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I. OPTICAL DIPOLE FORCE DETAILS

Figure 1 shows a simple sketch of the optical dipole force (ODF) laser beam set-up. As discussed below, the
frequency as well as the beam polarizations were chosen to null the AC Stark shift from an individual beam and
to produce a state-dependent force which is equal in magnitude but opposite in sign for the [1) and |}) qubit states
(Fy = —F) ). The off-resonant laser beam frequency was detuned from the cycling transition (|T> — |P3 s2,my =3/ 2>)
by Ar ~ —63.8 GHz. This gives detunings of 15.6 GHz and -26.1 GHz respectively from the |1) — |P3/2,mJ = 1/2>
and [{) — }Pg, s2,my = —1 /2> transitions. Laser beam waists were w, ~ 100 um in the vertical (z-direction) and
w, ~ 1 mm in the horizontal direction. Here we define the waist as the distance from the center of the beam over
which the electric field intensity decreases by 1/e? (i.e. I(2) ~ e~ (z/ws)? ). With the small 2.4° incident angle each
beam makes with respect to the plane of the crystal, this provided greater than 90% uniform electric field intensity
across ion crystal arrays with N < 250.

We used linearly polarized laser beams. Let

EU (77, t) = éUEU COS EU S — UJUt)

—

EL(H,t) = gLELCOS EL”F—th)

FIG. 1: Sketch of ODF laser beam setup. a) The ODF laser beams lie in the y-z plane at angles +60r/2 with respect to the

y-axis. b) View looking in the —§ direction. The beams are linearly polarized but with different polarization angles relative to
vertical polarization.
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FIG. 2: (a) Sketch of the experimental setup showing a single-plane ion array, the optical dipole force laser beams which cross
with an angle of 0r at the ion array, and the main Doppler laser cooling beam which is directed along the magnetic field.
Microwaves used to rotate the ion spins are introduced with a horn. (b) Sketch of the 1D optical lattice wave fronts (red lines)
generated by the ODF laser beams. These wave fronts need to be aligned with the ion planar array (represented by the blue

dots). Here Ag = 2#/|E| ~ 3.7 pm and 0., denotes the angle of misalignment. do ~ 400 um is the typical array diameter for
N ~ 200 ions. With the wave front alignment technique discussed in the text we obtain ferr < 0.05°.

denote the electric fields of the upper and lower ODF beams. If ¢, is the angle of the laser beam electric-field polar-
ization with respect to vertical polarization (¢ - & = 0), then the AC Stark shift of the qubit states when illuminated
by a single beam can be written

At qess = Aq cos? (¢,) + By sin? (op)
A% acss — Ai COS2 (¢p) + B¢ sin2 (¢p)
where A4(A)) is the Stark shift of the [1)(]])) state for a m-polarized beam (¢ parallel to the 2-axis) and By(B)) is

the Stark shift of the [1)(]))) state for a o-polarized beam (¢ perpendicular to the 2-axis). (Here we neglect the small
o polarization (x sin(2.4°)) that exists when ¢, = 0.) The Stark shift of the qubit transition is

Aacss = (AT - Ai) COSQ (¢p) + (BT - Bi) Sin2 (¢P) . (1)

If Ay — A, and By — B have opposite signs, there is an angle which makes Aycs = 0. For a laser detuning of
Ap = —63.8 GHz, Agess = 0 at ¢, ~ +65°.

With Agess = 0 for each ODF laser beam, we eXp101t the freedom to choose their polarization in order to obtain

a state-dependent force. Specifically we choose EU to have a polarization given by ¢, , = 65° and EL to have a
polarization given by ¢,; = —65°. In this case the interference term in the expression for the electric field intensity

. oo\ 2
(EU + EL) produces a polarization gradient which results in spatially dependent AC Stark shifts

(At cos? (¢,) — Bysin® (¢,)) 2 cos (0k - 2 — pugt)
(A, cos® (¢p) — By sin® (¢)) 2 cos (0k - z — pugt)

for the qubit levels. Here 6k = ’EU — EL‘ = 2ksin (%R) is the wave vector difference between the two ODF laser

beams, pr = wy — wy, is the ODF beat note, and ¢, = |¢ppu| = |¢p;|. The spatially dependent AC Stark shift
produces a state-dependent force Fy | (z,t) = Fy | sin (0k - z — prt) where

Fy = 26k (As cos? (¢,) — Brsin® (¢,))
F| =26k (A cos® (¢,) — By sin® (¢,))
In general Fy # —F|. We operate at Ap = —63.8 GHz where for A,css = 0 we also obtain F}y = —F| = F.
For a given ¢p 4, ¢p,1, and Agr we use straight forward atomic physics along with well known values for the energy

levels and matrix elements of “Be™ to calculate F as a function of the electric field intensity I = <5 |Ep, > = e |Ey ?
at the center of the laser beams. For fr = 4.8° and Ir =1 W/cm? | we obtain F' = 1.5 x 10723 N.

II. WAVE FRONT ALIGNMENT

The ODF laser beams produce a 1D optical lattice characterized by the effective wave vector §k and beat note
pr- In the previous section we assumed that 0k || 2, or equivalently that the wave fronts of the lattice were aligned



FIG. 3: Top-view image of the spatially inhomogeneous fluorescence from a single ion plane produced by the AC Stark from a
static (ur = 0) optical dipole force lattice with misaligned wave fronts. Dark bands are regions of high standing wave electric
field intensity (parallel to the dashed yellow line). The bright horizontal feature bisecting the center of the image is fluorescence
from the weak Doppler laser cooling beam directed perpendicular to the magnetic field. The image was obtained by subtracting
a background image with the ODF beams off.

perpendicular to the Z-axis (magnetic field axis). If the wave fronts are not normal to the 2-axis as sketched in Fig. 2,
then the time dependence of the optical dipole force seen by an ion in the rotating frame depends on the (z, y) position
of the ion. This complicates the interaction generated by the optical dipole force and is avoided by careful alignment.

We used top-view images (images of the ion resonance fluorescence scattered along the magnetic field) from a
single plane to measure a misalignment of the ODF wave fronts. For this measurement we set yr = 0 (stationary 1D
lattice) and detune the frequency of the ODF laser beams approximately 0.5 GHz below the [1) — [P35 m; = +3/2)
Doppler cooling transition. This small detuning generates sufficiently large AC Stark shifts on the cooling transition
to measurably change the ion scatter rate from the Doppler cooling laser. With the Doppler cooling laser on and the
ODF beams turned off we observe a spatially uniform, time-averaged image of a rotating planar crystal. With the
ODF beams on, ions located in regions of high electric field intensity at the anti-nodes of the optical lattice are Stark
shifted out of resonance with the Doppler cooling laser. This is what produced the dark bands in the top-view image
shown in Fig. 3. From images like this we determine how to move the ODF beams to align the wave fronts normal to
2. Improved alignment is indicated by a longer wavelength fringe pattern. With this technique we have aligned the
ODF wave fronts with the planar array to better than 6., < 0.05°.

Images like that shown in Fig. 3 were typically obtained with 1 s integration. This means the imprint of the 1D
lattice on the planar arrays was stable during the integration time and indicates a phase stability of our 1D lattice
of better than 1 s. We note that direct fluorescence imaging of the 1D lattice, for example by tuning the ODF laser
resonant with the Doppler cooling transition, is not viable. Even at low powers, resonantly scattered photons across
the large horizontal waist of the ODF beams apply a large torque, causing the rotation frequency and radius of the
array to rapidly change, typically driving the ions into very large radial orbits.

III. SPIN-MOTION ENTANGLEMENT PRODUCED BY THE SPIN-DEPENDENT OPTICAL DIPOLE
FORCE

With the wave vector 6k of the 1D optical lattice aligned parallel to 2, the optical dipole force generated by the
lattice is independent of the ion position and can be written

Fi(t) = ~Fy(t) = F cos (jupt) (2)



where pg is the frequency difference between the ODF laser beams. More generally we allow for the possibility that
the ODF laser intensity could be diferent for each ion, resulting in a different spin-dependent force F}; for each ion j,

Fj(t) = —Fj)(t) = Fj cos (urt) - (3)

In the experimental set-up, the variation in F} is less than 20%. The ODF interaction with the ion spins can be
written as

N
HODF:—ZFjCOS(MRt),%j&;. (4)
j=1

Here Z; is the axial position operator for the 4t ion, which can be written in terms of the axial normal modes

(gm,wm) of the planar array,

N
s h ~ —iw ~ iw.
‘5= E_l bjm WMo (ame mt 4 a;rne ""t) . (5)

The eigenvectors are normalized so that ), |bjm|2 =2 |bjm|2 = 1. Both the eigenvectors by, and eigenfrequencies
wp, are calculated by solving for the ion equilibrium positions and diagonalizing the stiffness matrix obtained by
Taylor expansion of the potential about the ion equilibrium positions [1].

The Hamiltonian Hopp of Eq. (4) is time dependent. The evolution operator for Hopp is obtained from a second
order expansion of the Magnus formula [2, 3]

Oopr (t) = exp H /O Hopr(t')dt' — o / dts / (Hopr (t2), Hopr (t1)] dtl] . (6)

Higher order terms do not contribute as the commutator [Hopp(t2), Hopr(t1)] commutes with Hopp(t'). Following
the discussion of Ref. [3], Uopr(t) can be written

exp [, (Lo (@gm (B)ih, — 050, (D) 7) + 52, Jiwlt >6;frz}
exp |3, (X, (@gn(t)ahy = 0, ;)} exp [i Y2, 4 S (05557 - ()
= USM() L%S()

Uopr(t)

The first term Ugas(t) describes spin-dependent displacements oy, (t) of the normal modes m where, for the cos(urt)
time dependence of the interaction in Eq. (4),

Fibjimzom

ajm(t) = ] [wWin — € (wy, cos(purt) — ipgsin(prt))] - (8)

h(pg — w2,

Here 2o, = /h/(2Mw,,) . The second term Usgg(t) describes an effective spin-spin interaction where the pairwise
coupling J; x(¢) is given by

F;Fy bimbkm 2em {wm sin(pur — wm )t L Wm sin(pur + wm)t  wmsin(2upt) wmt} . ()

Jin(t) =
Lk() 2h2 — /‘%{_Wzn LR — Wm LR + Wi 2/“__{

For now we assume U 55(t) can be neglected. We will discuss the validity of this assumption at the end of this section.
The interaction Usas(t) = exp [Zj (X, (ym(taf, — ajm(t)dm) &JZ»)} generates spin-motion entanglement that is
the subject of this study. The commutator

[agm ()l — 0y, (D) am, Ok (£)a, — @, (D)am] = 0jm (D), (£) — 0, () (1)

because ajm, (t)ag,, () is real. Therefore we can write Uspy(t) as a product of individual spin displacements

Usar(t) Hexp jm(t)af = QG (tam) 67) (10)
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FIG. 4: Pulse sequences described in this supplemental material. a) Ramsey pulse sequence consisting of two /2 rotations
with an intermediate arm of duration 7 during which the ODF is applied. b) The spin echo sequence repeated from Fig. 2(a)
of the Letter which consists of two arms of duration 7.

By neglecting the spin-spin entanglement (U 5s(t)) we can independently calculate the evolution of each spin j.

We now calculate the spin motion entanglement generated by Usm (t) during the free precession period of a Ramsey
sequence shown in Fig. 4(a). The calculation for the spin-echo sequence of Fig. 4(b) used in the experiments is identical
except for a more complicated expression for the o, (t)’s (see next section). Each spin j is prepared in state |1)
at the start of the sequence. If an ODF is not applied during the free precession period, the spin is rotated to the
dark |}) state by the final 77/2 pulse of the sequence. With the application of a spin-dependent ODF, in general the
spin is entangled with the motion at the end of the Ramsey sequence. We detect this spin-motion entanglement by
measuring the probability of finding spin j in the |1) state. Let

000 o (3 a0~ 05, 05,) 5
denote the evolution of spin j by the spin-dependent ODF. By re-writing

U9)(t) = cosh <Z (ajmal, — a;mam)) + sinh <Z (ajmal, — a;mam)> 5
we calculate

;
PT(,];M - < (sinh <Z (ajmdjn — a;mdm)>> sinh (Z (ajmdjn — a;m&m)> > (11)
th

m m

where PT(jg.  denotes the probability of measuring the |1) state for spin j produced by the Us M (t) interaction, and

( )4, denotes an expectation value averaged over a thermal (Maxwell-Boltzmann) distribution of modes. We evaluate
Eq. (11) by writing the sinh functions in exponential form. It is then necessary to evaluate expressions of the form

<6A B> . where A and B are operators which are linear in the raising and lowering operators @}, and G,,. In this
t

case we can make use of the result [4]
<6A63> 26(1/2)<A2+2AB+BQ>M
th
to obtain
j 1 2 o
PIy, = 5 [1 —exp <—2Z | (8% (27 + 1)) (12)
m

Here 7i,, ~ kpTy,/(hwy,) is the mean occupation number of a Maxwell-Boltzmann distribution characterized by

temperature T,,. We measure the probability of detecting |1) averaged over all the ions (Z j PT(j )) /N.

The simple result of Eq. (12) was obtained under the assumption that we could neglect U 5s(t) in Eq. (7). In general
ﬁss(t) will contribute to the measured PT(J ). This can be straight forwardly estimated when pp is tuned close to the



COM mode w;. In this case the resulting pair-wise interaction coefficients are identical for all ion pairs J; ;. (t) ~ J(t)
with

F? 22 w1 sin —wi)t  wisin +wi)t  wisin(2ugt
J =1 o { 1sin(pr —wi)t | wisin(ur +wi)t  wisin(2ugt) —wlt} .
2> N (uf — wi) MR — Wi HR + w1 2ur

For small detunings |ur — wi| < wy, J(t) is approximately bounded by |J(¢)| < J - ¢ where
F? 2
= _— —5 5 W1.
Nk — )

The fully connected, uniform Ising interaction exp [iJ (Z ik &j&;) t] obtained by coupling through the COM mode
is identical to the single-axis twisting interaction analyzed by Kitagawa and Ueda [5]. We use the expressions given
in Ref. [5] to calculate PT({% 5 the probability of measuring spin j in the |1) state at the end of the Ramsey sequence
due to the Ugg(t) interaction,
PO~ L N8 13
s = 5 [N8(ID?] . (13)
This expression is valid for short times ¢ where PT(Jg g is small.
We obtain strong spin-motion entanglement for small detunings |ur — w1| < wi. The magnitude of the coherently
driven amplitude o ,,—1 (t) in the expression for Ugas(t) (Eq. (10)) and PT(’J;M (Eq. (12)) is maximized for a detuning
| — wi| ~ 7/t where

1] ae =

<t s )‘ FZOl
Qj1 ~ ~ w1 .
! lr — wi AN |u2, — Wi

The above expression neglects terms of order (ur —war) /war. Inserting |o; 1
exponent is small gives

into Eq. (12) and assuming the

max

j 1 2 _
PTE,]»;]\J = 5 |:2 |O[j71 max (2TL1 + 1))] : (14)

We compare PT(’@S (Eq. (13)) with PT(%M (Eq. (14)),

PT(,@S N N -8(Jt)? N F? z5 2

P’T(jg'M 2 |%’,1|an (2, 4+1) 42 2hg + 1

(15)

For the work reported here F' ~ 1072 N, 291 = y/h/ (2Mw;) ~ 30 nm, and 7i; ~ 10 (Doppler cooling limit). For
a typical interaction time ¢ < 1073 s we calculate PT(,];S /PT({%M < 0.1. Therefore for small Adetunings satisfying
lur —wi| < (27)/t < w; we expect the spin-motion entanglement signature generated by Ugps(t) to dominate
contributions due to Ugg(t). We note that the spin-motion entanglement signature (PT(j; M) decreases with decreasing

temperature. For ground state cooling it may not be possible to neglect ﬁgg(t).

Expressions similar to Eq. (15) can be derived for small detunings of g from an arbitrary mode m [6, 7]. Therefore,
we expect that neglecting Uss(t) when resonantly coupling to non-COM modes is a good approximation for the work
reported here. We observe that this gives a good description of our experimental measurements for ug tuned close to
the tilt (wo and ws) and the next lower frequency modes (w4 and ws).

Spin Echo Sequence with Decoherence

To calculate i, (t) for the full spin echo sequence used in the experiment (see Fig. 4(b)), we must account for the
accumulated phase difference between the ODF drive and oscillating ion cloud over the first arm and intermediate
microwave m-pulse of combined duration (7 + ¢). This requires derivation of e, (t) for an ODF interaction with an
arbitrary phase offset, ¢, given by the more general

N
Hopr(¢) ==Y _ Fjcos (urt + ¢) 2,67, (16)

Jj=1



where ¢ = (T +1tx)(r —wm) = (T +1t5)dp. Following the previous derivation of a ;. (t) for ¢ = 0 (Eq. (8)), we obtain

FjbijOm

Ajm(t, @) = 3 [win cos(¢) — ipp sin(¢) — ™™ {wy, cos(ppt + @) — ipgrsin(urt + )} . (17)

h(pfh — w2,

We now define a new ajs»g that may be substituted for o, in Eq. (10) to calculate P; for the full spin echo sequence
exhibiting arm durations of 7:

i = Qi (7,6 = 0) = (7, 0), (18)

where the above expression is given explicitly in Eq. (3) of the Letter.

To justify implementation of Eq. (18), it is useful to calculate Py for a single spin undergoing both the Ramsey
and spin echo sequences. To simplify notation, we define the displacement operator D(ajm) = exp(ajméln - a]mam)
which is applied separately to |1;) ® [¢n) and |];) ® [tm,), where |tb,) is an arbitrary motional state of mode m.

Assuming the state is initialized to [1;) ® |1m), we calculate the result of the Ramsey sequence, PT(j )Ramsey, to be

POy — | LD (0 (7,6) = DY (~atg(r, 6))} e} o), (19)

where {h.c.} denotes the Hermitian conjugate of the first bracketed expression. Here the arbitrary phase ¢ has no
physical significance since its value is common to all displacements, and we have once again made the assumption
that Iy = —F},. However, the spin echo result given by PT(J 5B g

PO = Ll { DY (~ajn(r, 6)) D (a0 (7, 0)) = D' (agn (7)) D' (= (r, ) } (e Hm)  (20)
= LWl {D(a55) ~ DT (~a$5) } (e} i) (21)

We obtain Eq. (21) from Eq. (20) using the multiplicative properties of D and neglecting overall phase factors that
leave PT(J )SE unchanged. Note that Eq. (21) is identical to Eq. (19) after an appropriate redefinition of ay,.

Finally, the derivation of Eq. (12) neglected the effects of spontaneous emission from the ODF laser beams. De-
coherence of the Bloch vector due to spontaneous emission from off-resonant light is well studied in our system [8].
The qubit levels are closed under spontaneous light scattering; that is, spontaneous light scattering does not optically
pump an ion to a different ground state level outside of the two qubit levels. In the presence of off-resonant laser
light, the decrease in the Bloch vector due to spontaneous scattering during the arms of a spin-echo sequence is

: 1
pY) = 5[l —exp (T -20)] .

T,spon
Here ' = (T'gam + Ler) /2 has contributions from both Raman scattering and elastic Rayleigh scattering that can be

calculated from the laser beam parameters. With the spin echo sequence, we account for spontaneous emission by
modifying Eq. (12) as follows

sg_ 1
PT(];M =3 [1 — T exp < 22 }oz 2nm + 1)>

where 7 is the length of time of a single arm of the spin-echo sequence.
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