Phys 506 lecture 13: Addition of Angular Momentum II

1 Two Spin-i Particles

Let’s examine the simplest case concretely: j; = % and jy = %
e We can form a J = 1 state (called a triplet) and
e We can form a J = 0 state (called a singlet)
Obviously j; = j2 = % always. Then |j, m;, j1,j2) = |j, m;) can be written as
i = Lo = +1) = s = +5.ma = +3 ) = 1),

since this is the only way to get +1 for m; and

2

1
’j = 17mj = _1> =|my=—5,Mm2= _2> = |\L\l/>7

but for m; = 0 we have two possibilities

—i—l L + 5 L —|—1
m; =-4+—,mg = —— m; = ——,my = +—
1 o M2 5 1 o M2 5

= a|t}) + BT .

li=1,m; =0) =«

How do we find « and 5?

Answer: Use the total spin lowering operator. We know

T =1my =1) = /(G +m))(G —m;+1)j = 1,m; = 0)
—/2-1[j=1,m; =0)

ButJ~ =J; +J; =5 + 5, where S™[1) = A|]). So,

(Sy +5) 1) =AM + Rt
= V2h|j =1,m; =0)

which tells us that o = 3 = -%=. Hence,

S

1 1
lj=1,m; =0) :ﬁ\ﬂﬂ'ﬁ’iﬁ
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How to find |j = 0,m; = 0)? Well, it must be orthogonal to |j = 1,m; = 0), since
(j=1,m; =0|j =0,m; =0) =0,

so it must be

|j=0,mj=0>=;§m>—$m>.

Note that we have an ambiguity of a £1 for the state.

.1 . .
2 Spin-; and arbitrary j
Here, we consider a general case where jj is arbitrary and j> = . Then,

1 1
]:]1‘1'501']1—5

. 1
mi 2]1777”&2:5 .

To find |j = j1 + 3, m; = j1 — 3), use the lowering operator, recalling that

Obviously,

.. 1 . 1
]:]1+§amj:.]1+§ =

J |7 '—i—l '—l—l h '+1+'+1 '—l—l ] 1+1 ] '+1 ]
J=n 5 M J1 5 n 5 J1 B J1 5 J1 5 J=n 5 M J1

- . . 1 . 1
_h\/231+1‘J_]1+27mj_31—2>-

But J~ = J; + 55 so

_ 1. 1 - ] 1 . 1
J 31,m2=2>_ 271 =J1—1,m2=2>+h’m1=h,m2=2>.
So
. .+1 ) 1 1 . n 271 S 1
= 5Mi=J1—35 )= m—=|M1=J1,M2= —7 - mi=71—1,me=—-)|
J=n 50 M n 5 % 1 1=J1,M2 5 25, + 1 1=n 2 5

The state ‘ j1=j1— Q,mj =j; — 2> is orthogonal to this so

. . 1 271 1 1 1 1
=) —z,m;= ,m m —1lmo=-).
J1=nN o M 2]1+1 = Jj1,m2 = D) 2J1+ 1=N 2= 35

How do we find lower m; values? Use the lowering operator again.

. ) 1 . 3 1 1 ) 1
! \/ﬁ‘ . 1>
= - - : Ji-Limy=jJ1—1,mg=—-
V251 - 2(2j1 + 1) 2
1 1
+ - 4 V271 (241)2 ‘ml =j1—2,mg = >
\/2]1'2(2]1—1—1) 2
1 1
+ . . V' 2j1 =j1—1,m2=—>.
v/ 271 -2(2]1 —I—l) 2
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Therefore,

R D A W A T S W Tk & M|
J=n 2,my—J1 5/~ 25, + 1 m1 =7 y o = 5 2j1+1m1—J1 ,m2_2 .

In general, one finds

1 i—mj+ 3 1 i1 +m;+ 3
‘j:J1+7mJ>: u mlzmj+7m2:_> I J 2

2 2j1 +1 2 2 2j1 +1 2’ 2
Similarly,
1 J1+mj+ 3 +1 1 J1—mj+ 3 1 1
J=mn o M 21 + 1 1 ity 2 B 21 + 1 1 Ty 2 5

3 Alternative Derivation

Another way to derive this is as follows. Start with a general expression for the state:

1 1 1 1
Some =5 )+ Bmi=mj+ 5 me=—5).

l7,mj) = « my=my =g, 3 5 5

Using the spherical basis for the dot product, write the total squared angular momentum as

j2 = (j1—|—j2)2 :j12+j22—|—2j1 'jz
5 5 S
=ﬁ+ﬁ+2(12;;12>+wy5
Then, act J2 on the state and use the known results for the different operators in the uncoupled
basis:
J2

;) = a|my = m; -

1 o 3 1, 1
5:M2 = 2> <]1(]1+1)+4+2(mj - 5) ' 2>

1
2
+a m1=mj+1,m2=—l> (\/(jl—mj+1)(j1+mj—l+1)>
2 2 2 2
1
2
1

3 1 1
+ 5 m1=mj+7m2——2> ]1(]1+1)+4+2(m3+2)(—2))
1 . T i
+ mp=my =g, me = g (]1+mj+§)(]1_mj—§+1)
B G D +mi+ G+ D0+ m + ) <a>
Jur+mi+ G- +mi+d) G+ —m+ g

«

5) to be an eigenstate of .J2.

We want this to be proportional to (
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So,
o[ PO EDEm A G m s D Em )
\/(j1+mj+%)(j7+mj+%) Al +1) —mi+3 - ’
1 1\* 1\?
= >\2+)\(—2(j1+2)2>+<j1+2> —m§—<j1+2> +m5 =0.
Simplifying, we get

1\? 1\? 1\?
<J1+2> >\+<]1+2> <1+<.71+2>>
Solving for A, we find that
1\? 1 1\* 1\* 1\?
A= |7 — | £=4/41{y — —419 — 417 —
(1e3) =3 (ed) s 3) o (1)
. 1 . 1

Onerootis j = j; + % and the other is j; — % Note that we knew this ahead of time, so we did not
really need to solve the equation. We now need to find awand j foreach. A = (j+1/2)(j1 +1/2+1)

SO,
1\? 1 1 1\?
S AR S A W S . N
((.HQ) (+3)(6+1 >+mj)a+¢(ﬁ2) -
1 1\
F ]+§ +m; | a+ j+§ -m?3 =0.
Therefore,
ﬂ: i(]+§)—mja:i j‘liij-i-%a
YU+ —my T Em
Now, let

1
oz:C'\/jl:I:mj—i—i
) 1
f=C\nFmi+;

Then, we must demand that o® + 5% =1

1 1 1
C?liitmi+=4+i1Fmi+=-)=1 = C=—n—.
<]1 J 9 J1F my 9 ,72]1"‘1
Hence,
o1 aAmi+y| 11 h-mi+s| 11
]1+27mj>_ 2]1+1 ml_m] 27m2_2 + 2]1+1 ml_m]+§7m2_ 5

J1—

1 _ J1—mj+ 3
2" )= 241
J1+

B 11 [j1+mj+ 3
my = m; 2,m2—2>+ %, + 1 mi =




