8
17 P{E |1}, P{CZit}), Plolt) 16
18 P(C,l1), Plc’l1} 16
19 P(E10), P(c?18), Plclo) 8
20 P(C,IQ), P{c’18,) 4
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Table 5.7. Character table of the 128 element cluster-permutation group for the eight-
site square-lattice cluster. The class structure and group elements are given in Table
5.6. The classes are labeled by their number to save space in the table below. The last
column gives the compatibility relations with the irreducible representations of the
space group H (Table 3.16 of Chapter III). The subscripts p, z, and n denote
representations that have a positive character, zero character, or negative character,
respectively, for the element P {E 10}. The symbol ¢ is used to denote representations
that mix different wavevectors.



16
1

16
Ly

€0

€19

Cis
€13
‘i

€13

€2

n

Cio

€9

cy

€

te

€s

Ca

€3

€2

€y

3

My

M3

My
r,eM,

T @M,

X,

X,

X2
ryex,

MsaX,

Ty

Tia

Ty
LE%
My,

-1
-1

-1
-1

My,

My

My,

0
0

*

[
x"

-2

Xia

X2

X"

0

*

]
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Table 5.8. Reduction of the twenty irreducible representations of the cluster-
permutztion group to the corresponding iireducible representations of the subgroup H
of the space group for the body-centered and face-centescd cubic-lattice clusters. The

dimensions of the isreducible representations of the cluster-permutation group label the
columns.

1 2 3 4 6 8 9 12 18

bec-lattice l‘, r;QHz ru$H|2 Ny rﬁ'@Nz Ni®N, l‘,s’e)HIS’e)qu;N,

r T,®Hyp N, Ty'®N, NiON,

Hy r|$rn$H1 N4 H;_;’@N:;

H, MeH ®H; Ny Hys' @ Ny
feclattice T | % X, L, Tys'eXy L

T M, X L, C'eX; Ly

T X, L, X5

r, X, L, X;

6t
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Table 5.9. Symmetries of parameter-dependent eigenstates of the ¢—r'—/ model that
stick together in the eight-site clusters of the face-centered-cubic lattice and the square
lattice. The sticking together of levels is not required by the cluster-permutation
group. In the table below, N denotes the number of electrons and S denotes the total
spin of the many-body wavefunctions. The subscript n denotes representations that
have a negative character for the operation P (E 10).

Sec-lattice sq-lattice
N symmetry S numberof | N symmetry S npumber of
levels B levels

5 Ly, @Ls, % 2 4 Geded 2 2

5 L, ®Ls, % 2 6 Ty, oM, 2 2

6 L, ®Ly 1 4 7 Ty, @ M, % 2

7 Ly, ®La, % 2

7 Ly © Las —;— 2
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V.9 Figures for Chapter V

Figure 5.1. Four-, eight-, and sixteen-site clusters with periodic boundary conditions in
the square lattice. The VM x VM tilings of the square lattice are highlighted in gray.
The four-site cluster (a) is a self-contained cluster since the periodic boundary condi-
tions do not add any new lattice connections. This fact is highlighted by the dashed
lines in (a). The eight-site cluster (b) is not a 1NN-determined lattice, as discussed in
the text, and lies in the high-symmetry regime. The sixteen-site cluster (c) kas no
additional symmetry for arbitrary interactions but does possess hidden symmetry for

Hamiltonians that contain only 1NN interactions.
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