Phys 506 lecture 10: Hydrogen in position space

1 Hydrogen Hamiltonian

The hydrogen atom Hamiltonian is

H=——>"">—— with y=———— = reduced mass .
r

Recall that the kinetic energy can be decomposed into its radial and angular pieces via

AN
7’).

o 2ur?

We are using cgs units here, which is common in atomic physics. Note how H Commutes with L2
and L., because p is a vector operator as is I and this is a function of p?> and 72 only. This means
we can simultaneously diagonalize H,L? and L, = |¢)) = [¢,) ® |I, m). This is because we know
that the eigenstates of L? and L, are |l , )
If we operate H on |¢) then since L? | I, m) = h2I(I + 1) | I, m), we have
P2 BRI+ 1) 2

. N e
H =F ith H, = =~ b
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which is the Hamiltonian for angular momentum /.

2 Factorization

Our job is to factorize each of these H; Hamiltonians and find all of their eigenvalues. There are
two ways do this and use will use a shortcut solution here. You will use the standard Schrodinger
method in the homework.

With a little thought, we realize we should try

- g5 o-n(3+9)

with « and 5 dimensionless numbers, and ag = j—; = Bohr radius = 0.529 A.

The choice of "constant + +" fforthe superpotential is governed by the fact that the square of
it plus the commutator with p, 1nc1udes constant, = and 5 terms. This is just what we need to be
able to factorize the Hamiltonian.

We compute
At ors 2 b [ a B, R 81°
BB =L 5 L F 2
F(1) B (1) [p, + ]+2M[ +f}
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Recall that [p,, 7] = —ihand [p,, 1| = % Then, we have

BB =5+ 51 (5 %) + 204 0
This implies that
~ h2a?
BB+1)=I1(1+1), af=-1 and E;= —m,
which we use to make the rest of the notation easier. So 8 = lor 8 = -l -1, a = —% and
E, = —%ig—i This then implies that E, = —%%l% or —%%ﬁ
Our rule is to choose 8 = —[ — 1, which then requires a = 14%1/ so that we have W (r) > 0 as r — oo.

The other choice will give us the wrong sign.
Hence, we have

Br(l)zl[ﬁr—ih<ao(1 Jfl)] and 1, = BY0)B,(1) + .

3 Intertwining

Next is intertwining: First we compute the opposite order of the product of the ladder operators

A 1 [, . [a 141 1 1 (l+1)
B,()BI(l) = — |p?> —ih | P, h? —
B0 = 5 [ 5] 4 (G~ )
:ﬁ+h2(l+1)(l+2)_§ e?
2 22 7 2ap(l+1)2
—ﬁlﬂ—El

So, we have that

4 Energy eigenstates

We use these results to construct the energy eigenstates. We label the energies withn =1+ 1

62

Bre = B
" 2agn? s

The first state we work with, which is the ground state of Hj, is obviously
B,(l)|n=1+1,1) = 0,
with energy E,, = —m because of the positive-semidefinite form of the Hamiltonian (note

that the index satisfies n = [ + 1). Hence,

A e?

Br(n—1)|n,l:n—1> =0 and En: —W
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The claim is the state

Inl) = BI(O)BI(I+1)-- Bl(n —2) |n,l1=n — 1)

e2

is an eigenstate of [; with energy E,, = We verify with intertwining:

T 2agn?’

Hy | nl) = BBI1) BI(I+1)--Bl(n—2) | ni=n—1)

intertwining

=BI()H 1 Bi(1—1)-Blr(n—2)n,l =n—1)
=BI()BI(l+1)---Bl(n—2)H, 1|n,l =n—1)
=E,BI()BI(I+1)---Bl(n—2)n,l =n—1)

= En|n,l).

So, it is an eigenstate as claimed.

Note, we have found a chain of states with 0 <! < n — 1 that all have energy E,,
The spectrum lis shown in the figure.

\__..__-

——

Q-6 Qe =z A=> 4=94

Figure 1: Energy spectrum of hydrogen. The I = 0 states start with the ground state. The l = 1
column starts with the first excited state, and so on. The energy level spacing within a column of
fixed [ decreases as n increases. The energy levels are degenerate across the nth row ranging from
l=0tol=n—1.

5 Energy wavefunctions

Our next step is to find the wavefunction. Although it might not seem like it, the string of B, oper-
ators multiplying |n,l=n — 1) is a polynomial in . We see this when we notice that the condition

~

B,(n—1)|n,l=n—-1)=0

can be rewritten as
1 n

pr|n,l=n—1) =ih < - f) In,l=n —1).

naop
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This means the p,’s in the string of B)’s become polynomials in . We need to determine how to
find their form. Obviously, we need to use induction.

To organize the work, we need to establish some notation, which, like in the SHO, uses the 20-20
hindsight with respect to the final answer, so everything is neat. We have

inl) =BI()BI(l+1)---Bl(n—2) | n,l=n—1)

. n—Il—1 n—l-1 (99 — 1 iy A 27
_ _—ih (nao) 2n—1)!(n—101-1)I! L2l<|’l171 A In,l=n — 1),
V2unag 27 (n+1)! (n—1)! nao

which defines our polynomial operator L 1! | (m ) The index n — [ — 1 appears because that is

how many B operators we have. The factorials are used to put the result in "standard" form. We
. 20+1 2F \ _ -1 2i+1 J

write L7 | (TCZ)> >0 q; (na0> .

6 Recurrence relation

To find the recurrence relation, we de the same as with the SHO and we factor off a B} (1) from the
left to give us

R (@)n—l—l (2n—1)! (n =1 — DU n_ila?.l“ 2Ny
V2pnag 27 (n+D! (n=1)! =0 ’ nao
) el n—I[—2 j
_(—ih TP en—1) (n—l—2)!(l+1)!BT(l)<nao>” =2 O s ’ | n,l=n — 1)
na n+1—1) n—1)! 7 nagy '
Vaina) il o O = |
Compute
A 27 n—Il—2—j
Bi() | — I=n —1
0 (2) iy
1 1 I+1 2p \ T2
= — AT, h — — ,l: - 1
va [ [<l+1>ao 7 H <no> izl
" . . . 141 of \ ~HA2E
= — = (—nHl424)) = = = I=n—1
V201 nag T (cntit +‘7)f+ (4 1)ag 7 (nao) Imi=n=1)

from [py,Fr—l=2-J
| from p|n,l=n—1) [pr ]

ik [n+l+l 2+45+3] (20 ‘"+l+2+j|nl_n_1>
V20 [ n(l+ Dag 7
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— n -
Waj =19 22X\ +j+3)a; T a; 1<j<n—1-2
2(21 i 3)a2t? j=0
50 20+1 : @213 _ nlrl 2143
ajyy 2020+ j+4)aily — )
I+l l l
? 0@t 3)a’ 20+3 n;flrla? s
Simplifying gives us
2l+
B ; i @@\
2020+ j +3) — M4 (aj2.1+13>
i
We can check that this is solved by
N R ey e B Iy ey |

at T j@2I++3) o2 (D4 +2)

Check:

‘ . I4+j—n+2 +i+1
l+j-n+1 2@+ +Y5mmere — "

j j o : (204413
G2~ o+ +9) - s D

2(+j—n+2)  ntl+l

_ 1 I+1
20+ +3) (2 - ey
20+j—n+2)((+1)—(n+I+1)y+D)I+j—n+1 1
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1 I+1)@20+5j+3)—@2l+j+3)n (I+j—n+1)
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I+ j—n+1

T GHD@RI4G+2)




Quantum Mechanics II Lecture 10 PHYS 5002

So, up to a normalization question that you will answer on the HW, this establishes that

a1 _ (=l =3) o
J JjRI+j+1) 771
(n—1—j—1)gl @ +5+1)"°

a

But the Laguerre polynomial satisfies

n—Il—1 (l+n)'

L2l+1 — —x)
noi—1(®) ; (n_l_j—l)!(2l+j+1)!j!( 7

and one can see with a proper choice of a3’ *! (which we can calculate), we will have a Laguere

polynomial in the wavefunction. More details are on the HW.

Also note
(rl® (09| [nl) @ |Im) = (r | nl) (06 | Im),
N—— ———
CL2H  (m<rind=n—1> Yim(6,0)

where C is a number and we use radial translation operator to find |n,l=n — 1 >= ), n_1(r).




