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Nonresonant inelastic light scattering in the Hubbard model
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Inelastic light scattering from electrons is a symmetry-selective probe of the charge dynamics within corre-
lated materials. Many measurements have been made on correlated insulators, and recent exact solutions in
large dimensions explain a number of anomalous features found in experiments. Here we focus on the corre-
lated metal, as described by the Hubbard model away from half filling. We can determine theB1g Raman
response and the inelastic x-ray scattering along the Brillouin-zone diagonal exactly in the large dimensional
limit. We find a number of interesting features in the light-scattering response, which should be able to be seen
in correlated metals such as the heavy fermions.
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I. INTRODUCTION

Inelastic light scattering, and more specifically, electro
Raman and inelastic x-ray scattering, are useful probes o
two-particle charge excitations within a correlated metal. E
periments are extremely difficult to carry out, and so far,
only correlated metals that have been extensively studied
the high-temperature superconductors.1–3 An experimental
challenge is to have a large enough energy window for
inelastic light scattering to be able to see the higher-ene
charge-transfer excitations as well as low-energy parti
hole excitations. One class of promising materials that co
yield interesting Raman-scattering results is the hea
fermion compounds that have sharply renormalized Fe
temperatures, which compress the charge-transfer excita
to a lower energy range~and thereby require a smaller e
ergy window for the scattering experiments!.

On the theoretical side, much progress has been mad
examining the inelastic light scattering of correlated mate
als. The first breakthrough occurred over a decade ago w
Shastry and Shraiman~SS! suggested4 a simplification to the
theory of nonresonant Raman scattering where, in cer
cases, the nonresonant Raman response may be equal
optical conductivity multiplied by the frequency. Their co
jecture was recently proved5 on a hypercubic lattice ind
→` for B1g polarization orientations. Subsequent work
the Hubbard model6 and on the Falicov-Kimball model5,7 has
shown that Raman scattering is model independent in
insulating phase, and possesses all of the anomalous fea
seen in the experiment on correlated insulators.

In this contribution, we focus on the correlated met
rather than the metal-insulator transition, and we study
behavior of the Raman response and the inelastic x-ray s
tering for a wide variety of electron concentrations and
teraction strengths. A number of features arise in the Ram
response, which are quite interesting. Of course, the res
for the nonresonantB1g Raman response are similar to tho
that have been shown for the optical conductivity,8,9 but we
discuss a number of features, including the inelastic sca
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ing of x rays here. In Sec. II, we present our formalism, t
results appear in Sec. III, and we conclude in Sec. IV.

II. FORMALISM

Unlike an optical conductivity experiment, which probe
just one symmetry of the two-particle charge excitations,
elastic light scattering can probe a number of different sy
metries by placing polarizers on the incident and reflec
light. Three common symmetries that are examined areA1g
~which has the full symmetry of the lattice!, B1g ~which is a
d-wave symmetry!, andB2g @which is anotherd-wave sym-
metry ~rotated by 45°)]. In infinite dimensions, the Rama
response that is related to the optical conductivity by
Shastry-Shraiman relation4,5 is the B1g response. Further
more, the nonresonant Raman scattering in theB2g channel
vanishes5 ~for nearest-neighbor-only hopping!, and in theA1g
channel it requires knowledge of the local irreducible cha
vertex ~which has never been calculated for the Hubba
model!, so we provide results only for theB1g sector here.

The Hubbard model10 is the simplest model of electroni
correlations, which possesses a Fermi-liquid fixed point fo
wide range of parameter space.11 The Fermi liquid forms at
low temperature, and often one finds quite anomalous beh
ior in the transport at higher temperatures, where the Fer
liquid coherence has not yet been established.9

The Hubbard Hamiltonian10 contains two terms: the elec
trons can hop between nearest neighbors@with hopping inte-
gral t* /(2Ad) on ad-dimensional hypercubic lattice12#, and
they interact via a screened Coulomb interactionU when
they sit on the same site. All energies are measured in u
of t* . The Hamiltonian is

H52
t*

2Ad
(

^ i , j &,s
cis

† cj s1U(
i

ni↑ni↓ , ~1!

wherecis
† (cis) is the creation~annihilation! operator for an

electron at lattice sitei with spin s and nis5cis
† cis is the
©2003 The American Physical Society02-1
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electron number operator. We adjust a chemical potentiam
to fix the average filling of the electrons (m5U/2 at half
filling of re51.0 for the electrons!.

We treat model~1! in the infinite-dimensional limit, so
that the electronic properties can be determined by dyna
cal mean-field theory. The starting point is the locality of t
single-particle self-energy, i.e., the local Green’s function
the Hilbert transformation of the noninteracting density
states8,11 @r(e)5exp(2e2)/Ap on a hypercubic lattice ind
→`],

G~v!5E
2`

`

der~e!
1

v1m2S~v!2e
, ~2!

with v approaching the real axis from above.
Formally,G(v) can be viewed as the Green’s function

an effective single-impurity Anderson model.8,11 The propa-
gator G0(v) for the corresponding effective noninteractin
impurity model is then determined by

G0
21~v!5G21~v!1S~v!. ~3!

Next an Anderson impurity model solver must be employ
to determine the local Green’s function fromG0(v) andU.
Here, we use the numerical renormalization-group~NRG!
technique13,14 to calculate the self-energy on the real ax
and then employ Eq.~2! to determine the new Green’s func
tion. This algorithm is iterated until the Green’s functio
converge to a fixed point.

The NRG is based on a logarithmic discretization of t
energy axis; i.e., one introduces a parameterL.1 and di-
vides the energy axis into intervals6@L2(n11),L2n# for n
50,1, . . . ,̀ .13,14 With some further manipulations one ca
map the original model onto a semi-infinite chain, which c
be solved iteratively by starting from the impurity and su
cessively adding chain sites. Since the coupling between
adjacent sitesn andn11 vanishes asL2n/2 for largen, the
low-energy states of the chain withn11 sites are determine
by a comparatively small numberNstatesof states close to the
ground state of then-site system. In practice, one retain
only theseNstatesfrom then-site chain to set up the Hilber
space forn11 sites, and one thus prevents the usual ex
nential growth of the Hilbert space asn increases. Eventu
ally, after nNRG sites have been included in the calculatio
adding another site will not change the spectrum sign
cantly and one terminates the calculation.

It is obvious that for anyL.1 the NRG constitutes an
approximation to the system with a continuum of ba
states, but becomes exact in the limitL→1. Performing this
limit is, of course, not possible as one has to simultaneou
increase the number of retained states to infinity. One c
however, study theL dependence andNstatesdependence o
the NRG results and perform the limitL→1, Nstates→` by
extrapolating these data. Surprisingly one finds that the
pendence of the NRG results onL as well as on the cutof
Nstatesis extremely mild; in most cases, a choice ofL52 and
Nstates5300–500 is sufficient.

While the knowledge of the states is sufficient to calcul
thermodynamic properties, the discretization leads to
15510
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Green’s function consisting of a discrete set of poles, and
appropriate coarse-graining procedure has to be applied15,16

Obviously, the NRG is most accurate for energies near
chemical potential, where the logarithmic grid is the finest
is less accurate at energies far away from the chemical
tential, because the energy grid is coarser and one use
asymmetric~logarithmic! broadening for thed functions.
Since our final response functions involve complex convo
tion integrals containing the interacting Green’s function, t
results are expected to be most accurate in the low-freque
region. At high frequencies, one may still expect the qual
tive features to be correct, but details such as the pre
distribution of spectral weight will typically be less reliable
The quantitative errors in both the Green’s function and
inelastic light-scattering response functions, however,
difficult to estimate.

The nonresonant Raman response in theB1g channel and
the inelastic x-ray scattering along the Brillouin-zone diag
nal ~in the B1g channel! have no vertex corrections,5,7,17 and
are equal to the bare bubbles. The formula for the Ram
response has been presented elsewhere,5 and can also be
found from the SS relation4,8,9—the imaginary part of the
nonresonantB1g Raman response is

ImxB1g
~q50,n!5cE dv@ f ~v!2 f ~v1n!#

3E der~e!A~e,v!A~e,v1n!, ~4!

where f (v)51/@11exp(v/T)# is the Fermi function,
A(e,v)52Im@1/$v1m2S(v)2e%p# is the spectral func-
tion, andc is a constant.

The inelastic light scattering by a photon with momentu
q5(q,q, . . . ,q) can also be calculated with the bare bubb
because one can show that all vertex corrections vanish
as well.18 The result depends only on the parameterX
5cosq, and is

xB1g
~q,n!5

i

4pE2`

`

dv$ f ~v!x0~v;X,n!

2 f ~v1n!x0* ~v;X,n!2@ f ~v!2 f ~v1n!#

3x̃0~v;X,n!%, ~5!

with

x0~v;X,n!52E
2`

`

der~e!
1

v1m2S~v!2e

1

A12X2

3F`S v1n1m2S~v1n!2Xe

A12X2 D ~6!

and
2-2
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x̃0~v;X,n!52E
2`

`

der~e!
1

v1m2S* ~v!2e

1

A12X2

3F`S v1n1m2S~v1n!2Xe

A12X2 D . ~7!

Here we haveF`(z)5*der(e)/(z2e), which is the Hilbert
transform of the noninteracting density of states. Note t
the X51 limit of Eq. ~5! corresponds to the optical photo
(q50), and it reduces to the Raman-scattering case in
~4! as it must.

III. RESULTS

Before discussing the Raman spectra in detail, let
briefly look at the single-particle density of states~DOS!.
Although this quantity has been extensively discussed in
literature,8 it is instructive to review the major propertie
here because they will be needed to interpret the Ra
spectra.

The evolution of the DOS forU54.24 upon varying fill-
ing and temperature is collected in Fig. 1. Quite genera
one can identify three structures: A comparatively sharp p
at the Fermi energyv50 and two broad features, the s
called Hubbard bands, representing incoherent~local! charge
excitations~the sharp peak vanishes atn51.0 because the
system is in the Mott-insulating state!. With decreasing fill-
ing ~Fig. 1, main panel! these latter structures become le
pronounced, the lower one being absorbed into the quas
ticle peak, and the spectral weight of the upper one redist
uted to the Fermi level. For still lower filling one woul
eventually arrive at a single peak at the Fermi level, as in
noninteracting system. For a fixed filling, on the other ha
the variation with temperature~Fig. 1 inset! does not affect
the incoherent structures much, but rather leads to a st
variation in the quasiparticle peak at the Fermi ener
Changing the value ofU does not lead to qualitatively dif

FIG. 1. Evolution of the single-particle DOS forU54.24 with
filling for T50.029~main panel!, respectively, with temperature fo
re50.92 ~inset!. Note especially the strong variation of the qua
particle peak in both cases. In addition, with decreasing filling th
is a strong redistribution of spectral weight from the upper Hubb
band to the Fermi energy. For even lower filling, the upper Hubb
band vanishes completely.
15510
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ferent features; only the specific values of the filling or te
perature, where changes become pronounced, will vary.

We now turn to the discussion of our results for Ram
scattering by examining a correlated metal withU52.12.
This system is metallic~in the paramagnetic phase! for all
electron fillings. The Fermi temperature is quite low thoug
so the quasiparticle peak only appears in the interacting D
for low enough temperature~cf. Fig. 1!. This has implica-
tions for the Raman response as well. We show the Ram
scattering atU52.12 for a variety of temperatures in Fig. 2
We plot results for four different electron concentrations:~a!
re51.0, ~b! re50.9, ~c! re50.8, and~d! re50.6. Inset in
each panel is a blowup of the low-temperature region wh
the Fermi peak appears. The behavior appears qualiti
different near half filling and far from half filling. Near hal
filling, we see a large charge-transfer peak atn'1.5 present
at high temperature, which has a Fermi-liquid peak separa
out of it at low temperature. The Fermi peak narrows and
pushed to lower energy asT is lowered, as we expect for
correlated metal as the phase space for particle-hole sca
ing is reduced. The relative weight of the low-energy~Fermi-
liquid! feature and the charge-transfer feature change as
move away from half filling. Atre50.8, we find a broad
high-energy feature, which may be separating into two pe
centered at approximately 1.5 and 2.5 at the lowest temp
ture. The scattering forre50.6 is even more dramatically
modified. We see no large charge-transfer peak at high t
perature, but just a broad low-energy peak, reminiscen
the Fermi-liquid peak. AsT is lowered, this broad peak na
rows and evolves to low energy. As it does so, we see
additional features emerge in the Raman response, co
sponding to a midinfrared bump and a charge-transfer bu
Since the interacting DOS typically has a three-peak str
ture ~see Fig. 1!, with a lower Hubbard band, an upper Hu
bard band, and a quasiparticle peak, these three features
from transitions within the quasiparticle peak, between
quasiparticle peak and the lower band, and between the
siparticle peak and the upper band. When the electron fil
is less than half filled, the quasiparticle peak in the DOS l
well within what would be termed the lower Hubbard ban
Finally, we note that the evolution of Raman scattering w
doping is an evolution toward weaker correlations asre is
reduced, which is precisely what we expect for the Hubb
model, which is most strongly correlated at half filling.

We compare these moderate correlation results to a m
strongly correlated system (U54.24) in Fig. 3. Here three
different electron fillings are shown:~a! re51.0, ~b! re
50.9, and~c! re50.8. At half filling @Fig. 3~a!#, the system
is a correlated insulator, and the Raman response display
characteristic features of an insulator, including the appe
ance of low-energy spectral weight at an onset tempera
that is smaller than theT50 gap, and an isosbestic poin
where the Raman response is independent of tempera
~here occurring nearn'3). As the system is doped, its be
havior changes dramatically, because the doped syste
metallic. Here@Figs. 3~b! and 3~c!# we see two peaks at hig
temperature. AsT is lowered, the low-energy peak has
Fermi-liquid peak split off and narrow, and move to low
energy asT is reduced. The relative weight of the low-energ
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d
d
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FIG. 2. Raman response for different temperatures atU52.12. The different panels refer to different electron fillings:~a! re51.0, ~b!
re50.9, ~c! re50.8, and~d! re50.6. The numbers in the legends label the temperature. Inset into each panel is a blowup
low-frequency region to show the Fermi-liquid peak formation and evolution withT.
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features~the Fermi-liquid peak and the ‘‘mid-IR’’ peak! to
the charge-transfer peak increases as the filling moves a
from half filling. We also can see that the Fermi-liquid tem
perature increases as we move away from half filling beca
of the sharper Fermi peak at the same temperature in
3~c! versus Fig. 3~b!. This is to be expected, because as
relative correlations are reduced, the coherence tempera
should increase.

One might be tempted to perform an analysis similar
what was done for the optical conductivity,8,9 where one ex-
amines the relative weights of the Fermi peak, the mid
bump, and the charge-transfer peak. Such an analysis i
ally only feasible for the situation where one has a sum r
satisfied~like the optical conductivity!. The multiplication of
the optical conductivity by the frequency to produce the R
man response obviously changes the sum rule, and m
such simple identifications more difficult.19 But the general
qualitative feature of more scattering going into the char
transfer peak as the correlations increase certainly still ho
The Fermi peak is smaller inB1g Raman scattering, since
is concentrated at small frequencies, and it is reduced by
extra power of frequency that multiplies the optical condu
tivity to produce the Raman result.

We examine the Raman scattering at constant tempera
in a moderately correlated metalU52.12 in Fig. 4. At high
temperature@Fig. 4~a!#, we see a broad charge-transfer-li
feature near half filling, but as the electron concentrat
15510
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moves away from 1.0, we see spectral weight shift to l
energy and evolve into a sharp Fermi liquid peak. For int
mediate fillings, we can still see a remnant of the char
transfer peak at high energy, as a wiggle in the Raman
sponse, but the size of that feature decreases sharply
filling. This picture clearly shows how the Fermi temperatu
depends strongly on electron concentration, as the Fe
temperature evolves to become larger than 0.341 arounre
'0.6. At low temperature@Fig. 4~b!#, we see a strong Fermi
liquid peak that narrows and moves to lower energy w
electron filling, as expected. In addition, we see the high
energy processes are sharpened, with a mid-IR feature oc
ring nearn'1 and a charge-transfer feature at higher en
gies. Once again, the relative weight of the higher-ene
feature gets smaller as we move the filling farther from h
filling.

In Fig. 5, we plot the Raman response at fixedT for a
strongly correlated systemU54.24. In the high-temperatur
case@Fig. 5~a!#, we find two prominent peaks, one a charg
transfer peak at high energy and one a mid-IR peak at lo
energy. The temperature is too high to see the Fermi-liq
peak forming. We can see, however, the dramatic transfe
relative spectral weight to lower energy as the filling mov
farther from half filling, and the charge-transfer peak shrin
At the lower temperature@Fig. 5~b!#, we see a sharp charge
transfer peak, and an approximate isosbestic point, where
Raman response is almost independent of electron fil
2-4
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NONRESONANT INELASTIC LIGHT SCATTERING IN . . . PHYSICAL REVIEW B67, 155102 ~2003!
near n'U/2. Close to the insulating phase, there is ve
small low-energy spectral weight. As we move away fro
half filling, the low-energy spectral weight rises, developi
into a mid-IR feature and having an even lower-energy Fe
peak. This result is similar to what was seen in the opti
conductivity,8,9 where there appeared to be an isosbe
point at aboutU/2 as a function of doping for fillings close t
half filling. The isosbestic point is approximately preserv
here, because multiplying by the frequency does not rem
such behavior.

We end our results by showing the inelastic ligh
scattering response of the x rays with momenta that

FIG. 3. Raman response for different temperatures atU54.24.
The different panels refer to different electron fillings:~a! re

51.0, ~b! re50.9, and~c! re50.8. The numbers in the legend
label the temperature. Inset into each panel is a blowup of
low-frequency region to show the Fermi-liquid peak formation a
evolution withT.
15510
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along the Brillouin-zone boundary. Figure 6 shows the mo
erately correlated metal and Fig. 7 shows the more stron
correlated metal. Let us first start with the moderately cor
lated results in Fig. 6~a!. There one sees near the Brillouin
zone center that the Fermi-liquid peak evolves away from
charge-transfer peak asT is lowered. But once the photo
has finite momentum, the Fermi-liquid feature is strong
suppressed due to the availability of phase space to cr
particle-hole pairs. No peak separates out, but the scatte
response does appear to sharpen asT is reduced~although it
is generically much broader than what is seen at the z
center!. In Fig. 6~b!, which is even more weakly correlated
we find similar behavior except at the zone boundary (X5
21), where the results are counterintuitive. At higherT, we
see the low-energy x-ray scattering increase asT decreases,
although there is only weakT dependence. But at the lowe
temperature, the response is depleted, as if the syste
becoming more insulating. This behavior does not seem
occur at other momentum transfers or in the more stron
correlated case, and we do not have a good understandin
why it happens here, but the scattering of large momen
photons with correlated charge excitations is a complex p
cess that is not easy to infer quantitative results about.

e

FIG. 4. Raman response for different fillings atU52.12 and
constant temperature. The different panels refer to differentT, ~a!
T50.341 and~b! T50.0472. The numbers in the legends label t
electron filling. Inset into each panel is a blowup of the low
frequency region to show the Fermi-liquid peak formation and e
lution with electron filling.
2-5
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FREERICKS, DEVEREAUX, BULLA, AND PRUSCHKE PHYSICAL REVIEW B67, 155102 ~2003!
Moving on to the more strongly correlated system in F
7, we see some interesting behavior there as well. Now
can see the remnant of the Fermi-liquid peak split-off at l
energy surviving out toX50.5, although the peak does n
move to lower energy asT is reduced, as it does at the zon
center. We see the overall broadening of peaks at finite
mentum, and a sharpening of features asT is reduced. The
slope of the scattering response at the zone boundary
become quite large at lowT.

IV. CONCLUSIONS

We have investigated inelastic scattering of light in cor
lated metals by solving for the dynamical response functi
exactly in the infinite-dimensional limit. We examine th
Hubbard model, and thereby we are limited to analyz
nonresonant scattering in theB1g sector and along the
Brillouin-zone diagonal. The Raman-scattering case co
sponds to sitting at the zone center, while the inelastic x-
scattering allows one to probe momentum transfers along
zone diagonal. Since theB1g response is related to the optic
conductivity, many of our results are similar to those fou
when investigating the optical conductivity, such as the

FIG. 5. Raman response for different fillings atU54.24 and
constant temperature. The different panels refer to differentT, ~a!
T50.341 and~b! T50.0248. The numbers in the legends label t
electron filling. Inset into each panel is a blowup of the lo
frequency region to show the Fermi-liquid peak formation and e
lution with electron filling.
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pearance of three generic features corresponding to a Fe
liquid peak, a mid-IR feature, and a charge-transfer pe
The relative weights and temperature dependences of t
three features vary with coupling strength and electron
ing, but at low enough temperature, we will always see
Fermi-liquid peak to split off and evolve towards zero fr
quency asT is lowered~except at half filling with sufficiently
largeU that creates an insulator!. When we allow the photon

-

FIG. 6. Inelastic light scattering atU52.12 and~a! re50.8 and
~b! re50.6 for different temperatures. Five values of the transfer
photon momentum are plotted, each shifted by an appropr
amount, and running from the zone center to the zone bound
along the zone diagonal. The results are for theB1g sector only. In
panel~a! the temperature decreases as the thickness decrease
is equal to 0.146, 0.089, 0.054, and 0.033, respectively. In pane~b!
the temperature also decreases as the thickness decreases,
equal to 0.240, 0.146, 0.089, and 0.054, respectively.
2-6
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NONRESONANT INELASTIC LIGHT SCATTERING IN . . . PHYSICAL REVIEW B67, 155102 ~2003!
to exchange momentum with the charge excitations, man
the sharp features in the Raman scattering are blurred,
the peaks are broadened. We no longer see the Fermi
evolve at finite momentum transfer, but as the correlati
are made stronger, we do sometimes see remnants o
Fermi-liquid peak evolution~when q is close to the zone

FIG. 7. Inelastic light scattering atU54.24 andre50.8 for
different temperatures. Five values of the transferred photon
mentum are plotted, each shifted by an appropriate amount,
running from the zone center to the zone boundary along the z
diagonal. The results are for theB1g sector only. The temperatur
decreases with decreasing thickness, and is equal to 0.127, 0
0.047, and 0.029, respectively.
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center!. Near the zone boundary, however, there is jus
broad, relatively featureless response, whose low-ene
slope increases as the system is more correlated and a
temperature is lowered.

To date, there has been limited examinations of electro
Raman scattering or inelastic x-ray scattering of correla
metallic systems. The most studied case is that of the h
temperature superconductors, but they cannot be exam
over the full temperature range because they have inter
ing magnetically ordered or superconducting phases, wh
can dramatically change the Raman scattering. Simila
most resonant inelastic x-ray scattering experiments have
cused on correlated insulators, because of the difficulty
removing the elastic peak from the response function at
lowest energies, where one might expect interesting Fer
liquid features to appear. Our theoretical results make a n
ber of predictions for how the temperature, doping, and c
relation strength dependence of inelastic light scatter
varies in correlated metals; and we believe it might be p
sible to see some of these features in heavy-fermion ma
als, which have not yet been exhaustively studied with th
techniques.
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