Phys 506 lecture 1: Spin and Pauli matrices

This lecture should be primarily a review for you of properties of spin one-half. 1
do suspect that some of the identities derived here, especially the exponential disen-
tangling identity, will be new for you.

1 Spin operators and states

Recall the spin operators and eigenstates. The states | 1;2) and | ]; 2) are eigenstates
of S., which satisfy

S| 152) = 4lg; 2)
S, ;2

eigenstates.
12) = —514;2) }

Next, we discuss the raising and lowering operators. Define §+and S_to connect
these states

Se[12) =0, Silliz) = 12)
S_|1iz) =h] Liz), S_|l;z)=0.

Compute their commutators by acting the operator each, in turn, onto the states.
Note that the commutator is computed via the action on the states themselves, using
the above rule. We cannot determine them any other way. We have

(808 =88 ) I 12) = 2| 1:2) = 25| 1:2)
(8:8- = 8.8 ) 14i2) = 12| 4;2) = 208, 4;2)

So [§+, S’_} = 2hS,

Similarly:
(8:81 = 548.) [ 1:2) = 0= 84| 1:2)

(szs+ S S) | 1i2) = B2 L 2) = S| ; 2)

So [SZ, 5’4 = 1S, | You can verify yourself that [gz, 5’,} = —hS_|

Please ensure that you are comfortable calculating the commutators in this way, by
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acting the operators onto the states in the order provided and determining what the
final result is. Because we acted them on all the states in our Hilbert space, we can
use this to determine the commutation rule for the operators themselves. This is how
we obtained our summary equations.

These three commutation relations are the SU(2) algebra.

2 Cartesian spin operators

Next, we move on to determine the Cartesian spin operators. If we define S, =
% <S’+ + §_> and S'y = 2% <5’+ — SL), then S+ =S, + Z'S'y and S_ = S, — z'S'y. The
algebra of the Cartesian spins follows:

5.8 = 4 [3+ 8.8, -8 ]
- 1 [[808.] - [808] + [58) - [52.8])
_ 4% :_2hSZ _ 27132} — S,

where we used the commutation relations we already knew to evaluate them.
You can verify (and should) that we have

[SZ-, S*]] =ih Z 5ijkgk:
k

which is the standard form for angular momentum commutators. Here, ej is the
completely antisymmetric tensor, which satisfies €193 = €931 = €312 = 1 and g133 =
€391 = €913 = —1, and all others vanish. Note we freely use 1, 2, 3 or z, y, 2. It should
be clear from the context what we mean.

From this relation, we can compute the commutation relation of the total spin
squared with the Cartesian angular momentum operators. We have

3]
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= th Eijk (S,gk + S’kgz) .
ik
The claim is that this is zero. To see this let 1 — k' and k — 7’
= ZFLZ 6k’ji’ (S’k/,é'i/ + S’ixgk/)
ik

—in Y (—euw) (ssk + SkS>
ik
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Since €;j; = —€x;;. Now drop the primes

= =iy e (5154 5.8)

ik
Anything equal to its negative must vanish, so [§2, Sj} = 0.

Let’s compute gg\a; z) with 0 =7 or |. First, we express the square of the spin in
the spherical basis, because we know what those operators do when acting on states:

. . . . 1 /4 N2 1/ N2
§ =824+ 52+81= (S++S_> -3 (sz—s_) + 52
1 /7~ 4 A A N
-5 (S+S_ + S_S+> 482
Then we evaluate directly on states. So, acting on the up spin gives

N 1 " R . N )
§% 152) = ) <S+S* + S*S+> | 13 2) + S2| 15 2)

(L L) iy = 32

And acting on the down spin gives
&2 Lra a & 4 &2
$Wi2) = 5 (865- +5-84) 1 4i2) + 521 4s2)

= 21 (1:2)

as well. Hence, |o;2) is an eigenstate of both 52 and S, !

3 Matrix representation of spin

We next look at the matrix representations of spin. Assume we have an arbitrary
superposition of states

) = al 15 2) + 6] 1; 2)

We let the column vector ( ﬂ) denote the state |1)). The operators S; are represented
by two-dimensional matrices in this space. For example

Sty =8tz hf1 0\ (1) _ k1 A1 0\ (0 h (0
21 b ’ - - d— —_Z(7).
S. | z) =2 1;2) “32\0 -1 0 2\0) 2\ 0 -1 1 2\1
The matrix representing the operator is

M,y = (02| S; |0’ 2)

which includes 4 numbers for the fnatrix from the different choices of o and o”.
Let’s compute the matrix for S,



N 1 A ~
SY = (0,28, |0";z) = Z<O‘;Z|S+ — S_|o';2)
. ih
o =t <S+ - S_> 11;2) = —h|{;2) = S}, =0, S}, = B
, .. in .
o =l: <S+ - S,> [Li2) =hl12) = 53, = 5 S}, =0.

Sogy:g S _OZ)Similarly,wehaveé'z—%((l) (1)) and gz_%((l) _01)

We call o; the Pauli matrices

(01 (0 =i (1 0
9= =\ 1 0 D= o 2=\ o0 -1

1 0 2 1 0
2 _ 2 _ h
Notethatai—(o 1):>SM,——4><3><(0 1)

These matrices also anticommute. To see this go back to our spin commutators
8.8, - 8,8, — ind..
S,

Multiply on left by S, and on right by

Now substitute in the Pauli matrices

3 3
e (020, — ] = N”

3 10y — 05040, | = 1—0,0,
h3 )
— [ 20y — 0y0$] = ZTO'ZO'x.

8
Add (and recall 02 =1 ):

B3 Nk
) [Uy - Jy] = ZZ (0,0, + 0.04)

0=0.0,4+ 0,0,

and it is obvious this holds for other permutations too.

Hence, we have derived that

1
O'iO'j = 5 [O'Z'Uj -+ Ujai + 07;0']' — O'jO'i]

1 1.
= 5(51] x 21 + 52251']'160']C

or 0;,0; = 62']']]_ + ieijkak

This last equation is an important relation to remember about the product of two
Pauli spin matrices.



Another interesting identity is the product of all 3

Op0y0, = 1€1230,0, = il

0p0y0, = 11.

Any 2 x 2 matrix can be expressed in terms of the identity and the 3 Pauli matrices.
This is called completeness over the space of 2 x 2 matrices.

) [ a+o6 [y
Check: a]l+ﬁax+70y+5az—(5+w &_5)

Sotoﬁnd(? Z),Weseta:oz+5 b=p—ivyc=p+ivyd=ad

ora=2494 g="tke H—i(h_c) and §=24.

We often write this as M =al+7-7 7= (%<, £(b—c), 52).
4 Working with spin matrices

Let’s get some practice working with these objects

Note that if A is parallel to B, then (ff a) B-&) = A- B1. This identity is a useful

one to remember.

—~
~—

Next, we evaluate the matrix exponential:

expliv- ) =S L 7.5

n!
n=0

First separate out into even and odd powers

zz')'(f - —; —*Qn : - (_1)n —  \2n+1
Z ‘ (U-5) +2;m(y-0) .

n=0

But recall (7 &) (v - &) = v*1 so




This is called the generalized Euler identity.
Let’s compute the similarity transformation of a Pauli matrix (corresponding to a
rotation)
oi0F o) o=t
In general, such terms can involve an infinite series, as we will show in a later lecture
via the Hadamard lemma, but in this case, we can explicitly calculate it. Just use our
generalized Euler identity for each exponential, followed by our product rule for pairs

of Pauli matrices:

67705777 = ( ol + 22 sin w) o ( o1 —i—7 sin<v>)

[l [l

) coslvlsinfo| . | sin®lo] . L

= cos” |v|o; —z|—| (0U-0 —7V-do;) + Wv'aajv'a
v v

9 cos|v sm|v| sin? sin” |v|
= cos” |v|oj — i——F——F—— g [0, 0] v; + | B E V; VK000,

9 cos |'U\ sin |v] sin? ]
= cos” |v|o; + — E 2¢ ik vio) + E ViVRO0 ;0

But ). vivkoio0, = > . 0ivg (0551 + ig;j01] o). So, we have that

oL 0
g VU000 = ViU - 0 +1 g ViVkEiji O+ i€ tkmOm

ik ikl
= Uj?j' o — E ViVkEijI€1kmOm
iklm
=00 — E V; Uk ((5zk(5jm — 51m5]k) Om
ikm

_— ._‘._‘_ 2 . _’._‘ .
=V;V-0 —00; +0U-0v;

cos |v] s.in\v|<17>< 7), sin?(v)
[l !

0,077 = cos? [v]d; + 2

5 Exponential disentangling

Our last topic is on exponential disentangling. This is an identity most have not seen
before. It is derived by factorizing the exponential of a combination of Pauli matrices

. . . . . . 2
into a product of three special Pauli matrices. First note that o} = 0,410, = ( 8 0 )

SO



1, (N
eXp(O[O'+):1+a0'+_|_§a ol + e
(1 2«
S \0 1
1 0
exp (ao_) = ( 90 1 )

That is, the exponential of raising or lowering Paulis is given by a sum of just two
terms. Now, let’s consider the following exponential

lo] ol fol

) cos |o| + 1% sin | (z”—z + v—‘”) sin |v|
exp(7- ) = .
P (7 = pr)sinfv[  cos|v| — i sin [v]

ol ol

We want to re-write it as expao, | exp [fo.] exp [yo_], so we have
1 2 e’ 0 10
0 1 0 e 2y 1
_ e’ 2ae”" 10\ e’ +darye P 2ae8
L0 ef 2y 1) 2ve™" e '

Comparing to the exponential, we have

cos |v] + z|v—z| sin |v] = €’ + daye™?
v
(iv—x + &) sin [v]| = 2ae™”
o] vl
<z‘v—x - &) sin [v]| = 2ye™?
ol vl
LUy . -8
cos [v| —i— sin |v| = e,
[l
2_ .2
First note that e? (1 + 40476_25) = W‘%ﬂmﬂvl (1 + sin? |v[(—%>)

cos |v| 4 it sin || 2
— i . (1 + sin? |v] ( 1122 — 1))
cos? [v| + ooty |v]

|v]2 sin? |v|
Uy

|v]
So if we solve the bottom three equations, the top automatically holds! This then
gives us

= cos |[v| 4 i— sin |v|



f=—1In [cos lv| — zﬁ sin \v|] (1)
v
N sin o] (2)
2\ |v] |v]/ cos|v|— 7o sin ||
1 (iv, vy, sin |v|
- _ = _ ¥ 3
773 (|v\ \v’) cos]v]—ir’ﬁsin]v] ()

This identity is called the exponential disentangling identity and it is an important
one.

An important special case is when , then

B =lInsecv, a= §tanvy T=-3 tanv,

This is your first taste of exponential disentangling. We will see more of it soon.
What is amazing about exponential disentangling is that is holds for any angular
momentum, not just spin one half. But, we will have more to say about that later.



