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Experimental realizations of “atomtronic” Josephson junctions have recently been created in annular traps in
relative rotation with respect to potential barriers that generate the weak links. If these devices are additionally
subjected to an optical lattice potential, then they can incorporate strong-coupling Mott physics within the design,
which can modify the behavior and can allow for interesting new configurations of barriers and of superfluid flow
patterns. We examine theoretically the behavior of a Bose superfluid in an optical lattice in the presence of an
annular trap and a barrier across the annular region which acts as a Josephson junction. As the superfluid is
rotated, circulating supercurrents appear. Beyond a threshold superfluid velocity, phase slips develop, which
generate vortices. We use a finite-temperature strong-coupling expansion about the mean-field solution of the
Bose-Hubbard model to calculate various properties of such devices. In addition, we discuss some of the rich
behavior that can result when there are Mott regions within the system.
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I. INTRODUCTION

“Atomtronics” is a development in the field of ultracold
atoms, where atomic analogs of various electronic circuits are
constructed using trapped atoms [1,2] in the place of electrons.
There have been theoretical proposals for various structural
units such as diodes and transistors [3] using trapped Bose-
Einstein condensates (BECs). There are also experimental
advancements demonstrating resistive flow [4], hysteresis [5],
and atomtronic qubits [6] in such atomtronic circuits.

Especially interesting are possibilities for atomtronic de-
vices connected with persistent current states, such as
Josephson junctions. Persistent currents in superfluids and
superconductors, including phenomena such as the onset of
dissipation in persistent current states due to phase slips and
vortices, have been topics of interest for decades. There have
been recent developments in cold atomic gas experiments
[7-13] which provide new avenues for the study of persistent
current states. In these experiments bosonic atoms are cooled
into a superfluid BEC state inside a two-dimensional (2D)
annular trap with a radially directed repulsive barrier across
the annulus which acts as a superfluid constriction. Using
different trapping techniques either the repulsive barrier [7]
or the annular trap [8,9] can be rotated. In either of the cases,
the experiment simulates superfluid flow through a weak link.
The weak link constitutes a Josephson junction and depending
on the barrier parameters gives rise to phase slips beyond
a threshold angular momentum of the rotating superfluid, or
equivalently, a threshold superfluid velocity. This can be use-
ful for studies in cold atom based superconducting quantum
interference devices (SQUIDs) and in furthering the develop-
ment of atomtronics. Recently the current-phase relationship
in such superfluid weak links has also been measured through
interferometry [14].
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Inspired by these experiments, there have been a number
of theoretical studies exploring the dynamics of ultracold
atomic superfluid flow in annular traps with such weak
links, and the current-phase relations at the weak links in
different regimes. These studies are mainly based on the
Gross-Pitaevskii equation (GPE), either the time-independent
[15] or the time-dependent [11,16-28] versions depending
on the questions being addressed, and mostly at zero tem-
perature. Most of this work has been done in the context
of one-dimensional (1D) or quasi-one-dimensional systems
[21]. Persistent currents in multicomponent Bose gases have
also been studied using the GPE [29]. Other recent research
includes the study of a rotating periodic lattice [30], as well
as a study at finite temperatures using the truncated Wigner
approximation [31], which takes into account thermal and
quantum fluctuations beyond the GPE. These studies, how-
ever, are mainly focused on the weak-coupling limit, which is
reasonable for the experiments that they are focusing on.

Given the enormous progress that has been made building
quantum emulators of strongly correlated lattice models such
as the Bose-Hubbard model (BHM) [32-35] by trapping ul-
tracold bosonic atoms in optical lattices, it would clearly be
interesting to explore persistent currents and superflow past
weak links in such systems. Introduction of an optical lat-
tice also provides an opportunity for the exploration of more
complex circuits with Mott phases in between the superfluid
phases [35]. To our knowledge, there has been rather limited
theoretical or experimental work in this direction. Among
the ones we are aware of are a couple of studies exploring
different interaction regimes of a superfluid ring with a con-
striction using 1D lattice based models [36—39]. In particular,
in Ref. [37] the phase diagram of the BHM in a 1D ring
with tunable local hopping has been studied using quantum
Monte Carlo simulations. Other studies of the BHM in ring
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geometries include the mean-field studies in Ref. [40] as well
as the studies in Ref. [41] using tensor network techniques.
There have also been studies of two-component [18] as well
as dipolar bosons [42] without the introduction of a lattice.
Interesting related work includes a study of persistent currents
in the Fermi-Hubbard model in a ring shaped geometry at
finite temperatures using Bethe ansatz techniques [43], and
in multiorbital and SU(3) Hubbard models on a ring of three
sites using exact diagonalization [44].

This is the main motivation for the theoretical study un-
dertaken in this paper, where we consider ultracold bosons
in an optical lattice with an overall annular trap, modeled by
an appropriately modified Bose-Hubbard Hamiltonian, under
conditions of superflow, and in the presence of weak links.
We create a weak link using a repulsive barrier potential
across the annulus. We focus on the large U limit, where Mott
physics can occur, and where the strong-coupling expansion is
accurate. If we consider the regime where the average density
of atoms is low, the physics of the lattice model is essentially
the same as in the continuum model appropriate to the ex-
periments mentioned earlier. The strong-coupling expansion
about a mean-field treatment of the Bose-Hubbard model at
finite temperatures [35] proves to be a good technique for
both the low-density and the high-density regimes, including
Mott phenomena, as we describe here. Although the strong-
coupling techniques we use are powerful enough to address
dynamics, we confine ourselves to exploring steady-state or
“equilibrium” superflows.

Specifically, we show in this paper that phase slip phe-
nomena can be simulated in optical lattice systems with an
overall annular trap potential, both with and without a weak
link created by a repulsive “barrier” potential, in the strong-
coupling regime. For the system with a barrier, we produce a
“phase diagram” for the “critical current” for generating phase
slips as a function of the barrier potential and the temperature.
We show that phase slips can be seen even in a rotationally
symmetric (i.e., no barriers) case but only close to the critical
temperature for the superfluid-to-normal transition, occasion-
ally accompanied by vortices. We also demonstrate that in the
presence of high-density configurations with Mott phases in
between superfluid phases, a variety of superfluid circuits can
be generated by the addition of appropriate repulsive (barrier)
and attractive (well) potentials, which could be useful in the
further development of atomtronics.

The rest of this paper is organized as follows. In the
next section we present the BHM with an annular trap po-
tential and a barrier potential on a two-dimensional lattice
that we use for exploring phase slips and superflow. In
Sec. IIT A, we discuss the extension of the techniques for
strong-coupling perturbation calculations about the mean-
field solutions at finite temperatures required to include the
presence of persistent currents. In Sec. III B, we present and
discuss the results of our calculations for phase slips, criti-
cal currents, and vortices. Section III C contains a discussion
of the behavior of the critical current for temperatures near
the superfluid-normal transition temperature. In Sec. IV, we
discuss some of the possibilities for superfluid flow configura-
tions in circumstances when there are Mott phases in between
superfluid phases. Section V contains some concluding
comments.

II. BOSE-HUBBARD MODEL IN AN ANNULAR TRAP
WITH A BARRIER

We use a theoretical model with a lattice based structure
to explore persistent currents and phase slips in the presence
of an optical lattice as well as an annular trap and a weak
link. The bosons trapped in the different optical lattice wells
are modeled in terms of a BHM on a 2D square lattice, with
an additionally imposed overall annular trap potential V4(r;),
as well as a repulsive barrier potential Vp(r;) across the an-
nulus which acts as a weak link, with r; being the spatial
coordinate of the jth lattice site. Thus bosonic atoms hop
between nearest-neighbor sites with amplitude ¢, interact with
an on-site repulsion U, and are subjected to a local potential
Va(r;) + Vp(r;) as well a global chemical potential u. The full
Hamiltonian of our model is therefore

H = —Zl‘jj/b;bj/ +%an(nj -1 _'U'an
I j g

+ D IVar)) + Va(rln. @)

J

Here b; (bj) is the creation (annihilation) operator for the

boson at site j, and n; = bj.bj is the appropriate number
operator. Note that we have written the first term above al-
lowing for a more general hopping amplitude ¢;; between
sites j and j', as the formalism we develop is not restricted
to nearest-neighbor hopping, and is applicable to the general
case. For the calculations we report, we restrict ourselves to
nearest-neighbor hopping, as is usually the case for cold atoms
trapped in optical lattices.
The annular trap potential V4 is modeled by

N 2 i\ 2
Va(r;) = —Va<|r—’|> ) 2)

ro

The parameters V, and ry are varied to achieve different sizes
of the annular ring. The repulsive barrier potential Vy across
the annular region, which acts as a weak link, is taken to be
a Gaussian function only of 6;, the angle between r; and the
positive x axis:

6

VB(QJ‘) = Vbef("%) . (3)

We will henceforth refer to this potential as the angular-
Gaussian barrier. Within a local-density approximation, the
potentials V4(r;) and V(6;) can be thought of as an effective
local chemical potential given by p; = u — V4(r;) + Va(6;).

In the experiments, the barrier is usually created by a laser
dot scanned rapidly across the annulus [7,8]. Our angular-
Gaussian barrier potential in Eq. (3) is a reasonably good
choice for modeling the experimental potential provided
the width 6y of the Gaussian is small compared to 27, whence
the spatial width of the barrier potential across the radius
of the annulus will be small compared to the average circum-
ference of the annulus. For our low-density calculations (i.e.,
the ones without Mott regions inside the trap; see below), we
have taken 6y /7 = 0.1.
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FIG. 1. False color plot of the number density (n;) and the su-
perfluid order parameter (b;) for the “nonrotating” case (I = 0, see
text). The left panel shows (n;) and the right panel shows (b;) for an
angular-Gaussian barrier with V, = 2.3t and 6y /7 = 0.1. (For values
of the other parameters see the text.)

III. PERSISTENT CURRENTS AND PHASE SLIPS
VIA STRONG-COUPLING EXPANSION

Our goal is to theoretically explore persistent current and
phase slip phenomena in the two-dimensional system of
bosonic atoms in the presence of an optical lattice, an an-
nular trap, and a weak link, modeled by the Hamiltonian
in Eq. (1). We do this by extending, as discussed below,
the finite-temperature strong-coupling ( < U) expansion of
the inhomogeneous BHM in the presence of superfluidity
discussed in detail in Ref. [35]. Specifically, we present calcu-
lations for the expectation values of the inhomogeneous, site
specific, density (n;), the superfluid order parameter (b;), as
well as the local current operators, in states with superflow, up
to second order in the perturbation series in ¢ /U.

A simple repetition of the calculations of Ref. [35] for the
Hamiltonian in Eq. (1) recovers just the equilibrium state of
the Bose superfluid in the annular trap with a barrier, without
superflow. Figure 1 shows a false color plot of the resulting
distribution of the number density (n;) and the superfluid
order parameter (b;) over a 201 x 201 sized 2D square lattice
with spacing a in the presence of the annular as well as
the angular-Gaussian barrier potentials. The parameters are
chosen such that the maximum value of the density is < 0.5
and there is no Mott region. The parameters used are U = 20¢,
V. = 20¢, ro/a = 50, the temperature T = ¢, V, = 2.3¢, and
6o/ = 0.1. (We note that here and in the rest of this paper, we
quote temperature in energy units, and all energy parameters
in units of the hopping, ¢.) The chemical potential is taken
to be u = —8.2¢ and kept fixed. The annular trap, and the
suppression of the density and the order parameter at the
barrier, are evident in the figure.

A. The strong-coupling perturbation technique
in the presence of persistent currents

In a superfluid (or a superconductor), the persistent current
state is a long-lived, metastable, nondissipative, current car-
rying state of the system which has a circulation that is an
integral multiple of k/m, where m is the mass of the boson
and h is Planck’s constant. Persistent current states are stable
only in multiply connected regions such as an annular ring or
a torus. The bosons in the 2D annular trap described by the
Hamiltonian in Eq. (1) move inside such a multiply connected
region. The superfluid order parameter can in general be

complex in such circumstances, and the gradient of the phase
of the order parameter determines the superfluid flow.

Thus, we can treat persistent current states with superfluid
flow within the framework of our calculations in Ref. [35]
simply by allowing for a complex order parameter (b;) =
1(b;) |eié<b/> with a nonuniform phase 65 ,. Given that the order
parameter has to be single valued, the total change in 6y,
around a (lattice) path that winds around the annulus has to
be an integral multiple of 27, and the integer is called the
winding number, which we will denote by /. In a continuum
approximation, we can write ¢, %9@,/.) -dl = 21, where dI
is an infinitesimal line element along a contour R around the
annulus at a radial distance R from the central lattice site.

Hence we proceed, as in Ref. [35], by rewriting the Hamil-
tonian in Eq. (1) as

[%+Zﬁ”,}+%, )
Ho= [En,(nj — 1) — unj — ;b — ¢*fb}
- 2 J el
J

Ez%ﬁ 5)

%=—me s by = (), ]
= _thj’gj'l;j’s (6)
iy
where ¢; =3, 1;;(b )#1,; is determined self-consistently

from Ho;. All the expectation values above are thermal ex-
pectation values with respect to Hy;, given by
w0 = O Pugs I byl ),y = e,
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Here &;,; and |7i; j) are respectively the eigenvalues and eigen-
vectors of 7:[()], ie., 7:[0j|ﬁ;j) = &,j|7; j), with 7i being an
integer indexing the eigenvectors. Z; is the partition function
of Ho; ;- The self-consistency calculations are typically done it-
eratively, starting from an initial choice (b;), ..., determining
¢; and numerically diagonalizing Ho; ; at every one of the sites
within a chosen truncated Boson number basis, recalculating
(b f>3flo,-’ and repeating the process until convergence. For de-
tails see Ref. [35]. We will henceforth denote the converged
(b)) 5, BY (b))

The key change we make here compared to the calculations
in Ref. [35] is that we bias the self-consistent solution in
favor of persistent current states by choosing the phase of
(b) i (denoted by 952;‘;“1) to have a nonzero initial winding
number /1. Typically, we choose O(i,jigial = linitiat0;, Where 6;
is the polar angle at site j. From the self-consistent ¢;, we
calculate the zeroth order (b;),. Treating #; given in Eq. (6)
as the perturbation, we calculate (b;) up to second order in
#; [35]. The winding number corresponding to the phase of
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the final (b;) (obtained from the mean-field approximation
plus the second-order corrections), denoted by [/, is the final,
“equilibrium” winding number. We generally find that when
Linitial 1S nonzero, so is /.

To calculate the superfluid current, we calculate the ther-
mal expectation value of the operator representing the particle
current between two lattice sites j and j’, which is given by
iy = =iltypblby —tyblb)e;; = J;;éj;. ®)
Here 7j;; =1}, is the corresponding hopping matrix element.
For our calculations, we have used a model with only nearest-
neighbor hopping given by ¢; €;; is a unit vector along the
direction from site j to site j’. Within the mean-field calcula-
tions, the expectation value of the current from site j to j' in
the mean-field superfluid state is given by (J;;)¢;; where

(i) = =2t1(b;)ol1 by )| sin (B, — Ov,)s (9

showing the well-known sinusoidal dependence of the super-
current on the variation with position of the phase of the order
parameter. For the cases where 6, varies slowly spatially,
the supercurrent can be approximated as being proportional
to the gradient of the 6y, field, leading to the standard result
that the supercurrent is proportional to the superfluid velocity
(175 X V@(b)).

One can go beyond the mean-field approximation by sub-
stituting b; = (b;), + b; in the expression for the current
operator, expand the latter out, and evaluate the thermal
expectation values of all the resulting terms (including the
additional terms involving b ; and b") in the thermal ensemble
corresponding to the full Hamiltonian H [see Eq. (4)] as a
perturbative expansion in powers of H; [see Eq. (6)], ideally
ensuring that the prescription does not break gauge-invariance
and current conservation. The zeroth-order term in this expan-
sion is exactly the mean-field current density in Eq. (9), and
we show explicitly in the Appendix that this by itself obeys
both gauge invariance and current conservation. In this paper,
we restrict ourselves to presenting results only for this mean-
field current density, as we find that the next-order (first-order)
contribution to the current density, while computationally
more demanding as regards its calculation, is numerically
small (<0.05% of the zeroth-order contributions), and makes
little qualitative difference to the results in all the contexts we
discuss in this paper.

In order to make our calculations able to describe the
continuum limit appropriate to the experiments discussed in
the Introduction, we have chosen parameters so that the av-
erage density (n) is low, and the maximum among the site
specific densities, {(n;)}, is never more than 0.5, and generally
significantly smaller. The number of lattice sites present inside
the annular region is made sufficiently large (typically 16 000)
to avoid finite-size effects. As we change the rotation or the
winding number and the height of the barrier potential V;, in
our calculations, the total number of particles roughly varies
from 4000 to 6000 and the entropy per particle is typically
OSkB to 07](3

B. Critical currents, phase slips, and vortices

It is well known [45] that current carrying states of super-
fluids are (metastable) states of higher free energy than the
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FIG. 2. Plots of 6, the argument of (b;), as functions of
the azimuthal angle of the sites around the annulus at a radial
distance r/a = 50. The upper panel shows 6, before (a) and after
(b) phase slip (Imax = 3) for V, = 2.3t and the lower panel shows 6,
before (c) and after (d) phase slip (lmax = 2) for V, = 2.5¢. 6, has
been constrained to be in the range from —m to 7.

equilibrium state, and when the superfluid current (or veloc-
ity) exceeds a critical value the system goes normal (even in
a homogeneous system; see Sec. IIIC). In the present case
of steady-state currents in an annular system with a barrier,
clearly the supercurrent is proportional to the self-consistent
phase winding around the annulus, i.e., to /. Typically, if lijsal
is small enough, we find that = li,iia, and hence it can be
increased by increasing liyiia. This procedure is the theoretical
analog of increasing the relative angular velocity between the
annulus and the repulsive barrier in the experimental setup. In
the system with a barrier the value of the critical current is
known to decrease with increasing barrier height. Generally,
when the initial phase winding is such that the corresponding
supercurrent is lower than the critical current, the final or
the self-consistent phase winding is the same as the initial
winding. If the initial phase winding gives rise to a superfluid
velocity which is greater than the critical velocity near the
barrier region, the self-consistent phase winding drops by
integral multiples of 27, leading to the phenomenon of phase
slip. Thus, as liya1 1S increased beyond a threshold /;,,,x which
depends on the system parameters, ! drops below i, and
sticks at [i.x, due to phase slips.

Figure 2 shows examples of this phase slip phenomenon
for two different barrier heights V,, = 2.3t (shown in the upper
panel) and V, = 2.5¢ (shown in the lower panel). We find
that for V, = 2.3¢ and 2.5¢ the maximum superflow possible,
i.e., the critical current, is reached for the winding numbers
Imax = 3 and 2 respectively. If the initial winding number /;pja
is greater than these values of /;,,x, then phase slips set in. Note
that even before the occurrence of a phase slip, the phase of the
order parameter changes more rapidly in the barrier region.
This is necessary because in the steady persistent current state
the current across any section of the annulus has to be the
same, and the increased phase gradient (or velocity) in the bar-
rier region compensates for the suppression of the superfluid
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FIG. 3. The number density (n;), the magnitude of the superfluid
order parameter |(b;)|, and the the superfluid fraction p;; plotted
along the x axis of the annulus for V;, = 2.5¢ and for different values
of the winding number I. (a) [{(b);| for [ =0, 1, 2. (b) Closeup of
[{b;)| near the central region of the barrier. (c) (n;) along the x axis
forl =0, 1,2. (e) py; for the different /. (d, f) Closeup versions of
(n;) and py; respectively along the x axis for/ =0, 1, 2.

order parameter there to ensure current conservation. Note
also that for the same reason the bulk of the phase slip occurs
near the barrier region (where ¢; ~ 0). The calculations for
the data in Fig. 2 have been done at a fixed temperature
T = 1z, with the chemical potential x in Eq. (1), kept fixed
at —8.2¢. The total number of particles then varies from 4000
to 6000.

Figure 3 shows the variation of the absolute value of the
superfluid order parameter |(b;)|, the density profile (n;), and
the (mean-field) superfluid fraction p; = [(b j)l2 /(n;) along
the x axis of the annulus (the barrier is situated in the positive
half of the x axis) with changing winding number /. We note
that as [ increases, the value of |(b)| in the barrier region
decreases. This adjustment in the order parameter and the
change in the phase gradient are constrained by the conser-
vation of the supercurrent as mentioned earlier. The density
profile (n) and the superfluid fraction also exhibit some de-
pendence on the winding number. For the calculations shown
in Fig. 3, the barrier height V), = 2.5¢, and the total number of
particles is kept fixed at N = 5700. For these parameter val-
ues, the threshold winding number /,,x is 2, and for winding
numbers larger than /., the profiles for both |(b)| and (n)
pretty much coincide with their [ = I, profiles.

The critical current, as well as the threshold winding num-
ber, lnax, for the onset of phase slip depend on the barrier
height V), as well as on the temperature (7') of the system. This
dependence is exhibited in Fig. 4. Figure 4(a) shows the crit-
ical value of the total current circulating around the annulus
(obtained by adding up the expectation values of the current
across all the bonds cut by a radial line from the center of the

SL'.l""*."A.I T | T —
i : . m T=1t |
ni e mmas A T
Et L -
3 - AEEmA A
- (b o
2 | meemas

1.5 1.75 2 2.25 2.5

vV, ft

FIG. 4. (a) Critical values of the total current across the width of
the annulus (I, in units of ¢) plotted against Vj, (in units of ¢) for
two different temperatures, 7 = 1¢ and 0.1¢. (b) Maximum possible
winding number (/;,,,x) beyond which phase slip occurs as a function
of V,, for the same two temperatures.

annulus), I¢;, as a function of the barrier height V), for two
different temperatures 7 = 1t and 0.1¢. In Fig. 4(b), we plot
Imax versus the barrier height V,, for the same two temperatures
T =1t and 0.1¢. As is clear from these figures, both [, and
Imax generally decrease with increasing temperature at a fixed
barrier height, or with increasing barrier height for a fixed
temperature, although, in case of the latter, because it takes
only integer values, the change shows up as overlapping steps.

Studies of the dynamics of phase slips in a weak-coupling
BEC system using the time -dependent GPE mentioned in
the Introduction [16,17], have shown that the generation and
motion of vortices and antivortices are crucially responsible
for phase slips. Typically, for specific combinations of the
barrier height, temperature, and superflow, i.e., when the con-
ditions are ripe for a phase slip to occur, a vortex forms at
the inner edge of the annulus accompanied by an antivortex at
the outer edge of the annulus. The crossing of one vortex or
antivortex across the annulus gives rise to the observed phase
slip. Although the strong-coupling expansion can be and has
been extended to include time-dependent and nonequilibrium
processes, the calculations presented here are essentially in
“equilibrium,” and do not include the time-dependent mech-
anisms of dissipation leading to the generation of vortices at
the onset of a phase slip. An interesting question nevertheless
is whether vortexlike structures ever arise in our calculations.
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FIG. 5. The absolute value of the order parameter, |(b;)|, shown in (a), shows a dip near the inner edge of the annulus at the barrier region
near x/a = 35, y/a = 0. The profile of this dip (in [{b;)]) is more clearly shown in a 3D plot in (b). The lower panel shows the superfluid
current flow field at a coarse-grained level (c) and without coarse graining (d), the latter clearly showing the vortex in the current pattern
centered around x/a = 35, y/a = 0. The arrows show the direction of the current vectors at the appropriate level of coarse graining, and their
lengths are representative of the relative magnitudes of the current vectors. The false colors in the lower panel represent the absolute value for
the net current flow without coarse graining, i.e., for a square region containing a single lattice site.

In order to explore this possibility, we visualize the current
configurations and flow patterns arising in our calculations
by constructing coarse-grained versions of these microscopic
currents at various length scales as follows. We divide our 2D
square lattice into square blocks with an odd number of sites
at each side. The boundary of each block cuts through the
bonds. We calculate the net (incoming or outgoing) current
flow through the block and assign that vector to the central
site of the block. We then pictorially represent the result-
ing vector field, scaling the lengths of the vectors shown in
the figure to be proportional to their magnitudes, i.e., of the
(coarse-grained) currents. The minimum block size consists
of one lattice site which corresponds to no coarse graining.

Using such visualization, we have found self-consistent
solutions with vortexlike metastable structures in some of our
calculations when the currents are close to the critical current,
and in regions where the value of |(b)| is sufficiently low.
Specifically, in our calculations, we have seen these structures
only at the inner edge of the annulus in the barrier region,
and have not found an instance where it is accompanied by
an antivortex at the outer edge of the annulus as found in
the time-dependent GPE studies mentioned above. Figure 5
shows the various features of one such solution with a vor-
texlike structure, at the inner edge of the barrier region, for
V, = 1.75t and 6y/r = 0.1. The upper panel shows the dip in
the order parameter at the x axis near x/a = 35. The lower
panel shows the current patterns. The coarse-grained currents
in Fig. 5(c) depict the circulating supercurrents, but one needs
the non-coarse-grained, microscopic current pattern, shown in
Fig. 5(d), to be able to clearly make out the vortex.

C. Behavior near the critical temperature
and critical supercurrent

As is clear from Fig. 3, the superfluid density decreases as
the velocity of the superflow increases, but primarily only in
the barrier region. Outside the barrier region (V3), the reduc-
tion in the superfluid density with the increase in the phase
winding [ is negligible. This is closely connected with the fact
that it is difficult to generate a phase slip for the rotationally
symmetric case (i.e., without the barrier) unless the calcula-
tions are done close to the critical temperature; otherwise, the
corresponding critical phase winding number /), is much too
large, comparable to or greater than the number of lattice sites
around the annulus at a certain radius for all of the annular
region.

It is interesting to explore (using strong-coupling mean-
field theory) the behavior of the density profile and the order
parameter near the critical temperature as the winding num-
ber is increased in an annular trap in the absence of the
barrier. Figure 6 shows some of our results, obtained for
B = 0.435/¢t, which corresponds to a temperature close to but
lower than the critical temperature for the chemical potential
= —8.2¢t. The critical superflow for 8 = 0.435/t for the
same trap parameters as used earlier occurs at /.x = 4. When
we increase the initial phase winding number beyond /.« the
self-consistent phase winding slips by integral multiples of
2 and the final winding number becomes less than [y, as
depicted in Figs. 6(a) and 6(b), with no vortices showing up in
the final “equilibrium” configuration. In Figs. 6(a) and 6(b),
the initial (/i) and the self-consistent (/) winding numbers,
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FIG. 6. Results for the annular trap in the absence of the barrier
for B = 0.435/¢, corresponding to a temperature close to but below
the critical temperature. (a), (b) Initial and self-consistent phase
winding around the annulus for two different values of /. greater
than [ (), (d) A false color plot of the initial and self-consistent
phases on the lattice for [ = /,,,x = 4. (e) Superfluid order parameter
(I{b)|;) along the x axis for different winding numbers. (f) Order
parameter profile for initial winding numbers (/iniia1) greater than the
critical winding number /i,y = 4.

written in the form (linigial, /), are (5, 1) and (6, 2) respectively.
For the rotationally symmetric case (i.e., without the barrier),
the phase of the self-consistent order parameter 0y, is sim-
ply [0; everywhere on the lattice, as is to be expected from
symmetry considerations. The same final configurations arise
even if the initial phase winding is not chosen to be [ipigai6;.
Figures 6(c) and 6(d) depict, in the form of false color plots,
the initial and self-consistent phase of the order parameter on
the lattice for [ = /,ax = 4, when the initial value of the phase
is chosen to have some jitter as a function of the radius of the
lattice point, e.g.,

initial .
9(1,].) = linitial|: T =N

+e]}, (10)

where j is the lattice site index. The annular region, shown
by the dotted lines, shows the area where the superfluid
order parameter is nonzero for 8 = 0.435/t. In Figs. 6(e)

and 6(f), we show the changes in the absolute value of the
superfluid order parameter (along the x axis, equivalently any
axis through the center of the annulus) with the increase in
winding number around the annulus. In Fig. 6(e), we show
that |{b;)| decreases monotonically throughout the annulus
(the inset shows a closeup of the |(b;)| profile along the
positive x axis), until the critical current for phase slippage is
reached at [ = 4. Within our theory, when li,iq 1S greater than
Imax the absolute value of the superfluid order parameter does
not decrease any further or go to zero; instead for liitial > Imax»
when the self-consistent winding / < /i,ax, the self-consistent
absolute value of the superfluid order parameter |(b)| also
coincides with the value for [, = [, when Lyiial = [ < Inax,
as shown in Fig. 6(b).

D. Comparison with the Gross-Pitaevskii equation approach

The mean-field approximation for the Bose-Hubbard
model is closely related to a discretized version of the Gross-
Pitaevskii equation, with the discretization parameter for the
GPE being equal to the lattice spacing in the BHM. We discuss
this connection below.

A square lattice discretized version of the GPE for bosons
of mass m in two spatial dimensions, with a discretization
parameter a, can be written as

0V 7
P = o Vit T Vi
+Wij + Wi — 4V ]
HVSW A+ gV W (v

where, for clarity, we have denoted the sites of the square
lattice by a double rather than a single index. Here g is the
strength of the interaction between the bosons modeled as a

contact interaction, and is given by g = ‘%Z“J where a is the
s-wave scattering length, and Vf}“ is the external potential the
bosons are subjected to.

The Heisenberg equation of motions for the destruction
operator of the BHM given by Eq. (1), in a similar notation, is
given by

.. db; ;
lﬁ# = —t[biy1,j +bi_1,j + biji1+bij1]
—ubij+ Vb +Un; b ; (12)

where, now, V; ; = Va(7; ;) + V(7 ;). If we take the expec-
tation value of Eq. (12), and replace the expectation value
of the last term by the product of the expectation values, the
two equations become identical, with the following correspon-
dence:

2

h
(bi,j><—>‘l’i,j,t<—>mvu<—>g (13)
and
Vij— i — 4t o VL (14)

Our mean-field calculations in this paper are in equilib-
rium, which corresponds to the time-independent GPE. In
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the limit of weak coupling and low density, the expectation
value of the interaction term can indeed be approximated as
the product of the expectation values, and we recover the
GPE. However, contrary to the GPE approach, our mean-
field calculations treat the on-site interaction exactly, which
goes beyond weak-coupling physics, and in particular, al-
low us to explore the rich possibilities of superflow in the
presence of Mott physics, which we discuss in the next
section.

IV. CONFIGURATIONS WITH MOTT PHASES

One of the main motivations of this work is to explore per-
sistent current phenomena in annular traps in the presence of
Mott phases. The strong-coupling expansion technique does
an excellent job of capturing Mott physics in the BHM. To
generate Mott regions which have integer site occupancies
(primarily (n) = 1 regions) within our model, one needs to
increase the filling or the boson number density. This can
be done by a combination of increasing the on-site repulsion
U for the bosons and the depth of the annular potential V,,
or by introducing an attractive trench instead of a repulsive
barrier. All these configurations provide different possibilities
of superfluid circuits depending on the various parameters,
and we discuss some of them below.

In an annular trap without a barrier, the first scenario (in-
creasing U and V,) leads to concentric Mott and superfluid
regions and hence to an enlargement of the width of the
annular trap. The reason is that in the presence of an over-
all trap in addition to the optical lattice, the effective local
chemical potential, given by w; = u — V4(r;) [when there is
no barrier potential Vz(7;)], changes gradually throughout the
lattice according to the shape of the trap potential. In our
case, the overall trap potential has the shape of an annulus and
depends only on the radius r;, and thus has circular symmetry.
Hence, the lines of constant y; are concentric circles, with the
innermost and outermost circle having the lowest u; values
and the circle which is in the middle (radially) has the highest
w; values. The higher the effective local chemical potential
the higher the boson occupancy, which, depending on the
critical hopping scale, leads to concentric Mott and superfluid
phases. In this case, calculations with an angular-Gaussian
barrier potential do not lead to a realistic representation of the
experiments as the angular spread of the barrier region can
increase substantially across the width of the annulus. A more
realistic solution (from theoretical calculations) is obtained
by the use of a rectangular-Gaussian barrier, i.e., a barrier
potential given by

2
(2 .
VB(xj,yj): Vye (do) if Xmax >xj 2 Xmin (15)
0 otherwise

where x; and y; are the coordinates of the jth lattice site.

The second scenario, where the potential Vp is made
attractive and converted into a trench, needs additional modi-
fications apart from Vj, just being made negative in a potential
of the form given by Eq. (15). Outside the edges of the trench
region at Xpin and xpm,x, “semicircular” 2D Gaussian potentials
of the same width need to be added, so that the trench potential

goes to zero gradually rather than suddenly:

e )

ifXj < Xmin
_ X ;—Xmax 2 Yj 2
Vp(xj,yj) = Vbe_( X ) _(Tf)) ifx; > Xmax (16)
0 otherwise

We have also explored superfluid circuit configurations that
arise from the inclusion of a second rectangular-Gaussian
barrier perpendicularly cutting the barrier modeled by the
potential of Eq. (15) at a generic point xy along the positive
X axis, i.e., of the form

xj—x

2
VB(Xj,yj) = {Xhe_( “% ) ifymax = Yj Z Ymin . (17)

otherwise

A. Configurations with a single (r) = 1 Mott phase

As mentioned above, there are two different scenarios by
which Mott regions can be generated inside the annular trap.
In the first scenario, the depth of the annular trap V, as well
as the on-site repulsion U are increased. In this case, without
the barrier one gets concentric and alternating rings of Mott
and superfluid regions. The simplest configuration is having
one Mott ring with (n) = 1 in between two superfluid rings.
Addition of a repulsive barrier can give rise to different situ-
ations depending on the strength of V,. If V}, is large the two
superfluid rings get connected by the generation of superfluid
channels along the barrier, or if V}, is small the two superfluid
rings get slightly distorted but remain disconnected.

In the second scenario, if Vj is made attractive, converting
what was a barrier into a trench, a patch of the Mott phase
with (n) = 1 is created at the trench region, surrounded by
the superfluid regions. In this case U need not be increased as
much as for the previous case and the overall trap potential V,
can also be kept fixed. The filling remains much less than 1
around the annulus, except in the trench region.

Figure 7 depicts the results from our calculations for these
two different scenarios. For the first scenario (upper panels)
the parameters are V, = 50t, U = 30¢, V), = 6t,and dy/a = 5,
and the chemical potential is fixed at u = —10¢. The total
number of particles N is about 18 218. For the second scenario
(lower panels in Fig. 7), the annular trap depth V, = 20z,
U = 25t, the attractive trench potential [see Eqgs. (15) and
(16)] V, = —13¢, dy/a = 10, chemical potential u = —8.2¢,
and the total number of particles N is about 7082. The panels
at the far left [Figs. 7(a) and 7(e)] show false color plots of the
absolute value of superfluid density (|(b;)|), while Figs. 7(b)
and 7(f) show false color plots of the number density profile
(n;j), all for the case with no superflow. The four panels at
right show the current distributions for cases with superflow,
with [ = 6 for the first scenario (upper panels) and ! = 4 for
the second scenario (lower panels). In both the cases, the
temperature is taken to be 7 = t. We find that the entropy per
particle is lower (S/N = 0.138kg) for the first scenario than
for the second scenario (S/N = 0.532kp).

Another interesting configuration with a singly occupied
Mott phase can be generated by adding a second repulsive
barrier [see Eq. (17)] of the same height (Vb(z) = 6t) per-
pendicular to the barrier corresponding to Eq. (15) which is
radially across the annulus (Vbl) = 6t). In this case, a four
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FIG. 7. Two different configurations which include a single (n) = 1 Mott region, one with a concentric Mott region around the annulus
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way junction can be formed as shown in Fig. 8. The other
parameters are the same as in the upper panel of Fig. 7. The
total number of particles N is about 17256 and the entropy
per particle is S/N = 0.147kp.

The superfluid channels in the various configurations above
give rise to different critical currents in different parts of the
circuit. Phase slips can hence occur differently in different
parts of the circuit at sufficiently high currents and give rise
to interesting current configurations. We believe such effects
portend new possibilities of value in the design of atomtronic
circuits.

B. Configurations with two (n) = 1 Mott regions

Even more complex configurations can be generated with
Mott regions numbering more than one. The next level of
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FIG. 8. Configurations in the case with two different repulsive
barriers, one radially across the annulus [Vb(l) = 6t; see Eq. (15)], and
the other perpendicular to the radial barrier [V,fz) = 6t; see Eq. (17)].
The various quantities shown are the same ones as in Fig. 7.

complexity is to allow two concentric (n) = 1 Mott regions
separated by a superfluid region (of (n) > 1), with two other
concentric superfluid regions on either side, as shown in
Fig. 9. Varying the strength of the repulsive barrier leads to
different currents, corresponding to different phase winding
numbers, in each of three superfluid rings. As shown in Fig. 9,
for V;, = 2t all the three rings remain separate but a super-
fluid constriction is formed in the middle ring. Phase slip
occurs for winding numbers more than the critical winding
number /,x = 4 for the middle ring. The annular trap depth
is V, = 90t and an angular-Gaussian barrier (Vp) is used of
width 6y/m = 0.2, the rest of the parameters being the same
as in Fig. 7 left panel. The total number of particles in this case
is N = 87533 and the entropy per particle is S/N = 0.073kg.
For configurations with several superfluid rings, the repulsive
barrier can give rise to either superfluid constrictions or inden-
tations of the superfluid regions depending on their positions
in the annular trap. For an odd number of superfluid rings, the

200 1 200 1.
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FIG. 9. Two (n) = 1 concentric Mott regions separating three
concentric superfluid regions. The left panel shows a false color plot
of the superfluid order parameter. The right panel shows a false color
plot of the phase of the superfluid order parameter which is defined
in the range from — to . The figures clearly show the existence of
phase slips between the central and the other regions; we find that the
threshold winding number for the occurrence of phase slips is | = 4
for V}, = 2t.
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middle ring can be used as a SQUID device. The indentations
give rise to reduction of superfluid current in a given ring.

In the above two sections we have demonstrated different
circuits of bosonic superfluid based on a lattice. Addition
of Mott phases by increasing V, as well as creating bar-
rier or trench potentials of various strengths (V;) leads to
formation and manipulation of “wires” for atomtronic circuits.
These “persistent current” based atomtronic circuits can be
used for atomtronic quantum interference device applications
[36,46,47] or quantum qubit implementations [48]. We be-
lieve these circuits can be implemented in the experiments
based on the current technological advancements.

V. CONCLUDING COMMENTS

In this paper, we have explored persistent current and phase
slip phenomena in cold bosonic atom superfluids in annular
traps with barriers that are additionally subjected to an optical
lattice potential. For this purpose, we modeled the system
in terms of a BHM on a square lattice in the presence of
external (annular trap and barrier) potentials, and extended
the strong-coupling expansion to steady states that have su-
perflow. We have reported quantitative studies of the phase
transitions between persistent current states with different
quantised circulations, resulting from varying the temperature
and the barrier height. Furthermore, we have explored the
new and complex superflow configurations that result if the
parameters of the system are adjusted to permit Mott regions
inside the trap. These provide possibilities for the creation of
new atomtronic circuits. In particular, the presence of Mott
phases in these devices creates an additional way to tune the
superfluid and insulating regions of the device, perhaps with
more tunability than in solid-state devices. We hope these
ideas will be explored in experimental realizations soon.
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APPENDIX: CURRENT CONSERVATION
FOR MEAN-FIELD J;;

The mean-field current density from site j to j’ obtained
from Eq. (8) is given by

(i) = —il{bj)ot;y(bjdg — (bjdgtyj(bi)o]-

Current conservation would require that the sum of outgo-
ing (mean-field) currents must equal to the sum of ingoing
(mean-field) currents at every site. In other words we require

> Wy =0.

5

J

(AL)

(A2)

Using the mean- ﬁeld self-consistency relation (see

Sec. IITA) ¢; = 3 ;5 (bjr)o we can write
> i) = —illby)sd; — 97 (b)) (A3)
J
9 7 A4)
i| & 3¢,f ¢; aTb}kfj (

where fj = —kgT InZ; is the free energy at temperature T for
7-Loj, the mean-field Hamiltonian at site j, with Z; being the
corresponding partition function [see Eqgs. (5) and (7)].

It is easy to see that fj can only be a function of |¢;
or ¢;¢7, i.e., it is gauge invariant with respect to an arbi-
trary change of phase of ¢;, because the phase of ¢; can be
absorbed into a (umtary) redefinition of b' Hence, 3 vy fJ

j a|¢,f|213 and a¢;f i =

> i) =ilg;e;
~

| 2

=¢ a\¢-\2ff’ from Wthh it follows that

— ¢3)] o, |2f 0. (A5
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