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‘We show by means of the theory of order parameter phase fluctuations that the temper-
ature of the “closing” (or “opening”) of the gap (and pseudogap) in the electron spectra
of superconductors with anisotropic order parameter actually takes place within a finite
temperature range. Every Fourier-component of the order parameter has its own critical
temperature.
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1. Introduction

It is well known that it is not easy to build a self-consistent theory of the copper
oxide high-temperature superconductors (HT'SCs) due to the necessity to take into
account different properties of the cuprates, in particular strong electron correla-
tions, low dimensionality of the electronic and magnetic properties, anisotropy of
the order parameter, pseudogap presence, disorder etc. It is extremely difficult to
include all these properties into the theory self-consistently. The choice of the prop-
erties is usually dictated by the aim of studies. Below we make an attempt to show
that it is possible to explain such an unusual phenomenon as smooth disappearing
(“closing”) of the pseudogap along the Fermi surface arcs from nodal points to
M-points ((0,7) or (m,0)) of the Brillouin zone in the momentum space.
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2. Model and Main Results

It has been proved that the description of the superconductivity in the 2D metals
with arbitrary carrier density requires not two, as usual, but three self-consistent
equations (see Ref. 1). Two of them are well known. The first one is the gap equation,
which defines the order parameter. It can be written in the following form in the
case of a separable interaction:2

V 1 +o00 d@ oA
Ay = N%(k)g“ﬂ(ﬁﬂg /_oo Wlm Tr[71Gq(e)], (1)
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& B 1
.

(2)

is the Matsubara fermion Green’s function in the Nambu representation, and

() = 55 — - (cos(kea) + cos(kya) — g 3)

is a spectrum of one-particle Fermi excitations on the square lattice with the con-
stant a and with the bandwidth W. The spectrum energy is measured with respect
to the chemical potential p. The order parameter in different pairing channels is
A(k) = A(T)y(k), where [ stands for the symmetry of the order parameter. In
the s-wave pairing channel we choose

in the p-wave channel we choose
Vp(k) =sin(kza),
and, finally, in that related to the HT'SCs d-wave pairing channel
va(k) = cos(ak,) — cos(aky) .

wn, = (2n + 1)nT are the Matsubara Fermi-frequency, 7; are the Pauli matrices,
and V' is the parameter which characterizes the fermion attraction (the separable
pairing potential is chosen in the following form:

Vilk,q) = Vyi(k)vi(q)) -

The second equation can be written as

1 1 [t de .

This equation allows one to connect the number of the mobile (doped) carriers
in the conducting band with the dispersion law (3) and the chemical potential
(usually, holes are the carriers in the copper oxide HTSCs). Generally, the value of
the chemical potential is not equal to the value of the Fermi energy (see Ref. 1).
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After the integration over the energy € and by using Egs. (2) and (3), one can
transform Eqgs. (1) and (4) to a more familiar form:

d’k tanh[E(k)/(27))
1=V k)? 5
[ Gttt s, (5)
d*k ¢(k) E(k)

= 1-— tanh 6
= [ e [t Fag e (5r)) )
where E(k) = /&2(k) + |A(k)|? is the excitation energy of the quasi-particles in
the superconducting state. The function E(k) is equal to zero at the so-called nodal

points (with |k;| = |ky| = |kr|, where kp is the Fermi momentum).

The system (5, 6) is the self-consistent system of equation of the BCS theory. Its
solution in the 2D case describes the temperature dependence of the gap (amplitude
of the order parameter) and of the chemical potential at given value of n¢. It is
impossible to estimate the correct value of the critical temperature from this system,
since the critical temperature in the 2D case is equal to zero due to the long-wave
fluctuations of the phase of the order parameter.? However, there is another phase
transition in the 2D systems — the Berezinskii-—Kosterlitz—Thouless (BKT) phase
transition with the critical temperature T' = TgkT at which the correlation of the
order parameter changes its space dependence from the exponential (at T' > Tpkr)
to the power law (at 7' < Tpkr). This transition was studied most completely in
the case of the spin XY-model with the following Hamiltonian:*

Hxy = J Z(Qn —0)°,
2

n,n

where J is the exchange coupling and 6,,, 65 are the phases of the spin vectors on
the nearest sites n and n. The critical temperature of the BKT transition is defined
by the following equation:

Tsxr = gJ. (7)

The order parameter of the superconducting metal is a complex (two-
component) function, and usually it can be approximated as following (see, for
example Ref. 5):

D(ri,ro) ~ A(r)eie(R) ,

wherer = r;—rs and R = (r1+r2) are the relative coordinate and the center of mass
coordinate of the pair, correspondingly. In the case of the long-wave approximation
the kinetic part of the thermodynamic potential has the form of Hxy, but in this
case the superconducting rigidity plays the role of the exchange parameter. This
parameter is a function of T. = Tk,  and A;(T.). Equation

T. = 5J(Te,p, A(T2) (8)

makes the system of equations (5), (6) and (8) closed. This system of equations
allows us to find the gap, the chemical potential and the critical temperature 7.
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The expression for the function J (T, u, A;(Te) for the case with an anisotropic
order parameter can be found in the complete analogy with the isotropic s-case®
(see also Refs. 1, 7 and 8). It has the following form (Appendix A):

W_ = d* X s W ,
J(Te, py A(Te)) = 1—6Tc Z WTr [TgGk(zwn)e"sw"TS + §k2Gi(zwn)}
W W[ &k, 1
- — ; 6 —0).
16 {”f 16T. ] (2m)2" cosh®(E(k) /(2TC))} (0=0)

9)

This expression together with (8) defines the equation for the critical temperature
of the 2D superconducting metal with arbitrary carrier density:

TCZ 1W l:’n,f—

W d*k 1
3 k? } : (10)

16T, J (2m)?" cosh?(E(k)/(2T%))

The solution of the system of self-consistent equations (5), (6), and (10) can
be found analytically in the s-wave case with quadratic dispersion of the quasi-
particles, (k) ~ k?. In this case A;(0) ~ /nf,Tc ~ n¢ and p is always negative
when the fermion density ny — 0. In the case case of more general dispersion (see,
for example Ref. 3), and, moreover, in the case of the anisotropic order parameter,
the solution can be found only numerically. This solution gives us the dependencies
of Te, p and A;(Te) on ng. On the other hand, it is possible to find the amplitude
Ay (T) as a function of T from Egs. (4) and (5). The solution of these equations
at Aj(T) = 0 gives us the carrier density dependence of the critical mean-field
temperature TMF in the [-pairing channel. This temperature does not correspond
to any observable phase transition, since there are no phase transitions in the 2D
systems, except for the BKT-transition as it was mentioned above.* The latter
transition is the only phase transition (in our case the superconducting transition)
in the metal with inter-fermion attraction, despite the fact that there is no general
spontaneous symmetry breaking in all the system® (for details, see Ref. 1).

The solution of the system of equations (5), (6), and (10) in the s-wave pairing
channel is presented in Figs. 1 and 2. It is important to note that the system of
equations can be analyzed analytically in this case. It is easy to see the complete
symmetry of the solutions with respect to the point ny = 1 (the case of half-filling),
what was already mentioned in Refs. 9 and 10. The two-particle (local) bound
states exist at any value of V/W at small values of ns (or 2 — ng, when we consider
the hole pairing). In other words, there is no threshold value of the coupling for
the bound state formation in the s-wave pairing channel in the 2D case. In this

2]t is necessary to mention that usually the temperature TCMF is not considered in the case of the
2D XY-model. Being rather high (TMF ~ 4.J for the square lattice) this temperature shows when
and where (above TCMF) the spin system can be considered in the paramagnetic state, i.e. where
the average spin modulus on the lattice is zero.
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Fig. 1. The carrier density dependence of (a) A and (b) p at T = 0 and different values of V

in the s-wave pairing channel.
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Fig. 2.

s-wave pairing channel.
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The carrier density dependence of (a) TMF and (b) T, at different values of V in the
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Fig. 3. The carrier density dependence of the ratios (a) 2A4(T = 0)/TMF (b) 2A4(T = 0)/Te at

different values of V' in the s-wave pairing channel.
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case the chemical potential is negative at any value of V/W and small enough
ng, which indicates the crossover from Bose-Einstein condensation regime to BCS
superconductivity with carrier density increasing (or coupling decreasing).!!'12 As
it follows also from these figures, the following inequality 7. < TMY is always
correct, and the carrier density dependencies are close to those found analytically
in the case of the quadratic dispersion:

TMF

¢ ~a/ng, T ~ ng,

in the low carrier density limit. The canonical BCS relation 2A,(0)/TMYF = 3.52
holds at any carrier density except at very low values of ns (see Fig. 3), but the
relation 2A,(0)/T, is increasing with carrier density decreasing, since it is easy to
see that Ag(0)/Tc ~ y/nf at small ng.

In the cases of the anisotropic p-wave and d-wave pairing (Figs. 4-6 and 7-9,
correspondingly) the behavior of the superconducting parameters with doping is
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Fig. 4. The same as in Fig. 1 for the p-wave pairing case.
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Fig. 5. The same as in Fig. 2 for the p-wave pairing case.
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Fig. 6. The same as in Fig. 3 for the p-wave pairing case.
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Fig. 7. The same as in Fig. 1 for the d-wave pairing case.
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Fig. 8. The same as in Fig. 2 for the d-wave pairing case.
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Fig. 9. The carrier density dependence of the ratios (a) 4A4(T = 0)/TMF and (b) 4A4(T = 0)/T.
at different values of V' in the d-wave pairing channel. (The maximal value of the gap in the d-wave
pairing case is 2A4(T = 0), not Ay(T = 0) like in the s- and p-wave cases.)

qualitatively the same. The only difference is that the crossover to superfluidity
takes place only above some critical values of V. The local pairs with non-zero
orbital momentum can be formed only when the attraction is strong enough.3:14
In the cases of the moderate or low attraction the chemical potential of the system
is positive at any value of n¢, therefore only Cooper p- and d-wave pairs can ex-
ist in this case. The chemical potential in this case practically coincides with the
Fermi energy. As it follows from Figs. 5 and 8, the relation T, < TM¥ holds also in
these cases, and the ratios 2A,(0)/TMY and 2A,4(0)/TMF are even higher in com-
parison with the s-wave case, which shows that the isotropic condensate is more
stable with respect to the thermal fluctuations. The region between T, and TMF,
where the superconducting fluctuations are incoherent and rapidly decay and the
order parameter modulus is finite, should be interpreted as the pseudogap region.
Above TMY (which in some papers (for example, in Refs. 15 and 16) is called the
temperature of the decay of superconducting fluctuations Ty.f) the gap in the su-
perconducting spectrum disappears, while there is no phase transition at the point
TMF or around it.

There is another principal difference between T, and T™M¥ due to the anisotropy
of the electron spectra in the superconducting phase. The temperature T is critical
temperature of the phase transition, and therefore it is unique for all the system
and for all its excitations. This temperature can be measured as the temperature
below which the resistivity goes to zero, or by the Meissner effect, for example.
On the other hand, this statement cannot be used with respect to TM¥. This tem-
perature is not the critical temperature of any phase transition in the 2D system,
similarly in the case with the s-wave pairing. The important question is whether the
critical temperature of the formation of different Fourier-components of the order
parameter is unique. Even the temperature 7. can have such values that the fol-
lowing rations are correct at different directions of the momentum k: 7. < A(k), or
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T. > A(k), including T > A(k). More important question is whether the order pa-
rameter modulus forms at any value of k. A simple (and, in some sense qualitative)
answer to this question can be given by using the canonical BCS ratio rewritten in
the following form:

20(T =0)  28(T =0)n (k)] (11)
TMF MR (k)

which shows that every Fourier-component of the anisotropic order parameter has
its own “closing” critical temperature. It should be emphasized, however, that the
critical temperature for the molecular field does not correspond to any phase tran-
sition in the 2D system. Moreover, this temperature is a thermodynamic quantity,
and if it would describe some phase transition, it should be referred to the or-
der parameter as whole. We, nevertheless, suppose that such a ratio can be used
for a qualitative description of the pseudogap “closing-opening” in underdoped
anisotropic superconductors.

The relation (11) is an estimation which actually defines the temperature
TMF(k) = TMF|v,(k)| (or Tect(k)). As it follows from this relation, the gapped
quasi-particle spectra of the 2D superconductor with anisotropic order parameter
shows its momentum dependence also, when the temperature changes. It is impor-
tant that the gap disappears continuously from the nodal point, where ~;(k) = 0
at any T, to the M-points, where the gap and the corresponding temperature TMF
are maximal, with temperature increasing. The gapless (or, actually “pseudogap-
less”) character of the spectra will cover larger parts of the Fermi surface with
temperature increasing at any values of k, at which 7" = TMF (k). This behavior
was observed in the ARPES experiments (see recent Refs. 17 and 18 and references
therein).

Thus, it is shown that the self-consistent study of the phase fluctuations of the
superconducting order parameter allows one to describe qualitatively the anisotropy
of the pseudogap and its disappearance within a rather wide range of temperatures.
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Appendix A. Derivation of the Expression for J

In order to obtain the effective parameter J for the Hxy Hamiltonian (9), let us
derive the effective thermodynamic potential of the superconducting system up to
the second order in the gradient of the order parameter phase. For this let us write
the model Hamiltonian of the superconducting system in the explicit form:
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Z tlj/(/) ¢]U ) W/2 - Z /(/) 1/%0

0,1,

3 Z Yl (M} (Vi thio (Mia (7). (A1)

o ’L,j

where 1,5 (7) is a Fermi-field with spin o =7, | on site i. 7 is an imaginary time
and ¢; ; is the nearest inter-plane hopping operator. The interaction potential V; ;
corresponds to the potential V;(k, q) in the momentum space (Section 2).

The partition function can be written as

Z:/DWquexp —/O dr Z¢ )00 (1) + H(T) | | . (A.2)

Let us apply the Hubbard—Stratonovich transformation with bilocal fields ¢;; (7)
and d)jj(r) in order to study the superconducting properties of the system:

exp /O dTZi/J T)Vij i (T)Yir (1)

5 T
= [ péiDoesy l_ [y (%—qﬁjv)m(ﬂwﬂm

— ol ()] (7)o <T)>] : (A.3)

The order parameter can be expressed as ¢;;(7) = A;; (7)€ (7 where A;;(7)
is the modulus of the order parameter and 6;;(7) is its phase. It is natural to
assume that ¢;;(7) =~ A(1,1)e?("R) where r = R; — R; is the relative coordinate
and R = (R; + R;)/2 is the coordinate of the center of mass. This approximation
corresponds to the case when the dynamics of the Cooper pairs is described by
the order parameter modulus the symmetry of which depends on the relative pair
coordinate, and the motion of the superconducting condensate is described by the
order parameter phase which slowly varies in space, which can be described by
center of mass coordinate.

Introducing the Nambu spinors

¢iT(T)
\I/iT = ) \I/IT = j 7)Yl (1)) -
()_<¢L(T)> (1) = W} (1) ,¥i) (7))

and putting

Voi (1) = Xoi (M) 2 gl (1) = ¥ (r)e /2,
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one can get in the continuum limit
S ()it (1)1 (1) + 0l (P9 ()i (7)
— ¢! (1, Ri, Ry) U1 (1, R))7- ¥ (7, R;) + ¥¥ (1, R))7 . ¥(7, R;)$(7, Ri, R)
~ A(T,R; — R)YT(1,R;) 7. (1, R;), (A4)
where Y;(7,r) and T;(T7 r) are “neutral” Nambu spinor operators:
Tirr) = (XI(T’ r)> LT = (o (n).
x| (7,1)

T4 = —(Tw + 7,) are the combinations of the Pauli matrices 7, and 7,.
Substitution of (A.4) in (A.3) and integration in (A.2) over neutral Nambu
spinors give the following expression for the partition function

7 = / ADAD@e PUA0)

where the thermodynamic potential is

Q(A, ) /dT/d2 —TlnGl

The Nambu spinor Green function G is
-1 _ g—l _

where G~ is a part of the inverse Green’s function which does not depend on the
order parameter phase:

G~ (r1, 72, Ri, Rj) = (11, Ri|G ™2, Ry)
= 0;,;0(11 — 72)[=0r, — T2 (48 — )]
—0ij+ad0(T1 — T2) Tt + T A(T1 — T2, R — R;).
The self-energy ¥ is
Yij(11,72) = (11, Ri|X|m2, R;j)

Z’Tz

= 3(Ri — Ry)3(ry — 72) | -0, 6(m1, Ry) - ﬁv%{ie(ﬁ,m)

2 1
+ 87—771 (vRie(TlvRi))2 - %VRLH(Tlsz)VRl

We assumed that the gradients are small and we used the mass variable m which in
the continuum limit connected with the hopping parameter in the following way:

m =1/(a’t).
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We suppose that the order parameter phase fluctuations are small. The kinetic
(VO-dependent) term of the thermodynamic potential can be expanded in powers
of the self-energy >:

o0

B%in (A, 0) = Tr Y

n=1

1
—(GX)™. A5
~(g%) (A.5)

In this case, to get the thermodynamic potential up to the second order in V@
we neglect all the terms in (A.5), except for n = 1,2. Also, we neglect the time

dependence of 8 and the second derivative V?26. It is possible to show that the
kinetic part of the effective potential in this case has the following structure:

Quin (A, 0) = g / d*r(V0)?, (A.6)

where J is given by Eq. (9).
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