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Dynamical charge susceptibility of the spinless Falicov-Kimball model

J. K. Freericks and P. Miller
Department of Physics, Georgetown University, Washington, D.C. 20057-0995

~Received 4 May 2000!

An exact solution is presented for the frequency-dependent charge susceptibility of the spinless Falicov-
Kimball model by using dynamical mean-field theory. We develop a nontrivial application of the Baym-
Kadanoff ‘‘conserving approximation’’ formalism to exactly determine the frequency-dependent vertex func-
tion ~which turns out to assume a particularly simple form!. We show how the static and dynamic
susceptibilities are decoupled in this model and how the dynamic susceptibility generically does not show any
signal of the low-temperature charge-density-wave phase transition. We also examine the temperature evolu-
tion of the dynamic charge susceptibility for the special case of half-filling.
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I. INTRODUCTION

The Falicov-Kimball model1 was introduced in 1969 as
thermodynamic model for metal-insulator transitions in s
tems that have two different types of electrons—itiner
conduction electrons and localizedf electrons. Twenty years
later, Brandt and Mielsch2 solved the Falicov-Kimball mode
exactly in the limit of infinite dimensions by using dynamic
mean-field theory and the Baym-Kadanoff formalism. Th
also showed how to calculate static susceptibilities and fo
an Ising-like phase transition to a chessboard charge-den
wave phase at half-filling. Freericks3 then showed that the
system also displayed incommensurate order and phase
ration at other fillings.

The Hamiltonian of the spinless Falicov-Kimball mode1

is

Ĥ52
t*

2Ad
(
^ i , j &

di
†dj1e f(

i
wi2m(

i
~di

†di1wi !

1U(
i

di
†diwi , ~1!

where di
† (di) is the spinless conduction electron creati

~annihilation! operator at lattice sitei and wi50 or 1 is a
classical variable corresponding to the localizedf-electron
number at sitei. The hopping matrix between nearest neig
bors ^ i , j & ~on a hypercubic lattice ind dimensions,4 with d
→`) is 2t* /(2Ad) with t* chosen as our energy unit,e f is
the localized electron level,m is the chemical potential, an
U is the mutual electron repulsion when a conduction el
tron and a localizedf-electron both occupy the same lattic
site.

In this contribution we examine thed-electron dynamical
charge susceptibility@where ni(t)5 exp(tĤ)ni(0)exp(2tĤ)
andni5di

†di ]

x~q,in l !5Tr Tt(
j ,k

E
0

b

dt ein lteiq•(Rj 2Rk)

3F ^e2bĤnj~t!nk~0!&
Z

2
^e2bĤnj&

Z

^e2bĤnk&
Z

G
~2!
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and its analytic continuation to the real-frequency axis. H
in l52ipTl is the Bosonic Matsubara frequency,Z is the
partition function, andRj is the position operator for lattice
site j. The Falicov-Kimball model is the simplest many-bod
problem that has nontrivial dynamics. The model is sim
enough that an exact solution can be found for the cha
susceptibility, but is complicated enough to show many-bo
effects. Shvaika5 has shown how to determine the lattic
charge susceptibility from a diagrammatic analysis of
atomic problem. Here we provide an alternative derivati
stressing the Baym-Kadanoff approach~which produces a
much simpler form for the vertex!, and we provide numerica
results to complement the formalism.

We begin with a discussion of some special symmetr
of the Falicov-Kimball model. Since the total conductio
electron number is a conserved quantity, we find t
( jnj (t)5( jnj (0) has not dependence. Hence, the unifor
charge susceptibility~q50! vanishes for all nonzero frequen
cies. Similarly, the localf occupation is also conserve
@wi(t)5wi(0)#, sincewi commutes with the lattice Hamil
tonian. This implies that both thef f charge susceptibility
and the mixedd f charge susceptibility have not depen-
dence and therefore are static, with no frequency dep
dence. Furthermore, a simple application of the chain r
and the definition of each of the susceptibilities as a deri
tive of the corresponding average electron filling with r
spect to an external field, shows that there is a discontin
in the dd charge susceptibility at zero frequency5 due to the
coupling of thed andf electrons. This implies that there is
decoupling between the static and dynamicdd charge sus-
ceptibility.

The solution of the Falicov-Kimball model has been ou
lined in detail elsewhere.2,3,6 Here we summarize the mai
points to establish our notation. The local Green’s function
the fermionic Matsubara frequencyivn5 ipT(2n11) is de-
fined by

Gn5G~ ivn!

52Trd Trf TtE
0

b

dt eivnt ^e2bĤatd~t!d†~0!S~l!&
Z

,

~3!
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with

Z5Z0~m!1e2b(e f2m)Z0~m2U !, ~4!

the atomic partition function expressed in terms of

Z0~m!5Trd^e
2bĤ0S~l!&, Ĥ052md†d. ~5!

In the above equations, the atomic HamiltonianĤat is the
Hamiltonian of Eq.~1! restricted to one site, witht* 50, and
all time dependence is with respect to this atomic Ham
tonian. The evolution operatorS(l) satisfies

S~l!5 expF2E
0

b

dtE
0

b

dt8d†~t!l~t2t8!d~t8!G , ~6!

with l(t2t8) a time-dependent atomic field adjusted
make the atomic Green’s function equal to the local latt
Green’s function. We define an effective medium by

G0
21~ ivn!5Gn

211Sn5 ivn1m2ln , ~7!

with Sn the local self-energy andln the Fourier transform of
l(t). The trace in Eq.~3! can be evaluated directly to yiel

Gn5w0G0~ ivn!1w1@G0
21~ ivn!2U#21, ~8!

with w0512w1 and

w15 exp@2b~e f2m!#Z0~m2U !/Z. ~9!

The self-consistency relation needed to determineln and
henceGn is to equate the local lattice Green’s function to t
atomic Green’s function via

Gn5E
2`

`

de
r~e!

ivn1m2Sn2e
, ~10!

with r(e)5 exp(2e2)/Ap the noninteracting density o
states for the infinite-dimensional hypercubic lattice.

The iterative algorithm to solve forGn starts with Sn
50. Then Eq.~10! is used to findGn , Eq.~7! is employed to
extract the effective medium, Eq.~8! is used to find a new
local Green’s function, and then Eq.~7! is used to find the
new self-energy. The algorithm is then repeated until it c
verges, which usually requires only about a dozen or so
erations. In this contribution, we examine the half-filled ca
rd5( i^ni&/N50.5 and r f5( i^wi&/N50.5, which corre-
sponds tom5U/2 ande f52U/2.

In the following section we illustrate how the Baym
Kadanoff formalism can be used to determine the dynam
charge susceptibility. Numerical results at half filling are p
sented in Sec. III and conclusions in Sec. IV.

II. BAYM-KADANOFF FORMALISM

The momentum-dependent susceptibility satisfies the
lowing Dyson’s equation:

xdd~q,ivm ,ivn ; in l !

5x0
dd~q,ivm ; in l !dmn2T(

n8
x0

dd~q,ivm ; in l !

3G~ ivm ,ivn8 ; in l !x
dd~q,ivn8 ,ivn ; in l !, ~11!
-

e

-
t-
e

al
-

l-

and the full susceptibility is found by summing over th
fermionic Matsubara frequencies xdd(q,in l)
5T(mnx

dd(q,ivm ,ivn ; in l). In Eq. ~11! the bare suscepti
bility satisfies

x0
dd~X,ivm ; in l !52(

k
Gm~k!Gm1 l~k1q!

52
1

A12X2E2`

`

de
r~e!

ivm1m2Sm2e

3F`S ivm1 l1m2Sm1 l2Xe

A12X2 D , ~12!

with X(q)5 lim
d→`

( i 51
d cosqi /d describing all of the mo-

mentum dependence of the susceptibility7,2 and

F`~z!5E
2`

`

de
r~e!

z2e
, ~13!

the Hilbert transform of the noninteracting density of stat
The dynamical susceptibility simplifies in three cases:

chessboard case@q5(p,p, . . . ,p), X521] where

x0
dd~21,ivm ; in l !52

Gm1Gm1 l

ivm1 ivm1 l12m2Sm2Sm1 l
;

~14!

the local case (X50) where

x0
dd~0,ivm ; in l !52GmGm1 l ; ~15!

and the uniform case@q5(0,0, . . . ,0),X51] where

x0
dd~1,ivm ; in l !52

Gm2Gm1 l

in l1Sm2Sm1 l
. ~16!

We will only be interested in these three simpler cases h
Note that in instances where the denominators of Eqs.~14!
and~16! vanish, the susceptibility is evaluated by l’Hoˆpital’s
rule.

The calculation of the full susceptibility requires the loc
irreducible vertex function. The Baym-Kadanoff approach8,9

solves for the irreducible vertex function in a manner th
guarantees that an approximation scheme maintains the
servation laws of the Hamiltonian. The procedure requi
that an approximate self-energy,S(r1 ,t1 ,r2 ,t2) be given by
the functional derivative of a free-energy functional,F, with
respect to the full Green’s function,G(r1 ,t1 ,r2 ,t2). That is,

S~r1 ,t1 ,r2 ,t2!5
dF

dG~r1 ,t1 ,r2 ,t2!
, ~17!

and then differentiation of the self-energy with respect to
Green’s function produces the irreducible vertex function

G~r1 ,t1 ,r2 ,t2 ;r3 ,t3 ,r4 ,t4!5
dS~r1 ,t1 ,r2 ,t2!

dG~r3 ,t3 ,r4 ,t4!
.

~18!

Of course, this technique can also be used for an exact s
tion as we do here.
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The dynamical-mean-field approximation for the Falico
Kimball model in a spatially invariant system yields an exa
expression for the self-energyS5G0

212G21 @as seen in Eq.
~7!# and we do not need to find the appropriate free-ene
functionalF. Our strategy is to calculate the Green’s fun
tion of the effective medium,G0(t1 ,t2), when there is an
additional time-dependent field,x(t), which couples to the
charge density, d(t)d†(t) @i.e., we add
*0

b dt x(t)d†(t)d(t) to the exponent of the evolution op
erator in Eq.~6!#. This time-dependent field removes tim
translational invariance from the system, so the Gree
functions now depend ont1 and t2 separately. Using
n

th

-

-
t

y
-

’s

G0(t1 ,t2), we evaluate the self-energy as an explicit fun
tion of the full Green’s function,G(t1 ,t2), including terms
to linear order inx(t). We take the derivative of the self
energy with respect to the full Green’s function to obtain t
vertex function and afterwards set the field,x(t) to zero.
The calculation differs from standard approaches, in t
x(t) provides a time-dependence so thatG0(t1 ,t2) depends
separately ont1 and t2, not just on the difference, (t1
2t2).

To begin, we introduce an auxiliary Green’s function10 ~as
Brandt and Urbanek did in their calculation of thef spectral
function! in the presence of just the charge-coupled field,x,
defined by
gaux~t1 ,t2 ;m!5

2Trd TtK e2bĤ0 expS E
0

b

dt̄ x~ t̄ !d†~ t̄ !d~ t̄ ! D d~t1!d†~t2!L
11ebm expS E

0

b

dt̄ x~ t̄ ! D , ~19!
e
-

de-
where Ĥ052md†d, and we expand the time-depende
field, x, in a Fourier series of the Bosonic frequencies

x~t!5(
l

x le
in lt. ~20!

Noting that d(t)5etĤ0d(0)e2tĤ05etmd(0), and taking
into account the time ordering, we can easily perform
trace in Eq.~19!, which yields~to linear order inx l):

gaux~t1 ,t2 ;m!5em(t12t2)F11(
lÞ0

x l

in l
~ein lt12ein lt2!G

3F2u~t12t2!

11ebmebx0
1

u~t22t1!

11e2bme2bx0
G , ~21!

which depends on botht1 andt2 ~not justt12t2) because
of the terms withx lÞ0. Nevertheless, the following symme
tries are readily proven: fort1,t2,t11b,

gaux~t11b,t2 ;m!52gaux~t1 ,t2 ;m!, ~22!

and fort2,t1,t21b,

gaux~t1 ,t21b;m!52gaux~t1 ,t2 ;m!. ~23!
t

e

Hence we can find the Fourier transform ofgaux(t1 ,t2 ;m)
in terms of the fermionic Matsubara frequencies

gaux~ ivn ,ivn8 ;m!

5TE
0

b

dt1E
2b1t1

t1
dt2eivnt1e2 ivn8t2gaux~t1 ,t2 ;m!.

~24!

The result is thatgaux( ivn ,ivn8 ;m) contains terms that are
diagonal inn,n8 and terms shifted off the diagonal byl that
are proportional tox l :

gaux~ ivn ,ivn8 ;m!5
dn,n8

ivn1m
1(

l

dn1 l ,n8x l

in l

3S 1

ivn81m
2

1

ivn1m D . ~25!

The Green’s function for the effective medium of th
atomic problem,G0(t1,t2), is obtained as before by includ
ing a local time-dependent field,l(t2t8), which incorpo-
rates the effects of propagation on the lattice and only
pends on the time difference:
G0~t1,t2!5

2TrdTtK e2bĤ0 expS E
0

b

dt̄ x~ t̄ !d†~ t̄ !d~ t̄ ! DS~l!d~t1!d†~t2!L
Z0~m!

, ~26!
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where we restrictx~t! such thatx050. As the local field
only contains diagonal frequency components,l( ivn)dnn8 ,
the effective-medium Green’s function is easily obtain
from the auxiliary Green’s function through:

@G0#n,n8
21

5@gaux~m!#n,n8
21

2l~ ivn!dn,n8 , ~27!

where the Green’s function matrices are inverted in f
quency coordinates, such that@G0#n,n8

21 represents then,n8
e
l-

ns
c

ft

rm
th
n:
-

components of the inverse of the matrixG0( ivn ,ivn8). A
key aspect of our derivation of the vertex function is that
linear order in a single-frequency component of the char
coupled field,x l , the Green’s function for the effective me
dium, G0( ivn ,ivn8), like the auxiliary Green’s function
gaux( ivn ,ivn8 ;m), only contains components in the two d
agonals given bydn,n8 anddn1 l ,n8 .

The full Green’s function is defined by
G~t1 ,t2!5

2Trf Trd TtK e2bĤat expS E
0

b

dt̄ x~ t̄ !d†~ t̄ !d~ t̄ ! DS~l!d~t1!d†~t2!L
Z

, ~28!

whereZ is given by Eq.~4! and the time dependence of thed operators is governed byĤat ~we assumex050 again!. The
Green’s function contains a trace overf-electron states, which leads to two terms:

G~t1 ,t2!5

2Trd TtK e2bĤ0 expS E
0

b

dt̄ x~ t̄ !d†~ t̄ !d~ t̄ ! DS~l!d~t1!d†~t2!L
Z

~29!

1e2b(e f2m)

2Trd TtK e2bĤ1 expS E
0

b

dt̄ x~ t̄ !d†~ t̄ !d~ t̄ ! DS~l!d~t1!d†~t2!L
Z

, ~30!
e
t
en-
of
.
cy
where Ĥ052md†d is the atomic Hamiltonian with nof
electrons, andĤ15(U2m)d†d is the atomic Hamiltonian
for d electrons in the presence of onef electron.

We can now relate the full Green’s function to th
Green’s function of the effective medium through the fo
lowing matrix equation:

G~ ivn ,ivn8!5w0G0~ ivn ,ivn8!1w1@~G0
21!2U#n,n8

21 ,
~31!

wherew0512w1 andw1 are given by Eq.~9! and equal the
fraction of sites with an occupancy of zero and onef elec-
tron, respectively. In the above, and all following equatio
U is the only matrix that is necessarily diagonal in frequen
space.

Equation~31! can be rearranged by multiplying on the le
or right by matrices such asG21, G0

21, andG0
212U to give

the two following matrix equations~with indices sup-
pressed!:

G0
222~U1G21!G0

211~12w1!UG2150, ~32!

G0
222G0

21~U1G21!1~12w1!UG2150. ~33!

Adding these two equations together and collecting te
~noting the noncommutativity and hence the ordering of
matrices! then yield the following quadratic matrix equatio
,
y

s
e

FG0
212

1

2
~U1G21!G2

2
1

4
~U1G21!21~12w1!UG21

50. ~34!

Substitution forG0 by S, using Dyson’s equation in the form

S~ ivn ,ivm!5@G0
21#n,m2@G21#n,m , ~35!

yields

FS1
1

2
~G212U !G2

5
1

4
@U212~2w121!UG211G22#,

~36!

where each term inG andS is a matrix in frequency spac
and U multiplies the identity matrix. Note that in the limi
x l50, Eq.~36! becomes diagonal and reduces to the conv
tional quadratic expression for the self-energy in terms
G( ivn) andw1 as first determined by Brandt and Mielsch2

The irreducible vertex function is defined in frequen
space by

G~ ivn ,ivm ; ivn8 ,ivm8!

5T4E
0

b

dt1E
t1

b1t1
dt2E

0

b

dt18E
t18

b1t18
dt28

3eivnt12 ivmt21 ivn8t182 ivm8t28G~t1 ,t2 ;t18 ,t28!.

~37!
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As the vertex function is independent of the absolute tim
we can change variables, t1°t12t28 ,t2°t2
2t28 ,t18°t182t28 , so that thet28 integral yields ad
function that requires ivm85 ivn2 ivm1 ivn8 . Hence,
given the difference between two fermionic Matsubara f
quencies,ivm2 ivn5 in l , is a bosonic frequency, the verte
function becomes

G~ ivn ,ivn8 ; in l !5
1

T

dS~ ivn ,ivn1 in l !

dG~ ivn8 ,ivn81 in l !
. ~38!

The problem is greatly simplified by calculatingSn,m to
first order inx, for a single-frequency component,x l . In this
case, bothSn,m and Gn,m contain diagonal terms, and off
diagonal terms linear inx l wherem5n1 l , so that

Sn,m5Sndn,m1S̄ndn1 l ,m ,
~39!

Gn,m5Gndn,m1Ḡndn1 l ,m .

We are interested in the case wherelÞ0, as the zero-
frequency response~corresponding to a shift of the chemic
potential! is well known.2,3,6

Next, we calculate the diagonal and off-diagonal pieces
the self-energy. Equation~36! simplifies from a full qua-
dratic matrix equation to the following coupled equations

S Sn2
U

2
1

1

2Gn
D 2

5
1

4Gn
2 $112UGn~2w121!1U2Gn

2%,

~40!

S S̄n2
Ḡn

2GnGn1 l
D S Sn1

1

2Gn
1Sn1 l1

1

2Gn1 l
2U D

5
Ḡn

4GnGn1 l
F2~122w1!U2

~Gn1Gn1 l !

GnGn1 l
G . ~41!

Equation~40! contains only diagonal terms with no depe
dence on the finite-frequency fieldx l ; hence Sn is un-
changed from its value whenx l50. We concentrate on re
ix
pl
,

-

f

arranging Eq. ~41! to obtain the frequency-depende
response. First, we multiply both sides of Eq.~41! by

S Sn2
U

2
1

1

2Gn
D2S Sn1 l2

U

2
1

1

2Gn1 l
D ~42!

and use Eq.~40! to replace the quadratic terms on the le
giving

S S̄n2
Ḡn

2GnGn1 l
D F2U~2w121!1

1

Gn
1

1

Gn1 l
G

3S 1

4Gn
2

1

4Gn1 l
D

5
Ḡn

4GnGn1 l
F2~122w1!U2

~Gn1Gn1 l !

GnGn1 l
G

3S Sn1
1

2Gn
2Sn1 l2

1

2Gn1 l
D . ~43!

The above form gives rise to considerable cancellation
tween the two sides, leading to the amazingly simple res

S̄n5Ḡn

Sn2Sn1 l

Gn2Gn1 l
. ~44!

So the only terms inSn,m that depend on a finite frequenc
component,in l , of the x field are Sn,n1 l5S̄n . The only
terms that survive the limit,x l°0 after differentiation, to
give the vertex function, are

G~ ivn ,ivn ; in l !5
1

T

dS~ ivn ,ivn1 l !

dG~ ivn ,ivn1 l !

5
1

T

dS̄n

dḠn

5
1

T

Sn2Sn1 l

Gn2Gn1 l
. ~45!

The above simple result found from this Baym-Kadan
analysis is identical to that found by diagramma
calculations5 that give the more complicated form:
G~ ivn ,ivn ; in l !5
1

T

w0w1U2

~11GnSn!@11Gn~Sn2U !#~11Gn1 lSn1 l !@11Gn1 l~Sn1 l2U !#1w0w1U2GnGn1 l

. ~46!
The proof of this equivalence is presented in the Append
Since the vertex function is diagonal, we have a sim

form for the dynamical charge susceptibility

xdd~X; in lÞ0!5T(
m

x0~X,ivm ; in l !

11x0~X,ivm ; in l !
Sm2Sm1 l

Gm2Gm1 l

.

~47!
.
eIn the limit q50 (X51), substitution ofx0

dd from Eq. ~16!
into Eq. ~47! gives

xdd~1;in lÞ0!52T(
m

Gm2Gm1 l

in l
50, ~48!
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as expected by our symmetry arguments. Notice thatx0
dd

does not vanish; it is the vertex corrections that force the
susceptibility to vanish.

The final step in our formalism development is to perfo
the analytic continuation of Eq.~47! from the imaginary to
the real axis. Our method is not completely rigorous, beca
we are unable to verify necessary analyticity arguments
described below, but we compare the direct calculation
the susceptibility on the imaginary axis to the inferred va
there that is found by using the spectral formula from the r
axis. In nearly all cases, we have accuracy to better than
part in 1000, which supports,a posteriori, that our technique
is valid.

We will consider only the case withX521 here, since
the X51 susceptibility is trivial and since theX50 case is
simpler and can easily be worked out by following the sa
steps we use for the chessboard case. We start by repla
the summation over Matsubara frequencies in Eq.~47! by
three contour integrals, which are chosen as in Fig. 1
encircle all of the simple poles at the fermionic Matsuba
frequencies and no other poles in the corresponding integ
@in other words, the only poles contributing are the sim
poles from f (v) below#. The susceptibility then become
~for simplicity, we considern l.0 here!
ll

se
s
f

e
l

ne

e
ing

o
a
ls

e

FIG. 1. Contour integral for evaluating the Matsubara frequen
summations of the charge susceptibility. The3 ’s mark the loca-
tions of fermionic Matsubara frequencies. The contours enclose
Matsubara frequencies, but no other poles of the system. Note
we divide the complex plane into three regions:~i! region 1, where
the imaginary part is greater than zero;~ii ! region 2, where the
imaginary part lies between zero and2 in l ; and ~iii ! region 3,
where the imaginary part is less than2 in l .
n’s
within
We are

act, if we

ulation
xdd~21;in l !5
i

2pEC1

dv f ~v!

GR~v!1GR~v1 in l !

2v12m1 in l2SR~v!2SR~v1 in l !

12
GR~v!1GR~v1 in l !

2v12m1 in l2SR~v!2SR~v1 in l !

SR~v!2SR~v1 in l !

GR~v!2GR~v1 in l !

1
i

2pEC2

dv f ~v!

GA~v!1GR~v1 in l !

2v12m1 in l2SA~v!2SR~v1 in l !

12
GA~v!1GR~v1 in l !

2v12m1 in l2SA~v!2SR~v1 in l !

SA~v!2SR~v1 in l !

GA~v!2GR~v1 in l !

1
i

2pEC3

dv f ~v!

GA~v!1GA~v1 in l !

2v12m1 in l2SA~v!2SA~v1 in l !

12
GA~v!1GA~v1 in l !

2v12m1 in l2SA~v!2SA~v1 in l !

SA~v!2SA~v1 in l !

GA~v!2GA~v1 in l !

, ~49!

where f (v)51/@11 exp(bv)# is the Fermi function and the subscriptR or A refers to the retarded or advanced Gree
function ~or self-energy!. The choices of the subscripts are so that the Green’s functions and self-energies are analytic
regions 1, 2, or 3. Hence the contours can be deformed until they run parallel to the real axis, as shown in Fig. 2.
making an assumption that there are no other poles present within these regions, when we deform the contours. In f
make an analytic continuation of just the bare susceptibility, then after continuingin l to n1 id we do find a pole that lies in
region 2 just below the real axis~at v52n/22 id), but the residue of this pole vanishes whenn lies on the real axis. It is more
difficult to make such an analysis for the full susceptibility, so we rely instead on the comparison with the direct calc
on the imaginary axis.

When we evaluate the integrals along the lines indicated in Fig. 2, we will evaluate the Fermi function atv2 in l , which
we set equal tof (v) before continuing then frequency. Then we can evaluate the final result, which becomes
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xdd~21;n!5
i

2pE2`

`

dv5 f ~v!

G~v!1G~v1n!

2v12m1n2S~v!2S~v1n!

12
G~v!1G~v1n!

2v12m1n2S~v!2S~v1n!

S~v!2S~v1n!

G~v!2G~v1n!

2 f ~v1n!

G* ~v!1G* ~v1n!

2v12m1n2S* ~v!2S* ~v1n!

12
G* ~v!1G* ~v1n!

2v12m1n2S* ~v!2S* ~v1n!

S* ~v!2S* ~v1n!

G* ~v!2G* ~v1n!

2@ f ~v!2 f ~v1n!#

G* ~v!1G~v1n!

2v12m1n2S* ~v!2S~v1n!

12
G* ~v!1G~v1n!

2v12m1n2S* ~v!2S~v1n!

S* ~v!2S~v1n!

G* ~v!2G~v1n!
6 , ~50!
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and we replaced the advanced functions by the complex
jugate of the retarded Green’s function~which is valid on the
real axis!.

III. NUMERICAL RESULTS

We performed a number of different numerical calcu
tions of the charge response. To begin, we summarize
d-electron spectral functions in the weak-coupling (U
50.25) limit, the moderate-coupling limit (U51) and the
strong-coupling limit (U54), which are illustrated in Fig. 3
Note that the interacting density of states is temperature
dependent for this model~as first shown by Van Dongen11!.
In the weak-coupling case (U50.25) the density of state
looks Gaussian, with only small modifications due to t
interactions. At moderate coupling, (U51), we find that a
pseudogap appears in the density of states at the chem
potential. Note that this is a correlation-induced pseudo
and is not resulting from the charge-density-wave order

FIG. 2. Deformation of the contours needed for evaluation
the susceptibility on the real axis. The integrations are paralle
the real axis.
n-

-
he

n-

cal
p
f

the ground state, since these results are for the h
temperature homogeneous phase. Finally, a true gap de
ops in strong coupling (U54), which rapidly approachesU
asU increases in magnitude. In Fig. 4 we show plots of t
static chessboard susceptibility for the three different val
of U and inset a plot of the transition temperature as a fu
tion of U/(U1t* ). The chain-dotted lines are guides to th
eye forTc at the three values ofU. The transition tempera
ture has a classic form—increasing for weakU, reaching a
maximum at moderateU, and then decreasing in the stron
coupling regime. Notice how the static susceptibility d
verges as we approachTc because we are in the thermod
namic limit. In Fig. 5 we show the dynamical chessboa
susceptibility at five different temperatures ranging fro
well aboveTc to just aboveTc . Notice how there is a tem
perature dependence to the charge susceptibility, but

f
o

FIG. 3. Interacting density of states for the spinless Falic
Kimball model at half filling andU50.25~solid line!, U51 ~dotted
line!, U54 ~dashed line!. Note how the density of states evolve
from being essentially Gaussian to developing a pseudogap
then a real gap as the interaction strength is increased. The de
of states is temperature independent for this model.
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there is no indication of the phase transition seen in the s
susceptibility~recall the susceptibility is discontinuous atn
50 and we are only plotting the continuous piece of t
susceptibility!. In Fig. 6 we show the same plot for the loc
dynamical susceptibility. Its behavior is quite similar to th
of the chessboard susceptibility, but with a less marked t
perature dependence. The expected peak in the imagi
part at low frequencies due to quasiparticle excitations
be seen, and it has a classic ‘‘triangular’’ shape as expe

FIG. 4. Static charge susceptibility for the chessboard cha
density-wave plotted versus temperature for three values ofU: ~i!
U50.25, solid line, Tc50.0153; ~ii ! U51, dashed line,Tc

50.0608; and~iii ! U54, dotted line,Tc50.0547. The inset is the
charge-density-wave transition temperature plotted as a functio
the interaction strengthU/(U1t* ).

FIG. 5. Dynamical chessboard charge-density-wave suscep
ity as a function of temperature for the caseU50.25. The real part
is plotted in~a! and the imaginary part in~b!. Five different tem-
peratures are shown:T50.5 ~solid line!, T50.25 ~dotted line!, T
50.125 ~dashed line!, T50.0625 ~chain-dotted line!, and T
50.031 25~chain-double-dotted line!. The real part of the suscep
tibility becomes more sharply peaked at zero frequency, but sh
no sign of diverging~because of the decoupling of the static a
dynamic susceptibilities!. The imaginary part sharpens asT is low-
ered, and has a shape reminiscent of that of a noninteracting sy
arising from the quasiparticle excitations.
tic

t
-
ry
n

ed

in a noninteracting system~recall the local susceptibility is
the average over all momentum vectors, so we expect a
ear contribution at small frequency and a curved drop of
high frequencies as we reach the approximate half ba
width!. The case of moderate coupling is shown in Figs
and 8. Here, the chessboard susceptibility actually decre
as T is lowered because of the pseudogap in the density
states. Once again the temperature dependence of the

e-

of

il-

s

em

FIG. 6. Dynamical local charge-density-wave susceptibility a
function of temperature for the caseU50.25. The real part is plot-
ted in ~a! and the imaginary part in~b!. Five different temperatures
are shown:T50.5 ~solid line!, T50.25 ~dotted line!, T50.125
~dashed line!, T50.0625 ~chain-dotted line!, and T50.031 25
~chain-double-dotted line!. The form of the susceptibility is similar
to the chessboard case, except the system reaches the
temperature limit much more rapidly, and the imaginary part
pushed somewhat farther from zero frequency.

FIG. 7. Dynamical chessboard charge-density-wave suscep
ity as a function of temperature for the caseU51. The real part is
plotted in~a! and the imaginary part in~b!. Five different tempera-
tures are shown:T50.5 ~solid line!, T50.25 ~dotted line!, T
50.125 ~dashed line!, T50.0625 ~chain-dotted line!, and T
50.031 25~chain-double-dotted line!. The real part of the suscep
tibility initially increases asT is lowered at low frequencies, bu
then decreases and starts to develop additional peaks as the e
of the pseudogap are felt.
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susceptibility is much less than the chessboard susceptib
~and we are including data below theTc to the charge-
density-wave instability!. The development from a singl
low-energy peak in the real part to two nearly overlapp
peaks~corresponding to charge transfer excitations! is clear
even at moderate coupling where the density of states
only a pseudogap. Note once again that these peak dev
ments arise from correlation effects and not from an und
lying charge-density-wave order because these calculat
are all performed within the homogeneous phase~even when
we go belowTc).

In Figs. 9 and 10 we show the results at strong coupl
U54. The charge susceptibility shows a number of intere
ing new features in the strong-coupling regime. The char
transfer peaks, which are easiest seen as broad peaks
imaginary part of the susceptibility, are present at the
pected locations of6U. At high temperatures, the syste
has a large peak in the real part of the susceptibility near z
frequency, which rapidly decreases asT is lowered, and be-
comes unnoticable at low temperatures. The imaginary
goes from having a linear behavior at low frequency to be
essentially zero. Hence, in addition to the energy scale of
order ofU ~corresponding to the large charge-transfer pe
in the imaginary part of the susceptibility! there is a low-
energy scale on the order oft* 2/U that determines the low
temperature evolution of the charge excitations and the
ergy scale of those low-energy excitations. The high-ene
features are ‘‘frozen in’’ at a high temperature scale, a
there is strong temperature evolution in the low-frequen
regime until T becomes smaller than the low-energy sc
where the low-energy features are ‘‘frozen in.’’ We belie
these low-energy charge excitations are associated with
tual hopping processes, where an electron virtually hops o
a site occupied by a localized electron, and then hops off
site. Such processes turn off at temperatures belowt* 2/U.
Once again the dependence of the chessboard and the
susceptibilities are similar and there is no signal of the ph

FIG. 8. Dynamical local charge-density-wave susceptibility a
function of temperature for the caseU51. The real part is plotted
in ~a! and the imaginary part in~b!. Five different temperatures ar
shown:T50.5 ~solid line!, T50.25~dotted line!, T50.125~dashed
line!, T50.0625 ~chain-dotted line!, and T50.031 25 ~chain-
double-dotted line!. We once again see a similarity with the ches
board phase, but the temperature dependence is much reduced
ity

as
op-
r-
ns

g
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e-
the
-

ro

rt
g
e
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ir-
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cal
e

transition in the dynamical piece of the charge susceptibil
We find that we lose some accuracy in our calculations
strong coupling, perhaps arising from the gap in the den
of states and its effect on the low-temperature charge dyn
ics. Another possibility is that there are additional poles a

a

-
ere.

FIG. 9. Dynamical chessboard charge-density-wave suscep
ity as a function of temperature for the caseU54. The real part is
plotted in~a! and the imaginary part in~b!. Five different tempera-
tures are shown:T50.5 ~solid line!, T50.25 ~dotted line!, T
50.125 ~dashed line!, T50.0625 ~chain-dotted line!, and T
50.031 25~chain-double-dotted line!. Note how a substantial low-
energy feature, present atT50.5 disappears rapidly asT is lowered.
The temperature scale for this evolution is on the order ofT
't* 2/U50.25. For temperatures below this energy scale the s
tem’s behavior is governed most strongly by the energy gap in
density of states. We find that the imaginary part of the cha
susceptibility goes slightly negative over a frequency range aro
0.5,n,2, which we believe to be an artifact of the numeric
analytic continuation procedure in the presence of a gap.

FIG. 10. Dynamical local charge-density-wave susceptibility
a function of temperature for the caseU54. The real part is plotted
in ~a! and the imaginary part in~b!. Five different temperatures ar
shown:T50.5 ~solid line!, T50.25~dotted line!, T50.125~dashed
line!, T50.0625 ~chain-dotted line!, and T50.031 25 ~chain-
double-dotted line!. The results here are similar to those for th
chessboard susceptibility, except here we have a slower temper
dependence, as an50 peak in the real part of the charge suscep
bility can still be seen atT50.25, and it has already vanished in th
chessboard case.
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residues that need to be taken into account in our ‘‘appro
mate’’ analytic continuation. One illustration of the nume
cal difficulties is that we no longer have an accuracy of o
part in a thousand~it is typically a few parts in a thousand!
when we evaluate the charge susceptibility on the imagin
axis by using the spectral formula and comparing with
direct calculation on the imaginary axis. Another illustrati
is that at the lowest temperatures the imaginary part of
spectral function becomes slightly negative for a freque
range in the vicinity of 0.5,n,2 ~where the imaginary par
is approximately20.0003), which must be an artifact of th
approximate analytic continuation due to the fact that
spectral function is known to be nonnegative for posit
values of the frequency.

IV. CONCLUSIONS

We have presented a nontrivial example of the Bay
Kadanoff formalism to derive the dynamical susceptibiliti
of the Falicov-Kimball model. The dynamical susceptibili
breaks into two pieces, a static piece that reflects the c
pling of the system to the charge-density-wave distortio
and a frequency-dependent piece, which is less affecte
any underlying charge-density-wave order. We develo
the formalism to evaluate this frequency-dependent piec
the susceptibility exactly on the imaginary axis. We also
veloped an analytic-continuation scheme that we were
able to establish with full rigor due to the possibility of
small contribution from neglected residues of poles t
could arise within the analytic-continuation procedure, b
which is nevertheless quite accurate over a wide range
parameters.

We find a number of interesting properties of this mod
~1! the static and dynamical susceptibilities are decouple
i-

e

ry
a

e
y

e

-

u-
s,
by
d
of
-

n-

t
t
of

:

the static susceptibility diverges atTc , but no signal of this
phase transition is seen in the dynamical susceptibility;~2!
the momentum dependence of the dynamical susceptibilit
not too strong around the chessboard point—we see l
variation between theX521 andX50 susceptibilities, but
the X51 susceptibility vanishes by symmetry, so mome
tum dependence is stronger near the Brillouin zone cen
and~3! the dynamical susceptibilities do possess tempera
dependence even though the interacting density of state
temperature independent. The temperature dependenc
most striking in the strong-coupling regime where a lo
energy scale on the order oft* 2/U arises and the charg
susceptibility has a strong temperature dependence nea
approximate temperature.

Our application of the Baym-Kadanoff formalism pro
vides an interesting counterpoint to the diagrammatic der
tion about the atomic limit, and can be applied to other
lated problems where the so-called ‘‘static approximatio
is exact. We have not examined any effects away from h
filling or at incommensurate wave vectors here. We lea
those tasks to another publication.
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APPENDIX: EQUIVALENCE TO THE ATOMIC
DIAGRAMMATIC APPROACH

To compare our result with the diagrammatic approac5

we must begin with Shvaika’s result for the frequenc
dependent piece of the reducible vertex function,
st

n

G̃~ ivn ,ivn8 ; in lÞ0!5
1

T

dnn8

GnGn8Gn1 lGn81 l

U2w1~12w1!

~ ivn1m2ln!~ ivn1m2ln2U !~ ivn1 l1m2ln1 l !~ ivn1 l1m2ln1 l2U !
.

~A1!

By making the replacementivn1m2ln5@G0( ivn)#215(Gn)211Sn , the right-hand-side of Eq.~A1! is equivalent to

1

T

dnn8w0w1U2

~11GnSn!@11Gn~Sn2U !#~11Gn1 lSn1 l !@11Gn1 l~Sn1 l2U !#
. ~A2!

Solving Dyson’s equation for the irreducible vertex function,G( ivn ,ivn8 ; in lÞ0),

G̃~ ivn ,ivn8 ; in lÞ0!5G~ ivn ,ivn8 ; in lÞ0!2T(
n9

G~ ivn ,ivn9 ; in lÞ0!Gn9Gn91 l G̃~ ivn9 ,ivn8 ; in lÞ0!, ~A3!

then yields Eq.~46!.
In order to prove that our simple result, Eq.~45!, and the diagrammatic result, Eq.~46!, are equivalent to each other, we fir

demonstrate the existence of a useful identity. Equation~40! can be expanded and multiplied byGn to yield

w1U5Sn~12UGn1SnGn!, ~A4!

5Sn1 l~12UGn1 l1Sn1 lGn1 l !, ~A5!

where the second equation is evaluated equivalently, withn°n1 l . Equation~A4! is used twice to simplify the product give
below:
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~11GnSn!@11Gn~Sn2U !#511GnSn2UGn1w1U ~A6!

5w1US 1

Sn
1GnD , ~A7!

and similarly forn°n1 l .
Hence the expression on the right of Eq.~46! is rewritten as

1

T

w0w1U2

w1
2U2~1/Sn1Gn!~1/Sn1 l1Gn1 l !1GnGn1 lw0w1U2

, ~A8!

and multiplication of top and bottom by (Sn2Sn1 l)SnSn1 l leads to

1

T

~Sn2Sn1 l !SnSn1 l~12w1!

w1@Sn2Sn1 l1GnSn~Sn2Sn1 l !1Gn1 lSn1 l~Sn2Sn1 l !#1GnGn1 lSnSn1 l~Sn2Sn1 l !
. ~A9!

Now Eqs. ~A4! and ~A5! are further used to make the replacementsGnSn
2°w1U2Sn1UGnSn and Gn1 lSn1 l

2 °w1U
2Sn1 l1UGn1 lSn1 l for all quadratic terms in the denominator. Numerous cancellations then lead to

G~ ivn ,ivn ; in lÞ0!5
1

T

~Sn2Sn1 l !SnSn1 l~12w1!

w1~Sn1 lSnGn1 l2Sn1 lSnGn!2Sn1 lSnGn1 l1Sn1 lSnGn
, ~A10!

5
1

T

Sn2Sn1 l

Gn2Gn1 l
, ~A11!

which yields our final result, Eq.~45!.
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