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Dynamical charge susceptibility of the spinless Falicov-Kimball model
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An exact solution is presented for the frequency-dependent charge susceptibility of the spinless Falicov-
Kimball model by using dynamical mean-field theory. We develop a nontrivial application of the Baym-
Kadanoff “conserving approximation” formalism to exactly determine the frequency-dependent vertex func-
tion (which turns out to assume a particularly simple farmVe show how the static and dynamic
susceptibilities are decoupled in this model and how the dynamic susceptibility generically does not show any
signal of the low-temperature charge-density-wave phase transition. We also examine the temperature evolu-
tion of the dynamic charge susceptibility for the special case of half-filling.

I. INTRODUCTION and its analytic continuation to the real-frequency axis. Here
iy =2i7Tl is the Bosonic Matsubara frequenc¥,is the
The Falicov-Kimball modéiwas introduced in 1969 as a partition function, andR; is the position operator for lattice

thermodynamic model for metal-insulator transitions in sys=itej. The Falicov-Kimball model is the simplest many-body
tems that have two different types of electrons—itinerantproblem that has nontrivial dynamics. The model is simple
conduction electrons and localizéelectrons. Twenty years enough that an exact solution can be found for the charge
later, Brandt and Mielsé&solved the Falicov-Kimball model susceptibility, but is complicated enough to show many-body
exactly in the limit of infinite dimensions by using dynamical effects. Shvaika has shown how to determine the lattice
mean-field theory and the Baym-Kadanoff formalism. Theycharge susceptibility from a diagrammatic analysis of the
also showed how to calculate static susceptibilities and found;,mic problem. Here we provide an alternative derivation,

an Ising-like phase transition to a chessboard charge—densitgtressing the Baym-Kadanoff approaghich produces a

wave phase at half-filling. Freerickshen showed that the much simpler form for the vertexand we provide numerical
system also displayed incommensurate order and phase SeR&sults to complement the formalism

ration at other fillings. We begin with a discussion of some special symmetries
The Hamiltonian of the spinless Falicov-Kimball motiel 9 . : P Y .
of the Falicov-Kimball model. Since the total conduction

'S electron number is a conserved quantity, we find that
R t* 2in;j(7)=2;n;(0) has nor dependence. Hence, the uniform
H=- 2 ddeJ-JrefE Wi—,uz (dfd;+w;) charge susceptibilityg=0) vanishes for all nonzero frequen-

2Vd @) : : cies. Similarly, the localf occupation is also conserved

[w;(7)=w;(0)], sincew; commutes with the lattice Hamil-

+UZ d;‘diwi, (1)  tonian. This implies that both théf charge susceptibility
|

and the mixeddf charge susceptibility have ne depen-
where d' (d;) is the spinless conduction electron creationdence and therefore are static, with no frequency depen-
(annihilation operator at lattice sité andw;=0 or 1 is a dence. Furthermore, a simple application of the chain rule
classical variable corresponding to the localideelectron  and the definition of each of the susceptibilities as a deriva-
number at sité. The hopping matrix between nearest neigh-tive of the corresponding average electron filling with re-
bors(i,j) (on a hypercubic lattice il dimensiong,with d ~ Spect to an external field, shows that there is a discontinuity
—o0) is —t*/(2+/d) with t* chosen as our energy uni is N thedd charge susceptibility at zero frequeﬁa:;ue to the
the localized electron leve is the chemical potential, and €oupling of thed andf electrons. This implies that there is a
U is the mutual electron repulsion when a conduction elecdecoupling between the static and dynamit charge sus-

tron and a localized-electron both occupy the same lattice Ceptibility. ) )
site. The solution of the Falicov-Kimball model has been out-

. . . . . H H H 3,6 : H
In this contribution we examine thetelectron dynamical lined in detail elsewherg’® Here we summarize the main

charge susceptibilitfwhere n,(7)= exp(i)n(0)exp(— ) points to establish our notation. The local Green’s function at

i :de-] the fermionic Matsubara frequency,=i#T(2n+1) is de-
i—djq fined by
B o
. _ iV 7410 (Ri—Ry)
X(quyl) Tr TT% JO dre™’e ok Gn:G(i(x)n)
~BHN ~BHR Y\ (a—BH g (e Pad(r)dT(0)S(\
<e nj(’r)nk(o)> _<e nJ> <e nk> :_TrdTrfTTf dTelw”T< (Nd (O )>7
yd Z 4 0 z
7)) (3
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with and the full susceptibility is found by summing over the
e fermionic Matsubara frequencies  x%%q,iv)
Z=Zo(p)+e P HZy(u=U), @ =T, iom,io,;iv). In Eq. (11) the bare suscepti-
the atomic partition function expressed in terms of bility satisfies
Zo(w)=Trg(e PHoS(N)), Ho=—pd'd. (5 ng(x,iwm;ivl):—; Gun(K)Gs (K+Q)
In the above equations, the atomic Hamiltoniélgt is the
Hamiltonian of Eq.(1) restricted to one site, witti =0, and _ 1 e p(e)
all time dependence is with respect to this atomic Hamil- - J1-x2) = eiwm+,u—2m—e

tonian. The evolution operat@(\) satisfies

, (12

J1-X2

with N(7— ') a time-dependent atomic field adjusted toWith X(a)=lim, =i, cosq;/d describing all of the mo-
make the atomic Green’s function equal to the local latticementum dependence of the susceptibilftand
Green’s function. We define an effective medium by

(iC')mH“'/-’«_EerI_X‘E

S(”:ex‘{_foﬂdffoﬁdf’d*mw—r')d(r’) ®

p(e)

Z—¢€ (13

Go Hiwy) =G, "+ =iwy+m—\, (7 Fw(z)zﬁwde

with 3, the local self-energy and,, the Fourier transform of

\(7). The trace in Eq(3) can be evaluated directly to yield the Hilbert transform of the noninteracting density of states.

The dynamical susceptibility simplifies in three cases: the
Gn:WOGO(iwn)+W1[Gal(iwn)_U]_11 (8) chessboard cage=(m,, ...,m), X=—1] where

with wy=1-—w; and dd ) ) (CTRE Y CT
Xo (—Liom;iv) == ioption +2u—2n—2 +|;
wy= exfd — B(er—u)]Zo(u—U)/Z. 9 o moon (14)
The self-ponsistency relation nef-)ded to dyeterrr)'traeand the local caseX=0) where
henceG, is to equate the local lattice Green'’s function to the
atomic Green'’s function via X240 wpii )= — GuGims1; (15)
e € i = =
Gn:f de- p(e) , (10 and the uniform casgg=(0,0, . ..,0),X=1] where
e dwptu—3,—€
) . . . dd(liw -iv):_m (16)
with p(€)= exp(— é)l\Jm the noninteracting density of Xo (Ll Om, 17 4SSy

states for the infinite-dimensional hypercubic lattice.

The iterative algorithm to solve fo6, starts with,  We will only be interested in these three simpler cases here.
=0. Then Eq(10) is used to find5,,, Eq.(7) is employed to  Note that in instances where the denominators of Eb#.
extract the effective medium, E¢8) is used to find a new and(16) vanish, the susceptibility is evaluated by Ppital’'s
local Green’s function, and then E(f) is used to find the rule.
new self-energy. The algorithm is then repeated until it con- The calculation of the full susceptibility requires the local
verges, which usually requires only about a dozen or so itireducible vertex function. The Baym-Kadanoff approéth
erations. In this contribution, we examine the half-filled casesolves for the irreducible vertex function in a manner that
pa=2i(N)/N=0.5 and p;=3(w;)/N=0.5, which corre- guarantees that an approximation scheme maintains the con-
sponds tou=U/2 ande;=—U/2. servation laws of the Hamiltonian. The procedure requires

In the following section we illustrate how the Baym- thatan approximate self-energy(r,,7;,r,,7,) be given by
Kadanoff formalism can be used to determine the dynamicaihe functional derivative of a free-energy functiordl, with
charge susceptibility. Numerical results at half filling are pre-respect to the full Green’s functio®(r,,7,,r,,7,). That s,
sented in Sec. lll and conclusions in Sec. IV.

5P
(M, 7,15, T) =, 1
Il. BAYM-KADANOFF FORMALISM (Fmre ) = e 7 {40
The momentum-dependent susceptibility satisfies the foland then differentiation of the self-energy with respect to the
lowing Dyson’s equation: Green’s function produces the irreducible vertex function
XU iwm,iw;iy) 83(ry,m1,2,72)

F(rl’Tl’rz’Tz;r3’T3'r4’T4):—6G(r3 e td)

=X6%(A i wm:1) Smn= T2 X6 (i wmiin) (18
" Of course, this technique can also be used for an exact solu-
XT (i@, ion ;i) x8%qie, ioyiv), (11)  tion as we do here.
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The dynamical-mean-field approximation for the Falicov-Gy(74,7,), we evaluate the self-energy as an explicit func-
Kimball model in a spatially invariant system yields an exacttion of the full Green’s functionG( 7, 7,), including terms
expression for the self-enerdy= Gal_Gfl [as seenin Eq. to linear order iny(7). We take the derivative of the self-
(7)] and we do not need to find the appropriate free-energn€rgdy with respect to the full Green’s function to obtain the

functional . Our strategy is to calculate the Green's func- Vertex function and afterwards set the fiejt7) to zero.
tion of the effective mediumGo(7,,7,), when there is an The calculation differs from standard approaches, in that

- . . . T) provides a time-dependence so tg{ 71, 7,) depends

additional tlme-d_ependent flTeId(,(r), WhICh couples to the )s(épzarpately onr, and 7_2? not just on ?ﬁg hiffze)renge,rg
charge density, d(7)d'(7) [i.e., we add —1,).
J§ d7x(7)d"(7)d(7) to the exponent of the evolution op-  To begin, we introduce an auxiliary Green’s functitas
erator in Eq.(6)]. This time-dependent field removes time- Brandt and Urbanek did in their calculation of thepectral
translational invariance from the system, so the Green’sunction in the presence of just the charge-coupled figid,
functions now depend onr; and 7, separately. Using defined by

—TrdTT< e—b’ﬁoexp( f:da(?)d*(?)d(?))d(rl)dT(72)>

1+ebr ex;{ fﬁd7x(7)) |
0

Gaux(T1, T2 1) = (19

where Hy=—pd’d, and we expand the time-dependentHence we can find the Fourier transform@f, (71, 72; 1)

field, x, in a Fourier series of the Bosonic frequencies in terms of the fermionic Matsubara frequencies
x( 7.):2 Xlei "y (20) Jauxiwn, i ;1)
[
) ) A i ioaT1a— oy T .
Noting that d(7)=e™od(0)e” ™o=e"d(0), and taking ZTJO dle_[HT drpe'nmie 0" T2gy (1, 7o 1)
into account the time ordering, we can easily perform the !
trace in Eq.(19), which yields(to linear order iny;): (24)

| The result is thag,, (i w,,i o, ;) contains terms that are

Jaux 71,72 ) =417 14> .L(ei Mgl VITZ)} diagonal inn,n’ and terms shifted off the diagonal byhat

(Zo 1w are proportional toy; :
—0(71—73) 6(7,—71) (21) 5 5
- _ , . . ! X1
1+efrefro  1+e Pre ho )= Teln
Gauion,iwq ;@) i+ 1 : iy
which depends on both; and 7, (not justr;— 7,) because
of the terms withy, .. Nevertheless, the following symme- 1
tries are readily proven: for,; < 7,<7,+ 8, X ot T (25
n/

(T1+ Bi T2 1) = = Qaux 71,72, 1), (22)
Gaud Tu+ B 7214 Jawd 71723 4 The Green’s function for the effective medium of the

and for r,< 1, < 75+ 3, atomic problemGg(74,75), is obtained as before by includ-
ing a local time-dependent field,(7— 7"), which incorpo-
rates the effects of propagation on the lattice and only de-
Jauxd( T1: T2+ Bii) = —Qaux T1, T2 (). (23)  pends on the time difference:

—TrdTT< eﬁﬁoexp( f Bd?xG)dT(?)d(?))S<x>d<n>d*< 7'2)>
0

Zo() '

Go(71,72) = (26)
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where we restricty(7) such thatyo=0. As the local field components of the inverse of the mat@g(iw,,iwy). A

only contains diagonal frequency component§,wp) Sn key aspect of our derivation of the vertex function is that to
the effective-medium Green’s function is easily obtainedlinear order in a single-frequency component of the charge-
from the auxiliary Green’s function through: coupled field,y, , the Green’s function for the effective me-
dium, Gy(iw,,iwy), like the auxiliary Green’s function,
[Go];,l]/ :[gaux(ﬂ)];i/ ~Niwy) Sy, (270 Gaudiwn,iwy ;u), only contains components in the two di-

agonals given by, ,» and & s -
where the Green’s function matrices are inverted in fre- The full Green’s function is defined by
guency coordinates, such tr[atﬁo];’rf, represents the,n’

—Tre Try TT< e‘ﬁ'*atexr{ f:d?xG)d*(?)d(?))s<x>d(n>d*(rz>>

G(7,7)= 7 )

(28)

whereZ is given by Eq.(4) and the time dependence of tHevperators is governed by, (we assumey,=0 again. The
Green’s function contains a trace ovfeglectron states, which leads to two terms:

—Try TT< e‘ﬁ'*oexrl( f ﬁd?xG)dT(?)d(?) s<x>d<n>d*<rz>>
0
G(7y,70)= 7 (29
N g _ __ .
—TrdTT<e—ﬁH1epr dT)((T)dT(T)d(T))S()\)d(Tl)dT(TZ)>
+ e Ble—m ° (30

Z ’

where Ho=—pud’d is the atomic Hamiltonian with nd

electrons, andd;=(U— u)d'd is the atomic Hamiltonian

for d electrons in the presence of ohelectron. _0 34
We can now relate the full Green’'s function to the R (34)

Green'’s function of the effective medium through the fol- Substitution forG, by 3., using Dyson’s equation in the form
lowing matrix equation:

1 21
{Ggl— E(UJrcs—l)} - z(U+GTH2+(1-w)uG™?

2(iwnai"‘)m):I:G(;1:|n,m_|:G71:|n,mv (39

Giwn,iwn)=WoGo(i wp,iwy ) +Wi[(Gg )~ U * yields

n,n’’

(31

2

wherew,=1—w, andw, are given by Eq(9) and equal the S+ %(G‘l— U)} :%[U2+ 2(2w;—1)UG 1+ G 2],
fraction of sites with an occupancy of zero and drelec- (36)
tron, respectively. In the above, and all following equations,
U is the only matrix that is necessarily diagonal in frequencywhere each term iG andX. is a matrix in frequency space
space. and U multiplies the identity matrix. Note that in the limit

Equation(31) can be rearranged by multiplying on the left x1=0, Eq.(36) becomes diagonal and reduces to the conven-
or right by matrices such &3 71, Gal, anngl—U to give tional quadratic expression for the self-energy in terms of

the two following matrix equationsiwith indices sup- G(iwy) andw; as first determined by Brandt and Mielsth.
presset The irreducible vertex function is defined in frequency

space by

Go?—(U+G HG 4+ (1-w)UG =0, (32

IMNiwy, oo, ion)

P A [P B+ B Bty
Gy~ Gy (U+G H+(1-w)UG™1=0. (33 =T odTl dr, Odrl, dry
1

T1'
Adding these two equations together and collecting terms
(noting the noncommutativity and hence the ordering of the
matrice$ then yield the following quadratic matrix equation: (37

X e""n"lfl‘”m"'2+'wn”'l’7""m’72’1—‘(7-1 T2 : Ty ,7.2,)_
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As the vertex function is independent of the absolute timearranging Eg. (41) to obtain the frequency-dependent
we can change \variables, ri—=>7i— Ty, o> T, response. First, we multiply both sides of E41) by
— T, TU+—>T1r — Tor, SO that theTzr integral yleldS ao

function that requiresio,=iw,—io,tiw, . Hence, U 1 U 1

given the difference between two fermionic Matsubara fre- (En— PR —(En+|— 7+ F) (42

guenciesjw,,—iw,=iv, is a bosonic frequency, the vertex n n+l

function becomes and use Eq(40) to replace the quadratic terms on the left,
giving

1 (v, iwytiy)

IN'liw,, oy iv)== . 38 —
(ton oo 1m1) T 5G(iwy iwy+iv) 38 — n 1 1
S5~ ||2U(2w;— 1)+ —+
. . . . 2G‘nGnJrI Gn Gn+|
The problem is greatly simplified by calculatig, ,, to
first order iny, for a single-frequency componety,. In this 1 1
case, both, ,, and G, , contain diagonal terms, and off- X 4G, 4G,
diagonal terms linear iry, wherem=n+1, so that o
G,+G
2n,m=Engn,m_i_zné)‘n-%—l,ma n=n+l n=n+l
39 X| 2+ ! 3 ! 43
Gn,m:Gnﬁn,m"'€n5n+l,m- " 2G, nl 2G4 ' (

We are interested in the case whdr@0, as the zero- The above form gives rise to considerable cancellation be-
frequency responsgorresponding to a shift of the chemical tween the two sides, leading to the amazingly simple result:
potentia) is well known?3*®

Next, we calculate the diagonal and off-diagonal pieces of _ s -3
the self-energy. Equatiof36) simplifies from a full qua- E”ZG”GH——GM' (44)
dratic matrix equation to the following coupled equations: n “n+l

So the only terms i, ,, that depend on a finite frequency
u 1\ 1 - component,iv;, of the y field are3, ,,;=3,. The only
(En_ >t E) :4_(32{1+2UGn(2W1—1)+U Ght, terms that survive the limity;—0 after differentiation, to
" n (40) give the vertex function, are

1 8% (iwp,iwnyy)
T 6G(iwp,iwnyy)

INliow,,joy;iv)=

5, O (2 . Y
" 2G.Goy ntoa T2t s ——

2Gn 2Gn+| _
165, 13,-3
__ S - owyu- Crt G (41) T _n:TGn—GnH' (49
4G,Gp- V2T T G,Gon 0Gn 1 on Ens

Equation(40) contains only diagonal terms with no depen-  The above simple result found from this Baym-Kadanoff
dence on the finite-frequency fielg,; henceX, is un- analysis is identical to that found by diagrammatic
changed from its value wheg,=0. We concentrate on re- calculations that give the more complicated form:

S 1 Wow;U?
Iiow,,iw,iv)== . (46
T (1+Gn2n)[1+Gn(En_U)](l+Gn+lzn+l)[1+Gn+l(2n+l_U)]+WOW1UZGnGn+I

The proof of this equivalence is presented in the Appendix. Lo . - dd
Since the vertex function is diagonal, we have a simple!n the limit q—_O(X—l), substitution ofy," from Eq. (16)
form for the dynamical charge susceptibility into Eq. (47) gives

Xo(X,iwpy;iv)

2m_Em-%—I '

Gm_Gm+I
(47

xYXin#0)=TY,
" 1+ xo(X,i@m;iv)

Gm_Gm+I _

Y391 #0)=—-T, -~ 0, (48)
m |
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as expected by our symmetry arguments. Notice pkﬁt
does not vanish; it is the vertex corrections that force the full
susceptibility to vanish.

The final step in our formalism development is to perform
the analytic continuation of Eq47) from the imaginary to
the real axis. Our method is not completely rigorous, because
we are unable to verify necessary analyticity arguments as
described below, but we compare the direct calculation of
the susceptibility on the imaginary axis to the inferred value
there that is found by using the spectral formula from the real
axis. In nearly all cases, we have accuracy to better than one - ccccmcco T v
part in 1000, which supports, posteriorj that our technique
is valid.

We will consider only the case witK=—1 here, since
the X=1 susceptibility is trivial and since th€=0 case is
simpler and can easily be worked out by following the same
steps we use for the chessboard case. We start by replacing
the summation over Matsubara frequencies in &) by FIG. 1. Contour integral for evaluating the Matsubara frequency

three contour integrals, which are chosen as in Fig. 1 t(§,ummations of the charge susceptibility. ThHés mark the loca-
' tions of fermionic Matsubara frequencies. The contours enclose all

encircle all of the simple poles at the fermionic Matsubar ;
f . d th les in th ding int :lgatsubara frequencies, but no other poles of the system. Note that
requencies and no other poles In the corresponding INtegraigy yivige the complex plane into three regiofis:region 1, where

[in other words, the only poles contributing are the simpleye imaginary part is greater than zef) region 2, where the
poles fromf(w) below]. The susceptibility then becomes imaginary part lies between zero aniv; and (iii) region 3,
(for simplicity, we considew,>0 herg where the imaginary part is less thari v, .

Region 1

@XX

'
1
'
1
'
1
'
1
'
1
'
1
'
1
:
=)

Region 2

Region 3

5w

Gr(w)+Gr(w+in)
20+ 2u+iv—2g(w)—Sg(w+iv)
Gr(w)+Gr(w+iy) Sr(w)—2g(w+in)
C 20+2utiv—3g(w)-Sg(w+iv) Gr(w)—Grlw+in)

xdd<—1;ivl)=2'—wfc do f()

Ga(w)+Gr(w+ivy)
i 20+ 2u+iv—3a(w)—Sr(w+iv)
+chzd“’f(“’) Ga(w)+Grlwtin) Sa(w)—Sr(w+iv)
" 20+ 2utin—3x(w)—Sr(w+iv) Ga(w)—Grlo+tin)

Ga(w) +Ga(w+iy)
20+ 2putiv—3a(w)—2a(w+iy)
Ga(w)+Ga(w+in) Sa(w)—Zp(o+iy)’
e 2utiv—2a(w)—2a(w+iv) Galw)—Ga(w+ivy)

+i— do f(w) (49
Cs

2

1

where f(w)=1[1+ exp(Bw)] is the Fermi function and the subscrigtor A refers to the retarded or advanced Green's
function (or self-energy. The choices of the subscripts are so that the Green’s functions and self-energies are analytic within
regions 1, 2, or 3. Hence the contours can be deformed until they run parallel to the real axis, as shown in Fig. 2. We are
making an assumption that there are no other poles present within these regions, when we deform the contours. In fact, if we
make an analytic continuation of just the bare susceptibility, then after continujrig v+i6 we do find a pole that lies in
region 2 just below the real axiat o = — v/2—16), but the residue of this pole vanishes whelies on the real axis. It is more
difficult to make such an analysis for the full susceptibility, so we rely instead on the comparison with the direct calculation
on the imaginary axis.

When we evaluate the integrals along the lines indicated in Fig. 2, we will evaluate the Fermi functieri gt, which
we set equal td (w) before continuing thes frequency. Then we can evaluate the final result, which becomes
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G(w)+G(w+r)
ddf _q..v_ 7 20+2u+v—3(w)-Z(0+v)
X 1’”)_2wj_md“’ f(w) G(w)+G(w+v) S(0)—3(w+v)
B 20+ 2u+tv—2(w)—2(w+7v) G(o)—G(w+v)

G*(w)+G*(w+v)
20+ 2u+v—3%(w)—32* (w+v)
—f(w+v)
B G*(w)+G*(w+v) S*¥(w)—2*(w+ )
20+ 2u+v—2%(0)—2*(w+7v) G*(w)—G*(w+v)
G*(w)+G(w+v)
(@)~ f(wt )] 20+ 2u+v—3*(w)—3(w+v) | (50
G*(w)+G(w+v) S*(w)—2(w+ )

- 20+ 2u+v—2%(w)—2(w+v) G*(w)—G(w+v)

and we replaced the advanced functions by the complex corthe ground state, since these results are for the high-
jugate of the retarded Green'’s functiomhich is valid on the temperature homogeneous phase. Finally, a true gap devel-
real axis. ops in strong couplingy =4), which rapidly approachdd
asU increases in magnitude. In Fig. 4 we show plots of the
Ill. NUMERICAL RESULTS static che.ssboard susceptibility f'o.r the three different values
of U and inset a plot of the transition temperature as a func-
We performed a number of different numerical calcula-tion of U/(U+t*). The chain-dotted lines are guides to the
tions of the charge response. To begin, we summarize theye forT. at the three values dfi. The transition tempera-
d-electron spectral functions in the weak-coupling ( ture has a classic form—increasing for wedk reaching a
=0.25) limit, the moderate-coupling limitt{=1) and the maximum at moderat&l, and then decreasing in the strong-
strong-coupling limit U =4), which are illustrated in Fig. 3. coupling regime. Notice how the static susceptibility di-
Note that the interacting density of states is temperature inverges as we approadh, because we are in the thermody-
dependent for this modéhs first shown by Van Dongéh. namic limit. In Fig. 5 we show the dynamical chessboard
In the weak-coupling caseU(=0.25) the density of states susceptibility at five different temperatures ranging from
looks Gaussian, with only small modifications due to thewell aboveT, to just aboveT.. Notice how there is a tem-
interactions. At moderate coupling& 1), we find that a  perature dependence to the charge susceptibility, but how
pseudogap appears in the density of states at the chemical
potential. Note that this is a correlation-induced pseudogap — — — .

and is not resulting from the charge-density-wave order of

X
X Region 1
X

___________________________ @
X
X .

Region 2

X
X

--------------------------- o-iv| .
X Frequency (w/t")
X Region 3 FIG. 3. Interacting density of states for the spinless Falicov-
% Kimball model at half filling andJ =0.25(solid line), U= 1 (dotted

line), U=4 (dashed ling Note how the density of states evolves
FIG. 2. Deformation of the contours needed for evaluation offrom being essentially Gaussian to developing a pseudogap and
the susceptibility on the real axis. The integrations are parallel tdhen a real gap as the interaction strength is increased. The density
the real axis. of states is temperature independent for this model.
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FIG. 4. Static charge susceptibility for the chessboard charge- FIG. 6. Dynamical local charge-density-wave susceptibility as a
density-wave plotted versus temperature for three valudd: ¢f)  function of temperature for the cake=0.25. The real part is plot-
U=0.25, solid line, T.=0.0153; (i) U=1, dashed line,T, ted in(a@) and the imaginary part itb). Five different temperatures
=0.0608; and(iii) U=4, dotted line,T.=0.0547. The inset is the are shown:T=0.5 (solid ling), T=0.25 (dotted ling, T=0.125
charge-density-wave transition temperature plotted as a function dflashed ling T=0.0625 (chain-dotted ling and T=0.031 25
the interaction strength)/(U +t*). (chain-double-dotted line The form of the susceptibility is similar

to the chessboard case, except the system reaches the low-

there is no indication of the phase transition seen in the statigPeratre limit much more rapidly, and the imaginary part is

susceptibility(recall the susceptibility is discontinuous at Pushed somewhat farther from zero frequency.

=0 and we are only plotting the continuous piece of the i _ o
susceptibility. In Fig. 6 we show the same plot for the local " @ noninteracting systertrecall the local susceptibility is _
dynamical susceptibility. Its behavior is quite similar to thatthe average over all momentum vectors, so we expect a lin-
of the chessboard susceptibility, but with a less marked tem@@r contribution at small frequency and a curved drop off at
perature dependence. The expected peak in the imaginaRjgh frequencies as we reach the approximate half band-
part at low frequencies due to quasiparticle excitations caMidth). The case of moderate coupling is shown in Figs. 7

be seen, and it has a classic “triangular”’ shape as expecte"éﬂd 8. Here, the chessboard susceptibility actually decreases
asT is lowered because of the pseudogap in the density of

states. Once again the temperature dependence of the local
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! 0.5 |
e
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FIG. 5. Dynamical chessboard charge-density-wave susceptibil- Frequency (y/t*)
ity as a function of temperature for the cdde=0.25. The real part
is plotted in(a) and the imaginary part ifb). Five different tem- FIG. 7. Dynamical chessboard charge-density-wave susceptibil-

peratures are show:=0.5 (solid line), T=0.25 (dotted ling, T ity as a function of temperature for the cdde=1. The real part is
=0.125 (dashed ling T=0.0625 (chain-dotted ling and T plotted in(a) and the imaginary part itb). Five different tempera-
=0.031 25(chain-double-dotted line The real part of the suscep- tures are shownT=0.5 (solid ling, T=0.25 (dotted ling, T

tibility becomes more sharply peaked at zero frequency, but shows-0.125 (dashed ling T=0.0625 (chain-dotted ling and T

no sign of diverging(because of the decoupling of the static and =0.031 25(chain-double-dotted line The real part of the suscep-
dynamic susceptibilitios The imaginary part sharpens &ss low- tibility initially increases asT is lowered at low frequencies, but
ered, and has a shape reminiscent of that of a noninteracting systeifmen decreases and starts to develop additional peaks as the effects
arising from the quasiparticle excitations. of the pseudogap are felt.
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FIG. 9. Dynamical chessboard charge-density-wave susceptibil-

FIG. 8. Dynamical local charge-density-wave susceptibility as alty s a function of temperature for the cédse-4. The real part is
function of temperature for the cask=1. The real part is plotted Plotted in(a) and the imaginary part itb). Five different tempera-
in () and the imaginary part itb). Five different temperatures are tures are shownT=0.5 (solid line), T=0.25 (dotted ling, T
shown:T=0.5(solid ling), T=0.25(dotted ling, T=0.125(dashed =~ =0.125 (dashed ling T=0.0625 (chain-dotted ling and T
line), T=0.0625 (chain-dotted ling and T=0.03125 (chain- = 0.03125(chain-double-dotted lineNote how a substantial low-
double-dotted ling We once again see a similarity with the chess- €nergy feature, present®t0.5 disappears rapidly dsis lowered.

board phase, but the temperature dependence is much reduced hekB€ _temperature scale for this evolution is on the orderTof
~t*2/U=0.25. For temperatures below this energy scale the sys-

susceptibility is much less than the chessboard susceptibilitigm’s behavior is governed most strongly by the energy gap in the
(and we are including data below tHE, to the charge- density .of.states. W.e find that .the imaginary part of the charge
density-wave instability The development from a single Susceptibility goes slightly negative over a frequency range around
low-energy peak in the real part to two nearly overlappingo'5< v_<2, w_h|ch_we believe to_ be an artifact of the numerical
peaks(corresponding to charge transfer excitatioissclear analytic continuation procedure in the presence of a gap.
even at moderate coupling where the density of states has
only a pseudogap. Note once again that these peak develoffansition in the dynamical piece of the charge susceptibility.
ments arise from correlation effects and not from an underWe find that we lose some accuracy in our calculations at
lying charge-density-wave order because these calculatiorirong coupling, perhaps arising from the gap in the density
are all performed within the homogeneous ph@sen when of states and its effect on the low-temperature charge dynam-
we go belowT,). ics. Another possibility is that there are additional poles and
In Figs. 9 and 10 we show the results at strong coupling

U=4. The charge susceptibility shows a number of interest- - F

ing new features in the strong-coupling regime. The charge- A 0.04

transfer peaks, which are easiest seen as broad peaks in the C”’ 0.02 |

imaginary part of the susceptibility, are present at the ex- x -

pected locations oft U. At high temperatures, the system > 0 i

has a large peak in the real part of the susceptibility near zero @ -0.02

frequency, which rapidly decreases®ss lowered, and be- —~ 0.04 ’

comes unnoticable at low temperatures. The imaginary part 3 Tt

goes from having a linear behavior at low frequency to being © 002

essentially zero. Hence, in addition to the energy scale of the >”< 0

prder qu (qorresponding to the Iarge_ qharge-trgnsfer peaks Y _0.02 |-

in the imaginary part of the susceptibilitghere is a low- E o.04 L .l
=\, Y NN NN TR U NNPRN N N N .

energy scale on the order tf?/U that determines the low-
temperature evolution of the charge excitations and the en- F ( /t*)
ergy scale of those low-energy excitations. The high-energy requency (v

features are “frozen in” at a high temperature scale, and FIG. 10. Dynamical local charge-density-wave susceptibility as

there is strong temperature evolution in the Iow-frequencya function of temperature for the calde=4. The real part is plotted

regime until T becomes smaller than the low-energy scalej, (4 and the imaginary part itb). Five different temperatures are

where the low-energy features are “frozen in.” We believe ghown:T=0.5(solid line), T=0.25(dotted lind, T=0.125(dashed
these low-energy charge excitations are associated with Vilme), T=0.0625 (chain-dotted ling and T=0.031 25 (chain-

tual hopping processes, where an electron virtually hops ontgouble-dotted ling The results here are similar to those for the

a site occupied by a localized electron, and then hops off thaghessboard susceptibility, except here we have a slower temperature
site. Such processes turn off at temperatures befoiu . dependence, asa=0 peak in the real part of the charge suscepti-
Once again the dependence of the chessboard and the lotgllty can still be seen &t =0.25, and it has already vanished in the
susceptibilities are similar and there is no signal of the phasehessboard case.

-10-8-6-4-20 2 4 6 8 10
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residues that need to be taken into account in our “approxithe static susceptibility diverges @t, but no signal of this
mate” analytic continuation. One illustration of the numeri- phase transition is seen in the dynamical susceptibi(2y;

cal difficulties is that we no longer have an accuracy of onghe momentum dependence of the dynamical susceptibility is
part in a thousandit is typically a few parts in a thousapnd not too strong around the chessboard point—we see little
when we evaluate the charge susceptibility on the imaginaryariation between th&=—1 andX=0 susceptibilities, but

axis by using the spectral formula and comparing with athe X=1 susceptibility vanishes by symmetry, so momen-
direct calculation on the imaginary axis. Another illustrationtum dependence is stronger near the Brillouin zone center,
is that at the lowest temperatures the imaginary part of th@nd(3) the dynamical susceptibilities do possess temperature
spectral function becomes slightly negative for a frequencylependence even though the interacting density of states is
range in the vicinity of 0.5 v<2 (where the imaginary part temperature independent. The temperature dependence is
is approximately— 0.0003), which must be an artifact of the most striking in the strong-coupling regime where a low-
approximate analytic continuation due to the fact that theenergy scale on the order ¢f%U arises and the charge
spectral function is known to be nonnegative for positivesusceptibility has a strong temperature dependence near this

values of the frequency. approximate temperature.
Our application of the Baym-Kadanoff formalism pro-
IV. CONCLUSIONS vides an interesting counterpoint to the diagrammatic deriva-

o tion about the atomic limit, and can be applied to other re-

We have presented a nontrivial example of the Baymiated problems where the so-called “static approximation”
Kadanoff formalism to derive the dynamical susceptibilitiesis exact. We have not examined any effects away from half-
of the Falicov-Kimball model. The dynamical susceptibility filing or at incommensurate wave vectors here. We leave
breaks into two pieces, a static piece that reflects the couhose tasks to another publication.
pling of the system to the charge-density-wave distortions,
and a frequency-dependent piece, which is less affected by ACKNOWLEDGMENTS
any underlying charge-density-wave order. We developed _ '
the formalism to evaluate this frequency-dependent piece of This research was supported by the Office of Naval Re-

the susceptibility exactly on the imaginary axis. We also deSearch under Grant No. N00014-99-1-0328. We acknowl-

veloped an analytic-continuation scheme that we were un(_adge useful d|scu§3|ons with T. Devereaux, D. Hess, J. Se-
able to establish with full rigor due to the possibility of a rene, and A. Shvaika.
small contribution from neglected residues of poles that
could arise within the analytic-continuation procedure, but
which is nevertheless quite accurate over a wide range of
parameters. To compare our result with the diagrammatic approach,

We find a number of interesting properties of this model:we must begin with Shvaika’'s result for the frequency-

(1) the static and dynamical susceptibilities are decoupled—dependent piece of the reducible vertex function,

APPENDIX: EQUIVALENCE TO THE ATOMIC
DIAGRAMMATIC APPROACH

Onn UZWl(l_Wl)

1
T GG Ghi Gy (foptu=N)(iop+u—N=U)(ioq+u— N (fop Hu—=Ngp —U) "
(A1)

By making the replacemento,+ u—\,=[Go(iw,)] 1=(G,) "1+2,, the right-hand-side of EqA1) is equivalent to

T(iw,,iwn iv#0)=

1 S WoW, U?
T (1+Gn2n)[1+Gn(2n_U)](1+Gn+lzn+l)[1+Gn+I(2n+l_U)] .

(A2)

Solving Dyson'’s equation for the irreducible vertex functidifj w,, ,i w, ;iv;#0),
f‘(iwn dwyinz0)=C(io,,ioy;in#0)—TX Do, iomw;i V|¢0)Gnranrr+|f(i Wy iwn iy #0), (A3)
n!/

then yields Eq(46).
In order to prove that our simple result, E45), and the diagrammatic result, E46), are equivalent to each other, we first
demonstrate the existence of a useful identity. Equa@ can be expanded and multiplied B, to yield

w,U=3,(1-UG,+3,G,), (A4)

:2n+l(1_UGn+l+2n+lGn+l)r (A5)

where the second equation is evaluated equivalently, mvitin+1. Equation(A4) is used twice to simplify the product given
below:
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(1+ G S )[1+G(3,—U)]=1+G,3,— UG, +w,U (A6)
1
=w,U| 5=+ Gy, (A7)

and similarly forn—>n+1.
Hence the expression on the right of E46) is rewritten as

1 wow, U?
T3 > (A8)
T WiU?(1/8,+Gp) (11 + Gy ) + GGy Wow, U
and multiplication of top and bottom by(—2,, )22, leads to
1 (En_EnH)EnEnH(l_Wl) (A9)

? Wl[zn_znﬂ+ann(zn_2n+|)+Gn+lzn+l(2n_2n+l)]+GnGn+I2n2n+l(2n_2n+l) .

Now Egs. (A4) and (A5) are further used to make the replaceme®t&2—>w;,U—3,+UG,3, and G, 32, —w;U
3,41 FUG, . 2,4, for all quadratic terms in the denominator. Numerous cancellations then lead to

NG i [ #O)_l (En_znﬂ)znznﬂ(l_wl) (A10)
@t OnTH a T W1(2n+I2nGn+I_En+I2nGn)_En+I2nGn+l+En+IEnGn,

1 2n_zn-H
TGy Goyt' (ALD
which yields our final result, Eq45).
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