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Abstract

We present an exact solution for electronic Raman scattering in a single-band, strongly correlated material, including nonresonant, resonant and

mixed contributions. Results are derived for the spinless Falicov–Kimball model, employing dynamical mean field theory; here, we focus on the

Mott insulator phase.

q 2005 Elsevier Ltd. All rights reserved.
Electronic Raman scattering is an important probe of the

electronic excitations in materials. It has been used to examine

different kinds of charge and spin excitations in a variety of

different materials, ranging from Kondo insulators [1,2], to

high temperature superconductors [3,4], to ruthenium oxide

materials [5]. Inelastic light scattering involves contributions

from scattering processes that depend on the incident photon

frequency (so-called mixed and resonant contributions) and

processes that are independent of the incident photon

frequency (so-called nonresonant contributions). There has

been much theoretical work on this problem. In the strong-

coupling regime, a perturbative approach has been used, and

has illustrated a number of important features of resonant

scattering processes [6,7]. The nonresonant case has also been

examined, and an exact solution for correlated systems (in

large spatial dimensions) is available for both the Falicov–

Kimball [8] and Hubbard [9] models. Here we concentrate on

an exact solution of the full problem for the Falicov–Kimball

model including all resonant and mixed effects.

The Falicov–Kimball model Hamiltonian [10] is (at half

filling)
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and includes two kinds of particles: conduction electrons,

which are mobile, and localized electrons which are immobile.

Here c†
i (ci) creates (destroys) a conduction electron at site i, wi
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is the localized electron number at site i, U is the on-site

Coulomb interaction between the electrons, and t* is the

hopping integral (which we use as our energy unit). The

symbol d is the spatial dimension, and ij denotes a sum over all

nearest neighbor pairs (we work on a hypercubic lattice). The

model is exactly solvable with dynamical mean field theory

when d/N [11,12] (see [13] for a review).

Shastry and Shraiman [6] derived an explicit formula for

inelastic light scattering that involves the matrix elements of

the electronic vector potential for light with the many-body

states of the correlated system. Their expression for the Raman

response (in a Lehmann representation) is
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for the scattering of electrons by optical photons (the repeated

indices a and b are summed over). Here, 3i(f) refers to the

energies of the initial (final) eigenstates describing the

‘electronic matter’, Z is the partition function, and
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is the scattering operator constructed by the current

jaZ
P

k v3ðkÞ=vkac
†
kck, and stress-tensor gabZ

P
k v

23ðkÞ=vka

vkbc
†
kck operators, with 3(k) the band structure and ck the

destruction operator for an electron with momentum k. Since

the scattering operator enters to the second power in the Raman

response, there are three kinds of terms in the response
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Fig. 1. Isosbestic behavior of the resonant Raman response for UZ3 and uiZ
2.5 (thick lines) and uiZN (nonresonant response, thin lines). Different lines

correspond to different temperatures TZ1, 0.5, 0.2, 0.05. Note that the uiZ2.5

curves all cross at two isosbestic points: one close to U/2 and another close

to ui.
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function: the gg term gives the nonresonant response, the gj

term gives the mixed response, and the jj terms give the

resonant response.

We use a diagrammatic technique to exactly determine all

of the contributions to the Raman response function c(U)

RðUÞZ
2ph2c4

V2uiuo

cðUÞ

1KexpðKbUÞ
; (4)

which is the result directly measured by experimentalists. We

explicitly present results for the Stokes Raman response (the

electrons absorb energy from the photon during the scattering),

with an incident photon frequency ui, an outgoing photon

frequency uo, and a transfered photon frequency UZuiKuo.

The procedure is complicated, and involves first computing the

response functions on the imaginary time axis, then Fourier

transforming to imaginary frequencies, and finally performing

an analytic continuation to the real axis; the relevant formulas,

and a summary of the techniques are presented elsewhere [14].

We analyze three different symmetries for the electronic

charge excitations that scatter the light. The A1g symmetry has

the full symmetry of the lattice and is measured by taking the

initial and final photon polarizations to be eiZeoZ(1,1,1,.).

The B1g symmetry is a d-wave-like symmetry that involves

crossed polarizers: eiZ(1,1,1,.) and eoZ(K1,1,K1,1,.).

Finally, the B2g symmetry is another d-wave symmetry rotated

by 45 degrees; with eiZ(1,0,1,0,.) and eoZ(0,1,0,1,.).

It turns out that the A1g sector has contributions from

nonresonant, mixed, and resonant Raman scattering, the B1g

sector has contributions from nonresonant and resonant Raman

scattering only, and the B2g sector is purely resonant [8]. Since

the end result is so complex, we first examine the bare response

function (which has no contributions from vertex corrections)

because it yields some interesting insights. All the bare

diagrams can be summed up and rewritten in the following

form
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where gkZ
P

a;b eiav3ððkÞ=vkavkbeob, vi;ok Z
P

a ei;oa v3ððkÞ=vka,

AkðuÞZKð1=pÞImGkðuKidÞ, Gk(u) is the momentum-depen-

dent single-electron Green’s function, and f ðuÞZ1=½1C
expðbuÞ� is the Fermi distribution function.

In general, the bare response function in Eq. (5) is a function

of the frequency shift, the incoming photon frequency and the

outgoing photon frequency; it is enhanced when one or both of

the denominators of the Green’s functions of the expression

on the last line are resonant (i.e. approaches zero). Then

we have a so-called ‘double’ or ‘multiple resonance’ [15]. The

full response function also includes vertex renormalizations.

But since the total (reducible) charge vertex for

the Falicov–Kimball model does not diverge by itself, then it

does not introduce any additional vanishing energy
denominators or ‘resonances’; it only leads to a mild

renormalization of the total Raman response.

The Falicov–Kimball model on a dZN hypercubic lattice

has a Mott transition into a pseudogap-like phase at half filling

when UZ
ffiffiffi
2

p
. We examine the system on the insulating side of

the Mott transition at UZ3. Our results for the total Raman

response as a function of the transfered frequency U for

different temperatures appear in Fig. 1 for the incident photon

frequencies uiZ2.5 and N, and in Fig. 2 for uiZ2.
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For the uiZN case (thin lines in Fig. 1) we have a pure

nonresonant response that is nonzero only in the A1g and B1g

channels. One can see, that in both channels all lines, which

correspond to different temperatures, cross at a characteristic

frequency UzU/2 (isosbestic point) where the Raman response

is independent of temperature. In Ref. [8], isosbestic behavior was

observed for the nonresonant response only in the B1g channel,

but in Fig. 1 it is also seen in the A1g channel when the response is

plotted on a logarithmic scale. When the incident photon

frequency decreases (thick lines in Fig. 1), we also have a

nonzero Raman response in the B2g channel and the shape of the

Raman response is changed. In particular, a sharp peak appears at

the double resonance located atUZui, and the full response is not

just an enhancement of the nonresonant features (which are
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Fig. 2. The same plot as in Fig. 1, but for the case uiZ2.
apparent when the incident photon frequency becomes large), but

the shape of the response can change dramatically due to resonant

effects. This is most apparent when the incident photon energy is

close toU. Also, the initialuiZN isosbestic point is shifted and a

second isosbestic point appears in the double resonance area of

Uzui. With a further decrease of the incident photon frequency,

both isosbestic points approach one another (Fig. 2) and then

disappear when uizU/2.

In Fig. 3, we plot the resonant profile for the Raman response at

various (fixed) transfered frequencies U as a function of the

incident photon frequency ui. Note that when U is larger than

the energy of the charge-transfer excitation (UOU) we only
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Fig. 3. Raman response at various values of the transfered frequency U in steps

of 0.2 as a function of the incident photon frequency ui for TZ0.5. All curves

start at uiZU.
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observe the double resonance atUiZu and there are no additional

features in the resonant profile. WhenU decreases and moves into

the charge-transfer peak region, a resonant enhancement of the

charge-transfer peak at uizU is observed. Its location and width

change with a further decrease of the transfered frequency and it

almost disappears when U lies between the charge-transfer and

low-energy peaks, and is then restored when U moves into the

low-energy peak region, where it has a double-peak structure for

the B1g and B2g channels. So, we observe a joint resonance of the

charge-transfer and low-energy peaks, and this resonance of a

low-energy feature due to a higher-energy photon has been seen

in the Raman scattering of some strongly correlated materials

[3,4] (the low-energy spin-wave resonance in the high-

temperature superconductors displays this qualitative behavior,

since it shows strong resonant effects at a transfered energy that is

almost an order of magnitude smaller than the incident photon

energy).

In conclusion, we have performed an exact calculation of the

electronic Raman response function for a strongly correlated

system in the insulating phase and described three interesting

resonant features: (1) the appearance of a double-resonance peak

when the transfered energy approaches the incident photon

energy, (2) the appearance of two isosbestic points in all

symmetry channels, and (3) a joint resonance of the charge

transfer and low energy peaks when the incident photon

frequency is on the order of U. It will be interesting to see

whether these features can be seen in future experiments on

correlated systems.
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