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The simplest statistical-mechanical model of crystalline format@mnalloy formation that includes elec-
tronic degrees of freedom is solved exactly in the limit of large spatial dimensions and infinite interaction
strength. The solutions contain both second-order phase transitions and first-order phase trdtistions
involve phase separation or segregatiamich are likely to illustrate the precursor physics behind the static
charge-stripe ordering in cuprate systems. In addition, we find that the spinodal-decomposition temperature
satisfies an approximate scaling |a\80163-18209)05527-7

[. INTRODUCTION dimensions. In fact, the critical behavior of the Ising model
is determined by a static mean-field theory in four dimen-
The most fundamental problem in solid-state physics is tsions and higher. A similar situation is expected for elec-
understand why elementand most compoundgsrystallize  tronic problems, except they remain nontrivial even in the
in ordered periodic structures, for this forms the basis of alinfinite-dimensional limit* Metzner and Vollhardt showed
of solid-state physics. While it is well known that the driving that the electronic problem requires a dynamical mean-field
principle behind this ordering is a lowering of the ground-theory for its solution in infinite dimensions. Furthermore, a
state energy of the material, and there has been significamtide range of evidence indicates that this dynamical mean-
progress withab initio methods to predict the ground-state field theory provides a quantitative approximation to the so-
properties of these ordered phases in real materials, progreksgions of correlated electron problems in three dimensions
has been slow in illuminating the solution of the simplest(at least if one is not too close to a critical pginn fact, it
model for crystal formationthat describes the statistical- is precisely the nonuniversal propertigsich as a transition
mechanical mechanism behind the ordering of the electrontemperature that the dynamical mean-field theory deter-
and ions on a periodic lattiteFurthermore, it is not under- mines accurately, and its solution provides a wealth of infor-
stood what physical mechanisms are necessary for creatingnaation on the qualitative behavior of the model studied.
crystallized state. This crystallization problem is ubiquitous;Here we employ dynamical mean-field theory to produce an
it also describes the statistical mechanics behind binary-allogxact solution of the simplest crystallization problem which
formation or phase separation since the two problems can bacludes the electronic degrees of freedom.

mapped onto each othéas described beloywand it may This model is the spinless Falicov-Kimball modaihich
also describe the physics behind charge-stripe formation inonsists of two kinds of particles: localized ions and itinerant
the cuprates. (spinless electrons. The localized ionsv(=0 or 1) occupy

The solution of a statistical-mechanical model for mag-sites on a lattice in real space with an eneigyand the
netic order has been known ever since Onsager solved theectrons can hopwith a hopping integral-t*/[2./d]) be-
two-dimensional Ising modélOnsager’s solution produced tween neighboring lattice sites. In addition, there is a
a paradigm for understanding phase transitions in many difscreened Coulomb interactidh between electrons and ions
ferent physical systems, and provided a textbook example ahat occupy the same lattice site. Since the electrons do not
much of the theory behind modern critical phenomena. Ininteract with each other, the “spin” degree of freedom is
fact, Lee and Yangmodified the Ising model to consider the unimportant, and is neglected. The Hamiltonian is
magnetic order in an external magnetic field, and mapped the
problem onto a lattice gas, where the up-spins denoted sites
occupied by ions, and the down-spins denoted empty sites. 2\/&
Onsager’s method of solution does not extend to the case of
a finite magnetic field, so no exact results are known for thevith ¢/ (cj) the creation(annihilation operator for elec-
lattice gas, except in the case where the number of iongons at sitei, andw; denoting the ion occupancy at site
equals one-half the number of lattice sites, which corre\We uset* =1 as the energy scale.
sponds to the zero-field case. These models of crystallization As it stands, the Falicov-Kimball model does not appear
neglect the electronic degrees of freedom of the valence elete be a many-body problem at all, since the ions are localized
trons, and hence are not directly applicable to real materialand do not move, which implies that the quantum-
such as metals and alloys. mechanical problem for the electrons can be solved by di-

It turns out that the Ising model, and many other modelsagonalizing a single-particle problem of an electron moving
for magnetism, simplify when they are examined in highin the potential determined by the given configuration of the

+EE W+UE c cw;, (1
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ions {w;}. The many-body problem aspects enter by takinggram was determined for all structures within the subset.
an annealed average over all possible ion configurations witfihe numerical solutions produced two conjectures: the first
the chosen ion concentration. This produces long-range invas a result for the case whesg# 1— p; , which stated that,
teractions between the ions, that can cause them to order drthe screened Coulomb interactidsh was large enough,
phase separate at low temperatures. then the system would segregate into an empty lattidtn

The Falicov-Kimball model can be viewed as a simplifiedno ions and all the electronsand a full lattice(with all the
approximation of a real material in a variety of ways. If the ions and no electronsThe second was a generalization of
material has a single valence electron, and only one eledhe Peierls instability, which says that in the smalllimit
tronic band lies near the Fermi level, then the crystallizatiorthe system will order in such a fashion that the ions produce
problem would correspond to the case where the electron aral band structure that has a maximal gap at the Fermi level.
ion concentrationsg, andp;) are the saméwhich is called  This first conjecture(the segregation principlewas later
the neutral cagesince one electron is donated by each ion.proven to be true by Lemberg&twhile the second conjec-
If, instead, there are many bands near the Fermi level, thefyre was shown to be false if the electron concentration was
one can map the combined bands into a single “effective”s ticiently far from half-filling. In that case, the system
band which will have an electron filling determined by the, 4 phase separate between the empty lattice, and an op-

average filling Of the electrons in the most Important band. IrlLimally chosen ion structure that had the Fermi level lying in
this case, each ion may donate only a fraction of an electrO{he gap™*

to the crystal, because the rest of the electron goes into other The other limit that has been extensively studied is the

hybridized bands that lie close to the Fermi level. Hence Oniarge-dimensional limit, where Brandt and Miel&&tpro-

may find it useful also to consider non-neutral cases for th ided th luti £ th o f .
crystallization problem, where the electron and ion concenY'?€ the solution of the transition temperature as a function

trations are not equal. This model can also be mapped onff U for the half-filled symmetric case. Their solution in-
the binary alloy problem, where a site occupied by an ion ig/0lves solving a coupled set of transcendental equations
mapped to a site occupied by Arion and a site unoccupied Which display first- and second-order phase transitions.
by an ion is mapped to a site occupied baon, and the Freericks® later showed that the modébn a hypercubic
screened Coulomb interaction is mapped to the difference itattice) also displayed incommensurate order and segrega-
the site energies for electrons on Aron versus on & ion.  tion.

Much is already known about the physics of the Falicov- There are two kinds of lattices that are usually investi-
Kimball model (as reviewed by Gruber and Madbisin the  gated in the large coordination-number limit: the hypercubic
neutral case where each particle concentration edualeb  |attice, which is the generalization of the cubic lattice to
and Kenned{and Brandt and Schmitiproved that the sys- |arge dimensions; and the Bethe lattice, which is a thermo-
tem always orders in an alternating “chessboard” phase at gynamic limit of the Cayley tree when the number of nearest
fini_te transition temperature_in all dimensions greater than 1neighbors becomes large. The noninteracting band structure
This ordered phase can be interpreted as the transition fromeg, the hypercubic lattice produces a density of states that is

high-temperature homogeneo(lgjuid/gas phase to a low- a Gaussiaff pyy(€) = exp(—€2)/\7r], while on the Bethe lat-

temperature ordere@olid) phase. The appearance of a low- ice the density of states is semicirculafpg(e)
temperature ordered phase follows as a consequence of thé

Pauli exclusion principle, since Lieb and Kennedy also_ V4~ €/(2m)]. The hypercubic density of states has an

showed that if the itinerant particles were bosons instead dfffinite bandwidth, but most of the weight lies within a range
electrons, they would clump together and not form a periodi-Of +2 about the origin. The Bethe Iatnce .densny of states
cally ordered ground state. has the same behavior as a three-dimensional system at the

The Falicov-Kimball model is expected to be in the sameband edgésquare-root behavigrbut has no van Hove sin-
universality class as the Ising model, but, because of th@ularities in the interior of the band. Because both densities
electronic degrees of freedom, one needs to solve the fuff states are nontrivial, the many-body problem maintains
statistical model to determine the “effective magnetic ex-much of its rich behavior that arises from the competition
change parameters” between different lattice sites. The pahetween kinetic-energy effects and interaction-energy ef-
rameters can be extracted in a systematic expansion if tH€cts. In particular, the Falicov-Kimball model continues to
electronic kinetic energythe hopping termis taken as a have phase transitions in the large coordination number limit,
perturbatior? ! but such an analysis is only valid in the but the transitions have mean-field theory exponents.
strong-coupling regime, and rapidly becomes problemdétic. In this contribution, we examine what happens in the case
is precisely this complication that has frustrated attempts awhen the Coulomb interaction becomes infirlife-o (the
finding an exact solution to the crystallization problem whenattractive case is equivalent to this case through a particle-
electronic degrees of freedom are introduced. hole transformation of the electrons, which carrjgs—1

The one-dimensional limit of the Falicov-Kimball model — pe). In this case, the electrons avoid the sites of the lattice
has also been extensively studied. Here there are no finit@ccupied by the ions, so the electron concentration varies
temperature phase transitions, but the system can have phdsem zero up to - p;. We investigated the non-unit-density
transitions in the ground state. The first attempt at studyingases, where the electron concentration was restricted to 0
the one-dimensional Falicov-Kimball model proceeded along=p.<1—p;. In Sec. Il the formalism and results for calcu-
the lines ofab initio band-structure calculations for real lations on the Bethe lattice are presented. In Sec. lll, results
materials—a small number of candidate ion configurationgor the hypercubic lattice are given and in Sec. IV we present
were chosen for the ground state, and a restricted phase diadr conclusions.
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Il. FORMALISM AND RESULTS and substituting Eq.7) into Eq. (6) and solving for the self-
FOR THE BETHE LATTICE energy then yields
In the thermodynamic limit, the local lattice Green’s func- o,
tion is defined to be 3= G_I (8)
n
) B TTr(e*B(H*“N)TTC(T)CT(O)) for the relation between the local self energy and the Green'’s
Gn=Gliwp)=— | "dren Tr(e A=)y » function. Hence, in the limit&) - andd— the equations

?) for the homogeneous phase reduce to Egjsand(8). In the
case of the Bethe latticgg(€)=\4— %/(2), for —2<e
whereiw,=i7T(2n+1) is the fermionic Matsubara fre- <2, so that the integral in E¢5) can be performed analyti-
quency,B=1/T is the inverse temperaturg, is the electron cally:
chemical potential, and, denotesr ordering. The angle
brackets in Eq(2) denote the sum over ionic configurations. _iwn+M_2n . 5
The local Green’s function is determined by mapping onto n— 2 - E‘/('“’“+“_2“) -4 0

an atomic problem in a time-dependent field, with the action o ] )
Substituting the result from E@8) into Eq. (9), and solving

B B for G,, yields the exact result for the interacting Green’s
Sat= fo deo dr'c’(1)Gg (7= 1")c() function in the strongly correlated limit,
io,+u 1 —
+UfﬁdrcT(7)c(r)w+ Ew, 3 Go=—y — s \(lwnt m)?=4(1=p), (10
0

. . . where the phase of the square root is chosen so that the
wherew=0 and 1 is the ion number for the atomic site, andgeen's function has the correct sign to it's imaginary part.
G, " is the mean-field or effective-medium Green's function, Thjs form is identical to that of a noninteracting Green’s
which is determined self-consistentlgs described below  f,nction [Eqg. (9), with 3 ,=0], with a bandwidth narrowed

The atomic Green’s function, with the action in BS), is from 4 to 4\/1——Pi and containing a spectral weight of 1
computed to be — pi (since the remaining spectral weight is shifted to infinite
energies This is easiest seen from the interacting density of
1-p; N pi states, which satisfié%

" Gy Miwy) Gy iwg—U’ @

1

pB(€)= 5 —VA(1=p)— €. (11)

Note that in the infinite-interaction-strength limit, we have an
o analytic form for the Green’s functions, and do not need to
J’ p(e) . ; . :
G,= de———F—, (5) solve transcendental equations iteratively as is normally done
— doptu—Z,—e in the finitelU case!® Furthermore, even though the Green’s
function has the same form as a noninteracting Green'’s func-
tion, the self-energy is nontrivial and does not correspond to
a Fermi liquid.
This form for the Green’s function fits a rather simple
physical picture. The electron avoids sites occupied by an
N -1 ion whenU—o0, so the number of available sites is reduced
2(iwg)=GCo (@) =Gy~ ® by the fraction X- p; . This means, on average, that the num-

Equations(4), (5), and (6) constitute the mean-field theory ber of nearest neighbors is reduced by the same factor, which
for homogeneous phases. In the lirdit&>o, Eq. (6) is an reduces the bandwidth byl— p;. The total spectral weight
exact equation for the lattice problem. We note that for peis also reduced from 1 to-1p;, because the upper band
riodic phases, if they exist, one needs to replace the atomidVith p; states is located at infinite energy. What is surpris-
pr0b|em by a more Comp|icated many_site probpém_ ing is that this “hand-waving” argument is exact for the
These equations are complicated to solve analytically, buBethe lattice(we will see below it is a good approximation
a simplification occurs for & p,<1—p; in the limit U—.  for the hypercubic lattice, but is not exact
Indeed, whenU is large the spectrum of the Hamiltonian ~ The interacting density of states is temperature
consists of two bands separated by a gap of otdefor independeri? in the local approximation, which means that
electron fillings that satisfy € p,<1—p;. In this case the We can examine the ground stateTat O to see if the system
chemical potential lies within the lower band, so thats ~ Phase separates, or if the homogeneous phase is lowest in
O(1). Wenote thatGy is a function ofu, and therefore for ~€nergy. The ground-state energy for an ion concentratjon
any finite i, 1[G(iw,)U]—0 asU—o. Then Eq.(4) be- ~ and an electron concentratipn is
comes

with p; the average ion densitw). On the other hand, the
local lattice Green’s function satisfies

where p(€) is the noninteracting density of states for the
infinite lattice, and X, is the self-energy. The self-
consistency relation is that the self-enelgyin Eq. (5) must
coincide with the self-energy of the atomic problem, i.e.,

)= H int
o1 o . Epen)= | deni(oe, 12
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with u the chemical potential defined by

pe= ff;depg“(e), (13

and "

exact result from Eq(1l) yields
2

4 3/2
E(pe,po:—ﬁ(l—pi)?’”[l—él(l"fm} SGE]
and
P=l_pi cosl( A PR \/1—'“—
¢ o 21-p;] 2J1—p, 4(1-pp)|

(15

Using Egs.(14) and (15), we will show that the mixture of
the state with no ions and an electron fillipg/ (1 — p;) with

the state with all ions and no electrons has a lower energy pe(n)dul dpe.

than the homogeneous state, i.e.,

E(pe,pi)><1—pi>E(1fep,,0)+piE<o,1>. (16

Moreover, from Eq.(16) we will deduce that the mixture
corresponding to the right-hand side of Efj6) has a lower
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the interacting density of states. Substituting in the
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The right-hand side of Eq19) is equal to
a(l-pj) Pe
1-p; E ,0
( pl) 1_p| 1—pi,
1-a)(1—p{ .
+( )(1=pi) £ _Pe 0
1-p; 1-pf
+piE(0,1). (20

On the other handg(p.,0) is a convex function op,, SO

the term inside the brackets in EQO) is greater than
E(pe/[1—p;i],0), which yields Eq(17). We remark that the
convexity ofE(p.,0) is obvious from the fact that the free-
electron system cannot phase separate. Formally, it can be
seen as follows: differentiating Eg&l4) and (15) with re-
spect to p. gives E’'(pe0)=wpg(p)duldp. and 1

= Thus E'(pe,0)=p and E"(pe,0)
=duldpe=1lpg(p)>0.

Our interest now is to determine the finite-temperature
phase diagram of the infinite- Falicov-Kimball model,
since we know the system always phase separates at low
temperaturgalthough we have not yet ruled out the possi-
bility of charge-density-wave phases being lower in energy
than the phase-separated ground $tafbe first step is to

energy than any other mixture between homogeneous statesvaluate the conduction-electron charge-density-wave sus-

In other words,
aE(pg,pi)+(1—a)E(pg,p{)

where O<sa<1 and p.=ap,+(1—a)ps, pi=ap{+(1
—a)p{, 0<p,<1l-p{, and 0<p.<1-—p{. To obtain Eq.
(16), we first note that(0,1)=0, and that the chemical
potential u corresponding to an electron filling qfe/(1

—pi) and an ion filling of zero i$7= ul(\J1—p;), as can be
seen from Eq(15). Therefore, Eq(14) yields

Pe
1—

(1—pi>E(—p,o +piE(0,])

4 MZ 3/2
sl

1
= E e |)<E e |)1 (18)
FE (Pespi) <E(pe,p

which proves Eq(16). The proof of Eq.(17) relies on an
application of Eq(16):

aE(pe.p{)+(1—a)E(pg,pi)

>a (1—pi')E(—1pe,,0 +p{E(0,1)
—Pi
n p,el n
+(1—a){(1—pi)E P H,O)-i-pi E(0,D)|.
~Pi

19

ceptibility. Most work on the Bethe lattice has examined
only antiferromagnetic or uniform order. Recent work has
shown the existence of a period-three phase stabilized on the
infinite-dimensional Bethe lattice at zero temperatir€his
ordering(and more complicated onesan be associated with

a one-dimensional momentum vectos=@= 7 that repre-
sents the modulation of the ordered phase along the levels of
the Bethe lattice. The momentum dependence of the dressed
susceptibility enters only through the momentum depen-
dence of the bare susceptibility, because the vertex function
is local in the infinite-dimensional limit. This allows us to
simply take theU— o of the Brandt-Mielsch resuf€ which
gives

o

G3+ xn(X)

0 (21)
=== Gpt piXn(X)

1=p

with X=cosk being the parameter that determines the modu-
lation of the charge-density wave over the Bethe lattice, and
with x°(X) the corresponding bare susceptibility. We do not
provide the general formula for all possible charge-density
waves here. Rather, we present the three simplifying cases
for the susceptibility on the Bethe lattic&) the local sus-
ceptibility, wherey(local)= — G?2; (ii) the (X=—1) “an-
tiferromagnetic” susceptibility, where

n

0, __ — .
(D= s (22
and (i) the (X=1) uniform susceptibility, where
aG G
0(1)=—"=— - : 23
e P e e G
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The local susceptibility never has a transition, because the We do not discuss any of the other periodic cases here,
numerator of Eq(21) vanishes. The condition for an “anti- because the numerics involved is cumbersome. But we ex-

ferromagnetic” charge-density wave becomes pect the Bethe lattice to have similar behavior as the hyper-
. cubic lattice, where the transition always went into the uni-
G, form charge-density wave, signifying a phase-separation
l:piZ’o i+’ (24) transition. Details of the other periodic phases will be re-
ported in a future publication.
after substituting in the infinit&} form for the self-energy, The results for the transition temperature for the uniform

and using the quadratic equati®f— (i w,+ 1) Gp+1— p; charge-density wave are presented in Fi@).1We choose
=0 that the interacting Green’s function satisfies. Now, subnine different ion concentrations ranging from 0.1 to 0.9 in

stituting the integral form foG,,, steps of 0.1. The electron density then varies from 0 to 1
— p; for each case. As can be seen in the figure, the maximal
ps(€) transition temperature is about Ot12and it occurs at half-
Gn:(l_Pi)j_mdeiwn+M_ Tope 25 filling of the lower bandp.= (1— p;)/2 with p;~0.65 (coin-

cidentally, this maximal transition temperature is nearly
into Eq. (24), and performing the sum over Matsubara fre-identical to the maximal . to charge-density-wave order at

guencies yields the final integral form fag, pe=pi=3 when evaluated as a function of the interaction
strengthU). SinceT.<1, we expand Eq.29) for small T by
1- piNl— P|f N replacing the tank by sgrx to find
1 Pi

z Bz ~

ps(—) tanh- piN1—p; \/ w
M=, 2 To~——\/1- 77— 30
17p (26) ¢ T 4(1-p;) (30

cosﬁ’-%( 1- tanh’B—Mtanh'[Z)
Since the chemical potential will scale witfiL— p; for the
(see the Appendjx But this integrand is positive for al{ S0 same relative electron filling in the lower barg/(1
the right-hand side is always less than zero, and there is ne p,)], as shown in Eq(15), this form motivates a scaling
“antiferromagnetic” T.. The staggered charge density- plot of T./(p;\1—p;) versuspe/(1—p;), which appears in
wave order has been found near half-filling= pe= 2a when  Fig. 1(b). As can be seen there, the data nearly collapse on
the lowest-order exchange for finiteis included?® but can top of each other fofl, which is usually a nonuniversal

only occur afT=0 andp;=pe=3 whenU=o. quantity. In fact, the variation irT is less than 10% for all
The uniform susceptibility case is analyzed as follows:different cases.
First the uniform susceptibility from Ed23) is substituted The susceptibility analysis shows that the system orders in

into Eq. (21), and the square root is eliminated by using thea uniform charge-density wave, which indicates that the sys-
exact form for the interacting Green’s function in B§).  tem will phase separat@r segregateinto two regions: one
Next the self-energy is replaced by its exact form from Eq.with a higher concentration of electrons and one with a lower
(8), and the quadratic equation fGy, is used to simplify the  concentratiorias we already showed #t=0). Such a phase

T. equation to separation is usually associated with a first-order phase tran-
sition, rather than a second-order transition. Hence it is im-
o 1 portant to perform a Maxwell construction of the free energy
1=p; >, bi (270  that includes mixtures of two states with different electron
P +w)Gp—2(1—py) |’ : : / "
n=-c ('“’n ®) (1=pi and ion concentrations such that=ap,+(1—-a)p, and

Now the interacting form fos,, from Eq.(10), is substituted  P1 ™ ap' +(1-a)p;’, and that the free energy of the mixture

into Eq. (27), and the results S|mpI|f|ed to yield Flpe.pi ipe.pi)=aF(pe,pi) + (1~ a)F(pe.pi) is lower
in energy than the pure-phase free eneFfy.,p;). The

second-order phase transition is the spinodal-decomposition
(lwa+u)Gr—2(1—p;) temperature, below which the free energy becomes locally
1=Pin=70c (iont m)2—4(1—p) (28 unstable in the region ofp(,p;); in most cases the global
@nTH Pi free energy is minimized by the Maxwell construction at a
The final step is to substitute in the integral form @y from  temperature above this spinodal-decomposition temperature.
Eq. (25) and perform the summation over Matsubara fre-The spinodal-decomposition temperature marks the lowest
quencies(see the Appendjx After making a trigonometric temperature that the system can be supercooled to before it

substitution, the transcendental equation Teroecomes must undergo a phase transition.
We can calculate the free energyp.,p;) for a homoge-
iV _Plf

neous phase with electron filling, and ion concentratiop;

in two equivalent ways. The first method is from Brandt and

Mielsch® and expresses the free energy in terms of a sum-
(29 mation over Matsubara frequencies as follows:

decosﬁtanhi (2y1—picosf— ).
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Similarly, we can evaluate the free energy in the same fashion as Falicov and Riditall

+T[piInpi+(1—p)IN(l—pj)]+ ppe, (32

) = - int
F(pe!pl) Tf—ocdep (6)|n|:1+e_B(E_M)

wherep'"(e) = J4(1—p;)— €?/(2) is the interacting den- value, andp/ is varied on a finer grid to determine the new
sity of states for the Bethe lattice. We find that both formsminimum. (iii) p/ is fixed at the new minimum, angd is
(31 and (32) are numerically equal to each other, but arenow varied on a fine grid to yield a new minimg . (iv) p;
unable to show this result analytically. Since the interactindandp! are varied together on the same fine grid to determine
density of states is known for the Bethe lattice, we use thghe final minimization of the Maxwell construction. We
computationally simpler form in Eq32) in our calculations.  {ound that the minimal values @f andp! rarely changed in
For the hypercubic lattice evalua’;ed in Sec. lll, we emp'°¥step(iv), confirming the convergence of this method.
Eq. (31) in the free-energy analysis. . _ We plot our results in Fig. 2. The first case considered in
_ The numencal_ mlmmlzatl_on proceeds in four phadés: Fig. 2(a) is the case of relative half-fillinge=(1— p;)/2. In
First a coarse grid is established faf and p’ and the free  thjs case the chemical potential is always at zero, and the
energy is minimized over this grithe electron fillings are  re|ative electron filling remains unchanged for ajl. The
determined by the constraints that the chemical potential igojid line is the first-order transition line, and the dotted line
the same in region 1 and region 2 and that-e@p.+(1 s the spinodal-decomposition temperature. The horizontal
—a)ps, With « already determined fromp;=ap;+(1  distance between the solid lines at a fixed temperature is a
—a)pi]. (i) The filling p{ is fixed at its coarse-grid minimal measure of the order parametef—p;. Notice how the
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FIG. 2. Transition temperature to phase separation on the Bethe l&#licEhe case of relative half-fillingg.=[1—p;]/2). The solid
line is the first-order transition temperature, and the dotted line is the spinodal decomposition temperature. Notice how these two curves meet
at the maximum where the first-order transition becomes second doidhe case near relative quarter-fillitgs described in the text
Notice how the shape of the curve differs frqa) nearp;=1. This is because the electron filling becomes exponentially small once the
chemical potential lies outside of the interacting bandwidth.
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0 T T T T T T T

(b)
-0t r (@) o3 r .‘ i FIG. 3. Comparison of the band-narrowed ap-
—02 i — exact proximation with the exact result on the hypercu-
exact oz | - approx 4 bic lattice. (a) The Green’s function at relative

—0.3 + i
~~~~~ approx

half-filling on the imaginary axis. The solid line
is the exact result and the dotted line is the ap-
. proximation. The parameters apg:é, pi=§,
andT=0.1. (b) The interacting density of states

) } (which is temperature independgffior the exact
S e T T S T, (solid line) and approximatedotted ling cases
with p.=% andp;= 2.

Interacting DOS

0.1 |

Matsubara Frequency wn/t* Frequency

first-order transition temperature is always close to thentegral for the local Green’s function is no longer elemen-
spinodal-decomposition temperature, but that the differenceary, and so one needs to solve the problem iteratively as was
becomes largest at concentrations close to zero and 1. Notlone previously for the Falicov-Kimball mode() first the
further how the two curves meet at the maximgas they self-energy is set equal to zer6ii) next the local Green’s
mus) where the first-order transition disappears and befunction is determined from Ed5); (iii ) then the self-energy
comes a second-order transition at a classical critical poinis determined from Eq(8); (iv) then stepgii) and (i) are

In Fig. 2(b) we plot the phase diagram for the case with  repeated until the equations converge. We can compare the
=0.65 andp,=(1— p;)/4. In this case the chemical potential results of the interacting Green'’s function to the form found
changes as a function of temperature, andas0 the sys- before for the Bethe lattice, by approximating the interacting
tem is phase separating into regions with ion densities closdensity of states in the same fashion as before: we narrow the
to zero and 1, we find that the chemical potential will lie Gaussian by the factoyl—p;, and have a total weight of
outside of the bandwidth of the interacting density of statesl— p, in the density of states. When we compare the Green’s
as p{ —1 because the bandwidth (4—p;) becomes nar- function along the imaginary axis at half-filling in Fig(e,
rowed to zero. In that case, the electron density approachesge find that that approximation works well at high energies,
zero exponentially fast, which is why the spinodal- but begins to fail near zero frequentye chosep.=z, p;
decomposition temperature approaches zero so rapidly ir2, andT=0.1). The solid line is the exact result, and the
that regime. For this reason, we find that the relative electronlotted line is the approximatéband-narrowedresult. The
filling is not a constant in this phase diagram, as it ap-infinite-U Green’s function on the hypercubic lattice is more
proaches zero exponentially fast nggle=1 and it is some- complicated than on the Bethe lattice, and the simple form
what larger than quarter filled neaf =0. The two phase that describes it for the Bethe lattice no longer holds. This is
diagrams in Figs. @ and 2b) look similar in the low- the main reason why the hypercubic lattice is more compli-
density regime, however. This may imply that there is ancated to deal with than the Bethe lattice. To see this more
analogous scaling regime for the first-order, but it does fully, we examine the interacting density of states in Fig.
not look like there would be a universal curve for the region3(b). The interacting density of states is determined by solv-
close top!=1. The numerical effort required to perform the ing the same equations for the Green’s function, but this time
free-energy analysis is significant, so a thorough analysis ¢ the real axis, rather than the imaginary axis. Notice how
any possible scaling forms fdf, was not performed. the band-narrowed form1— p;exp(~€/[1—p;))/\/m (dotted

line) is a reasonable approximation to the interacting density
of states(solid line) but that it is too narrow, and it overes-
timates the peak height.

The formalism for the hypercubic lattice is essentially un-  Since we do not know an analytic form for the interacting
changed from the Bethe lattice. The main differences are thatensity of states, we cannot perform the same kind of analy-
the integrals can no longer be performed analytically, whictsis that we did before at zero temperature to see if the system
requires that results be worked out numerically, and requiress phase separated. But we can examine the finite-
more computational effort. The basic framework in E@$~  temperature phase diagrams in the same manner. The suscep-
(8) is identical as above, except now the noninteracting dentibility diverges whenever Eq21) is satisfied. The bare sus-
sity of states is a Gaussian for the hypercubic lattice. Theeptibility now takes the form

Ill. RESULTS FOR THE HYPERCUBIC LATTICE

1 o 1
o, Fu—2,—-Y) -« P )iwn+M—2n—yX—z\/1—X2
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K00==o=| " oty
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0.08

the temperature at which the uniform susceptibility diverges
as a function op, andp; . These temperatures are plotted in
Fig. 5@). This plot looks similar to what we found above for

0.06 the Bethe lattice, so we try the same scaling form in Fig.
* 5(b), plotting T./(piv1—p;) versuspe/(1—p;). Once again
I 0.04 we see a data collapse, but the spread inTifie is some-
330 ' what larger than that seen in the Bethe lattice.
|_

Finally, we calculate the full phase diagram for the case
of relative half-filling pe=(1—p;)/2, wherex=0 in Fig. 6.
The form of this result is similar to what was seen in the
Bethe lattice. The first-order transition temperature and the
spinodal-decomposition temperature meet at the peak of the
curve where the first-order transition becomes second order.
X We did not perform a free-energy calculation at other rela-
tive fillings here, because the numerical solution was signifi-
%antly more difficult due to the fact that we needed to use Eq.
(31) rather than the computationally simpler £g§2).

0.02

FIG. 4. Plot of the transition temperature versus the orderin
wave vectorX (k) for the casep; :§ and values op, ranging from
relative half-filling (p.= %) (top curve, to the low-density regime

(pe=1/784) (bottom curveg, with the density reduced by a factor of
5 for each case. IV. CONCLUSIONS AND DISCUSSION

. q . We have provided an exact solution to the spinless
where X=limq_,..%j_,c0sk;) for the ordering wave vector pajicoy-Kimball model in the strongly correlated limit &f

k. The bare susceptibility continues to assume a simple form- . \ve only considered the less than unit density cases 0
for the same three case8) X=0, the local susceptibility <, <1/, ~because they all satisfy a similar functional
where xp(0)=—G7; (i) X=—1, the “antiferromagnetic’  form. On the Bethe lattice we found that the system always
susceptibility, wherex(—1)=—G,/(iw,+r—3,); and  phase separated =0 to states where the electrons all

(iii) X=1, the uniform susceptibility, where moved to one part of the lattice, and the ions moved to the
G other part. The spinodal-decomposition temperature for seg-

01y 22N _ora _ regation solved a simple transcendental equation, which we

Xn(1) i 21~ (font p=20)Gyl. (34) showed collapsed onto a scaling curve. In addition, we

solved for the first-order transition temperature for a select

If we try to approximate the transition temperature bynumber of cases, and discovered that the first-order transition
substituting in the approximate form we derived f8f by  usually occurred quite close to the spinodal-decomposition
assuming the interacting density of states has the samemperature. On the hypercubic lattice, we found similar re-
shape, but is band narrowed, we find that This generated sults, but had to carry the analysis out numerically for all
are not accurate at all. Hence the simple band-narrowingases considered. We were able to show explicitly that phase
approximation works reasonably well for the Green’s func-separation precluded incommensurdta commensuraje
tion, but is poor for the susceptibility. charge-density-wave order for the hypercubic lattice.

Instead, we simply solve for the transition temperatures These results show that when the screened Coulomb in-
numerically. We find in every case that we examined that theeraction is large, or in the alloy picture, when théons are
transition temperature is always highest +1, and van- extremely different from theB ions, then the system will
ishes for allX<0. This is shown in Fig. 4 for the cases of segregate at low temperatures. This proves the segregation
Pe=1%, 5, 3, 35, 35, 153, 383, and g5, andp;=3, which  principle for the infinite-dimensional limit, and leads us to
ranges from relative half-filling to the low-density regime. believe that it holds for all dimensiorisince it has also been
We plot T¢(X), and see that the system always favors thedemonstrated in one dimensjoriFruture problems to be in-
uniform charge-density wave, signifying that the systemvestigated include a study of the casetp;=1, as well as
wants to phase separate. We calculate the spinodafinite Coulomb interactiorJ. In the unit-density case, we
decomposition temperature for phase separation by findingxpect charge-density-wave order to be more prevalent, per-

0.08 . . . T
(0) 02
0.06 : §
g 015 FIG. 5. Second-order transition temperature
*< 0.04 i i on the hypercubic latticécorresponding to spin-
—° RS odal decomposition (a) Transition temperature
g plotted as a function of electron fillingb) Tran-
0.02 1 ° 0.05 sition temperature plotted on a scaling curve as a
function of relative electron filling.
O Il Il Il Il
0 02 04 06 08 1 0 02 04 06 08 1

Electron Concentration p, 0./ {1-p;)
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haps precluding the segregated phase forUalWhen the 0.08
strength of the Coulomb interaction is reduced, we expect

the segregated phase to disappear gradually, and be taken

over by other phase-separated or charge-density-wave or- 0.06
dered phases.

It is possible that the phenomena described here incorpo- *
rate the precursor physics to the charge-stripe phases in the
cuprate materials: that the stripes occurred because of the
strong propensity toward phase separation in the strongly
correlated limit. The analogy would stem from considering
the down-spin electrons of the Hubbard model to be frozen
in a particular configuration, and then examine how the mo- i . . | .
bile up-spin electrons react to the down-spins. The quantum 0 0 02 04 06 08 1
fluctuations of the Hubbard model are replaced by the ther- .
mal fluctuations of the Falicov-Kimball model, and it can be lon Concentration p,
viewed as a simplifying approximation to the charge dynam- " ,
ics of the strongly correlated Hubbard model, but not incor- F'G- 6. Transition temperature to phase separation on the hyper-
porating the spin dynamics. In this case, as postulated b%’]b'c ""?“'C.e f(.)r the case of relat'vg.half'f'”'ng"éz[l_pi]/z)'
Emery and Kivelsor® the stripes would form from a bal- de l.so"d. “nﬁ 'S th.e f'(;Stl'?jrder transition temperature, and .the :m'
ance between the desire for the system to phase separate, %ﬁ] Ine Is the spinodal decomposition temperature. Notice how

- . . se two curves meet at the maximum where the first-order transi-
the long-range Coulomb interaction, which would prevent; . pecomes second order.
the electrons from completely separating from the ions. We
want to emphasize that we do not see striped phases in t
solutions presented here, but rather we see phase separati
in the sense of the segregation principle, for the “simpli-
fied” t-J model atJ=0. This phase separation is ubiquitous
in many strongly correlated models, and we believe that it i
the driving principle behind the stripe formation. There is
evidence for alternative points of view, however. White and
Scalapind® showed that the Hubbard model on a ladder dis-
plays charge-stripe order even without long-range Coulomi\ppENDIX A: DERIVATION OF THE TRANSCENDENTAL
interaction. This order arises from the correlation of the spins EQUATIONS FOR T, ON THE BETHE LATTICE
and holes, and a desire to reduce the frustration induced by o _ )
the hole motion. In their picture, the stripe ordering arises The derivation of Eqs(26) and(29) involve summations
completely from a model that includes no long-range forcesOver Matsubara frequencies, which are performed with the
Nevertheless, it is our belief that the phase separation exhitiielp of the identity
ited here will be an important element of a complete descrip-
tion of the charge-stripe order in the cuprates and nickelates, Bx 2 & 1

itm r mes lar nough. tanh=—= — - ,
because it must occur I becomes large enoug 7 B Twntx

0.02 F 2
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G, (>~ de € 1 1
iog+u 1_PiJw?PB(‘/1_pi) iwn-i-,u,—e_iwn—i-,u ' (A2)
Employing Eq.(Al) then shows that
o Gn _2V1-p (= de € Blu—e) Bu}
- = — tanh —tanh—|. A3
n;oo Ia)n+,LL B —x € P \ 1—p| 2 2 ( )
Equation(26) then follows from the trigonometric identity
tanh'B—M
Bu—€) B 2
tanhT —tanhT = (A4)

cosﬁ-%( 1- tanh'Bz—Mtanh[E)
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The derivation of Eq(29) is more involved, but proceeds along the same lines. Using the integral representatio(2b) Eq.
for G,, performing a decomposition into simple fractions, and then using the identity i6ARg.produces both

. (iontu)Gy B a— Blu—2 Jl p')f N ﬁ(u+2\/1 p')f pB(e>
v ot p?—a1-p) 4 g\
€ € —€e\1—p;
N J_j ps( ) _ pele) tanHB(M V1-pi) (A5)
2—€ 2
and
. 2(1-p;) B B(u—21-p;) B(u+2y1-p;)
- 5 =—{J1-p|tanhk————— —tanh——|. (AB6)
n==e (logtp)?—4(1-p) 4 2 2
Now we use the fact that the integrals for the noninteracting Green’s function are trivial,
= pgle) f pa(e)
j—ocde 2—€ de 2+€ =L (A7)
and subtract Eq(A5) from Eq. (A6) to obtain
(ot u)Gy—2(1—-p)) B 2 € BleN1—pi—p)
- =—\J1l—p;| de tanh . (A8)
5w (lwgtp)?—4(1-p) 4 2 ma-é 2
Equation(29) then follows from the change of variables-2 cosé.
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