Phys 506 lecture 28: An exact time-ordered product

1 Driven simple harmonic oscillator

We want to solve the time-dependent Schrédinger equation for the full Hamiltonian # = Ho+V (t)
where

Hy = hw (a*a + ;) and V(i) = f(t)al + f*()a

Since a+af o #, V(t) acts like a driving force moving z as a function of time. Recall that [a, a] = 1.
Then, define

One can easily verify that

Then,
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We define the following: A
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Then,
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Expand [¢(t)) = >_,, cn(t) [n).
ih O |(t)) =Y ik [Drcn(t) [n) + cn(t)0s In)] = H |1 (t) ch

Multiply by (m| to get

il Dy (t +thcn ) (m|dy|n) = Ep(t)em (t)
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So we need to calculate
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But A(0) = 0 implies that 9 (d + %) |0) = 0, which further implies that

Lo+ ( +J;§J>a\o>_o

Multiply by (m| to get
daf 1 -
af 1
e VT T(m 4 18,)0) = _£ﬂ5m0
S0,
a1,
dt fw ™
vn+1 df
hw  dt

(m|9|0) = —

Vndf* |
hw dt
Substituting back into the Schrédinger equation,

Vm+ 1 df*
hw  dt

— B |n) = n—1)— n+1).

ihy/m %Cm 1(t) = Ep(t)em(t)

h O t ik
ih Openm (t) + 4 P

7 Cm+1 (t)

So we have,

deg(t) i vm +1df*
dt - _ﬁEm(t)cm(t) ﬁw dt

P+ Y )

This equation is a complicated coupled linear differential equation with no obvious solution when
f # 0. So, this attempt at a solution does not work.

2 Interaction representation

Let’s examine instead with the interaction representation picture.

ps(t) = T exp (1 [ arbi(e)) s o)

where

N

Vi(t) = ety (1)~ ntot,
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Note that V7 is different from V/, Not recognizing this is a common mistake and will lead to errors.
In our case, we have

Vi) = e%ma*at[fdf + f*&]efmamt'

But etd'agte—irala = g()) so
ot dg(A
de, &T]B*ZAGTG — g( )

¢ )

. eiA&T&[

So,

Vi(t) = ft)etat + f*(t)e ™a |

It could also be evaluated in our standard way to evaluate Hadamards as before, yielding the same
result. It is useful to note that

Vi(), Vi(t')] = f(8)f*(t)e™ e ™" [al,a] + (1) ()™ " [a, al]
= = 2iTm () ()Y

which is just a number. So, [V;(t), V7(t')] commutes with all operators.

To be concrete, choose f(t) = Ce** with C' € R. Then,

‘/](t) _ C(ei(w—i-Q)th + e—i(w+Q)td>

and
Vi), Vi(t")] = —2iC? Im (e} (t — t')e™ 1)) = —2iC? sin((w + Q) (t — t')).

Gottfried says to consider

Wt) = /0 Vit dif = Z.(wim(eﬂmwﬁ _1yat - Z,(WiQ)(e—i(QMt ~ 1
Then,
/0, 0] = 11— e ) () — 1 = sy
2
= — Z((jiﬁ)(l — cos(w + Q)t),

which is just a number again. Now make the unitary transformation |¢7(t)) = e~ 7 W@ [rr(t)).
But

[ih 0 = Vi(®)] wr () = 0
So we have . R . L
A0 [z‘h 0y — Vl(t)] et Wi gy (8)) = 0
Hence, . i 17
et [ih 3, = Vi(t)] e iV ors (1)) = 0

Since W (t) does not commute with V;(t), we cannot easily evaluate the derivative term. So let us
expand the exponentials in a power series and then differentiate.

3
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3 Computing the time-ordered product directly

First, operate the derivative on the RHS.

I BV A B A , . i 1 (=P, 1 [—i\®
<1+hw+2!<h> W +3!<h> W) [ing - V] 1—hw+2!<h> W +3!<h>
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But IV = Vi(t) so we get

, B P B 2SSO VSR BUDURUU BN
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- t 2h y VI 3h2 s VI s VI

7

. o 1 s s o
= ih 0y — o (W, Vil + g (W, [W, Vil + -
All higher-order terms are multiple commutators, but [IW/, V;] commutes with everything so
=1h oy — L[W Vi = ih 0, + 072(1 —cos (2 4 w)t)
T T T T T R w Q) ‘
So
) c 1 Q t t 0
ih 0y + m( —cos (2 +w)t| [¢r1(t)) =

i [t 2 ’
— [rs(t)) = i Jo mrFm Amcos (@)t dt ) gy

ic2 < _ sin (w+Q)t

= e () 1y ).
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Hence,
[r(8)) = e BV O (1))
— exp (-M(e“wmt —1)at + ﬁ(wC—G-Q)(e_i(w+Q)t - 1)@)
X exp (ﬁ%icj I (t — Sin£w++QQ)t)> 1911(0))
and

s (t)) = e a2 [y (¢))

To check, we could compute overlaps with states (m| and verify the differential equation for ¢, (t)
holds, but I won’t do that.

In summary, when [V;(t), V;(t')] is a number, the time-ordered product simplifies. In particular,
we have

T exp( %fo Vi(t') dt") Texp( Cf [“"*Q ‘ot + emilwt Ot ]dt’)

= exp ( 7( i(w+Q)t _ 1) T + h(wc—’m) (e—z(w+Q) _ 1)a> exp (hQ(ZEiQ) (t . Smgi;)ﬂ)t))

for this case.




