Phys 506 lecture 27: Cyclotron resonance

1 Precession of a spin

An example of an exact time-ordered product.

When a spin is placed in a constant magnetic field, it precesses as shown below.
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Figure 1: Precession involves a rotating object, whose axis makes an angle to
the vertical, and over time, the axis revolves in a circle about the vertical, with
the tail fixed on the vertical, and the tip tracing out a circle in the horizontal
plane.

The magnetic moment of a spin, with angular momentum S is ;1 = S, where
we are using the Gottfried normalisation for S and the factor v = 72 hc is called
the gyromagnetic ration with the Lande g factor g. If we study the Hamiltonian

in a magnetic field By along the 2 direction, we get:

[:Io = —U- BO = 77B0’§z = 7ﬁQS‘Z

where 2 = 7—?’ is called the Larmor frequency. If our states had total spin s

and z component m, then:
Hols,m) = —hQml|s, m).
The time dependence is:
[s,m;t) = e_%ﬁ°t|s, m) = ™5, m;t = 0).
Hence, the states rotate with a frequency Qm. This rotation is called precession

(harmonics of the Larmor frequency). In a magnetic resonance experiment, we
add an additional small perpendicular field that rotates around the z-axis.
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Figure 2: Precession involves a rotating object, whose axis makes an angle to
the vertical, and over time, the axis revolves in a circle about the vertical, with
the tail fixed on the vertical, and the tip tracing out a circle in the horizontal
plane. The added magnetic field is also in the horizontal plane.

2 Magnetic resonance

The second field is small, but its rotation frequency can be adjusted externally.
Interesting things happen when the second field rotates at the same rate as the
precession of the spin. Then, in the spin’s rest frame, it sees a static perpendic-
ular magnetic field, which the spin will precess about. If we wait long enough,
the spin will flip. Let’s examine this mathematically:

B(t) = Bope. + Bi(e; coswt — e, sinwt)

H(t) = —hp-B = —hQS, — yB1(S, coswt — S, sinwt).

Now consider the operator that transforms us into the rotating frame of the
transverse magnetic field B,

We find that

and: X o e
DY (wt, 2)8, D(wt, 2) = "5 5,675 = f,(t)

The time derivative can be found to be:

dfs

= — iweiwtgz [sz, Svm]e—iwtéz.

Using the commutator [SZ, S“I] = iS’y (Gottfried normalization), we find:

dfs

pra

where f, = ¢5: S, e~ which again has a time derivative:

By — ietrs-(8., 8 ) = ..
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Thus, we get the system of differential equations:

d>fy 2
{ dtJ; =—wfe

dzfy _ 2
G = Wy

The solutions are:

fo(t) = coswt f,(0) + L sinwt f,(0)
fy(t) = coswt f,,(0) + L sinwt £, (0)

with initial conditions:

f2(0) = S,
fy(o) = Sy )
fo(t) = —wSy
fy(t) = wS,

Therefore: R o . .
Df(wt, 2)S, D(wt, 2) = coswt S, — sinwt S,
Dt (wt, 2)8,D(wt, 2) = coswt S, + sinwt S,

Hence, we can write:

H(t) = D (wt, 2) [—mﬁz - 7315;} D(wt, 2).

The Hamiltonian is a unitary transformation of a time-independent Hamilto-
nian!

3 Going to the rotating frame

To work in the rotating frame, we write:

[¥(1)) = D(wt, 2)[¢r(1))
where the R indicates a rotating frame. Substituting into the Schrédinger equa-
tion and using the property DD = 1, we get:

AOWD) = D', 2) [-h0S. ~1B:8.] [va(t) = iho fom(1))

Multiply through by D(wt, 2):

(8.~ B1 8 )lUn(1)) = hD(wt,2) o D (ot )i (1)) = oS (1)) i (1)

Rearranging we get:

(o~ 18- —ABLSwm(0) = ih (1),

3
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where the Hamiltonian is now time independent and hence easier to solve.
Namely, the time-evolved state is given by:

Yr(t)) = e #tR(0)) = e~ #tl(w— DS maB1S:] 1y ()

So [ (t)) = DT (wt. 2)[r(t)) or

(1)) = et et llom DIy 0)

Suppose the system is initially in a pure state |j, m) at ¢ = 0. What is the prob-
ability of being in another state at time ¢?

—iwtS, e*it[(wa)S'z — —’Y?l S’L]

. 2
om)|

P(®)jrmrecjm = |(5s1le

Since $2 commutes with ¢#(®5:+85:) and |e!™’|2 = 1, this simplifies to:

[(w—0)8. - 2514,

. 2
P(O)tecgin = b3 | ('l mi]

Calculating this result explicitly is complicated.

4 Spin one-half example

. 1 . .
For a spin-3 system, the spin operators are:

N 1 1/1 0
Sz—2oz—2(0 _1)7

Derived earlier in class, we found:

u

u.
€™ = cos |u] +isin|u|—0

[u

Hence, we find that:

efit[(wfﬂ)ng%gm} _ efiu-(r

t vB; 2 t
_— _ Q)2 I21) AL
lu| = 2\/(w Q) +< > A2

2
and where we defined A = \/ (w—Q)2+ (%) . Thus, using the identity
derived previsouly in class that we mentioned above, the exponential becomes:

Cit[w-0)8.—1E18,] _ At (AL [(w=Q) B
e z cos<2>]l zsm<2 A o, hAO'I.

where
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The probability amplitudes for the states are:
1 At I isi At [(w=9)  vBi
5 "5/ | 3 isin | A 0: T A Oe
. At 7232
= sin” (2> th; =P 3 1(0)
Similarly, the probability for remaining in the initial state is:
AN L (A =) (AR (AR (0= 9)?
cos | 5 isin | X =cos” | sin® | 5 A

At 2 B?
_ ) 1
=1 —sin (2 )h2 5+

2

11
2’2

Pi%%(t) =

2

We can see that our results are consistent as:

Pii(@)+ Py a(t)=1,

should hold by probability conservation.
Note that higher spin cases can be worked out with the exponential disen-
tangling identity.




